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Convolution type operators

We consider a zero order convolution type non-local operator A in
LQ(Rd), d > 1, with periodic coefficients. This operator is defined
by

Au) = [ Mxoy)atx = y) (u(y) = u(x))dy.
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Convolution type operators

We consider a zero order convolution type non-local operator A in
Lz(Rd), d > 1, with periodic coefficients. This operator is defined
by

Au() = [ Moy = ) (u(x) = u(x))dy.

The corresponding quadratic form reads

~(Auu) =5 [ Axy)atx =) (aly)  u(0)’dl,

here the convolution kernel a = a(z) is a non-negative integrable
function, a : R? — R, it is responsible for the localization
properties of the operator,

A(x,y) is a periodic function that satisfies the uniform ellipticity
conditions. This function A represents the local characteristics of
the environment.
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Evolution problem

Under the above assumptions A is a bounded linear operator in
[?(R?). The corresponding evolution equation describes the
dynamics of a continuous time jump Markov process in a periodic
or random stationary medium.
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Evolution problem

Under the above assumptions A is a bounded linear operator in
[?(R?). The corresponding evolution equation describes the
dynamics of a continuous time jump Markov process in a periodic
or random stationary medium.

The Cauchy problem for this evolution equation reads as

Oru = Auin R? x (0,+00),  u(x,0) = p(x),
with ¢ € [2(RY).
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When studying the large time behaviour of the said Markov
evolution it is natural to make the diffusive scaling of spatial and
temporal variables: x — ex, t — £2t,

where ¢ is a small positive parameter.
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When studying the large time behaviour of the said Markov
evolution it is natural to make the diffusive scaling of spatial and
temporal variables: x — ex, t — £2t,

where € is a small positive parameter. The generator of the scaled
dynamics takes the form

W) = g [T ) - w0y @)
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Time dependent operator

We also consider a family of operators A(s) that depend on the
temporal variable s, s € R:

AS)u(x) = [ Alx,y,s)a(x = y)(uly) — u(x))dy.
Rd
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Time dependent operator

We also consider a family of operators A(s) that depend on the
temporal variable s, s € R:

AS)UG) = [ A,y s)alx = ) (u(y) = ul) .

It is assumed that for each s € R the operator A(s) satisfies the
above formulated conditions. Moreover, as a function of time the
coefficient A(x,y, s) is a stationary ergodic process.

In other words, we consider a periodic environment that evolves in
time, and the evolution is random, stationary and ergodic.
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Let (Q, F,P) be a standard probability space.



Dynamical system.

Let (Q2, F,P) be a standard probability space.
We say that a family of measurable maps 7 : Q2 — Q, s € R, is a
dynamical system, if

° 7—51+52 = T52 o Tslv T0 = Id,
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Dynamical system.

Let (Q2, F,P) be a standard probability space.
We say that a family of measurable maps 7 : Q2 — Q, s € R, is a
dynamical system, if

° 7-51+52 = 7—52 o Tslv T0 = Id,

o P(rsA) =P(A) foralls€Rand A€ F,

@ 7. is a measurable mapping from Q x R to ; Q x R being
equipped with the product o-algebra F x B.

We say that A(x, y, s) is stationary, if there exists a random
function A(x,y,w) such that A(x,y,s) = A(x,y, Tsw).

We say that 7. is ergodic, if for any invariant set A € F we have
P(A)(1-P(A)) =0.
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Jump Markov process.

We consider a jump Markov process whose Kolmogorov equation
reads

Osu(X,s) — A(s)u(%,s)
= Buu(%,s) /R (% = PINE7,5) (w7, 9) — u(%,s))dy = 0.
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Osu(X,s) — A(s)u(%,s)
= Buu(%,s) /R (% = PINE7,5) (w7, 9) — u(%,s))dy = 0.

To study the large time behaviour of solutions we make the
diffusive scaling x = X, t = e2s, and consider the Cauchy

problem for the rescaled equation:
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Jump Markov process.

We consider a jump Markov process whose Kolmogorov equation
reads

Osu(X,s) — A(s)u(%,s)
= Buu(%,s) /R (% = PINE7,5) (w7, 9) — u(%,s))dy = 0.

To study the large time behaviour of solutions we make the
diffusive scaling x = X, t = e2s, and consider the Cauchy
problem for the rescaled equation:

Oru — 8d1+2/a<xy)/\(x 4 i) (u(y,t) — u(x,t)) dx =0,

€ e e’e?
Rd

u(x,0) = ug(x), up € L3(RY).
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Motivations and possible applications.

Zero order convolution type operators appear in many applications,
such as models of population dynamics and the continuous contact
model, where they describe the evolution of the density of a
population.
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Motivations and possible applications.

Zero order convolution type operators appear in many applications,
such as models of population dynamics and the continuous contact
model, where they describe the evolution of the density of a
population.

Several models of porous media are also described in terms of
convolution type operators with integrable kernels.

Studying the large time behaviour of such systems naturally leads
to homogenization problems for the corresponding non-local
functionals and operators.
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Existing results for nonlocal operators

e Homogenization a class of integro-differential equations with
L “evy operators - M. Arisawa ('09).

Homogenization of non-stationary convolution type equations A. Piatnitski 10 / 38



Existing results for nonlocal operators

e Homogenization a class of integro-differential equations with
L “evy operators - M. Arisawa ('09).

e Scaling limits for symmetric It"o—Lévy processes — R. Rhodes
and V. Vargas ('09).

Homogenization of non-stationary convolution type equations A. Piatnitski 10 / 38



Existing results for nonlocal operators

e Homogenization a class of integro-differential equations with
L “evy operators - M. Arisawa ('09).

e Scaling limits for symmetric It"o—Lévy processes — R. Rhodes
and V. Vargas ('09).

e Homogenization of periodic diffusion with small jumps. — N.
Sandric ('16).

Homogenization of non-stationary convolution type equations A. Piatnitski 10 / 38



Existing results for nonlocal operators

e Homogenization a class of integro-differential equations with
L “evy operators - M. Arisawa ('09).

e Scaling limits for symmetric It"o—Lévy processes — R. Rhodes
and V. Vargas ('09).

e Homogenization of periodic diffusion with small jumps. — N.
Sandric ('16).

e Periodic homogenization for nonlinear integro-differential
equations. — R. Schwab ('10).

Homogenization of non-stationary convolution type equations A. Piatnitski 10 / 38



Existing results for nonlocal operators

e Homogenization a class of integro-differential equations with
L “evy operators - M. Arisawa ('09).

e Scaling limits for symmetric It"o—Lévy processes — R. Rhodes
and V. Vargas ('09).

e Homogenization of periodic diffusion with small jumps. — N.
Sandric ('16).

e Periodic homogenization for nonlinear integro-differential
equations. — R. Schwab ('10).

e Stochastic homogenization of symmetric Lévy type process in
non-uniformly elliptic case. — X. Chen, Z.-Q. Chen, T. Kumagai
and J. Wang ('21).

Homogenization of non-stationary convolution type equations A. Piatnitski 10 / 38



Existing results for nonlocal operators

e Homogenization a class of integro-differential equations with
L “evy operators - M. Arisawa ('09).

e Scaling limits for symmetric It"o—Lévy processes — R. Rhodes
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Sandric ('16).

e Periodic homogenization for nonlinear integro-differential
equations. — R. Schwab ('10).

e Stochastic homogenization of symmetric Lévy type process in
non-uniformly elliptic case. — X. Chen, Z.-Q. Chen, T. Kumagai
and J. Wang ('21).

e Periodic homogenization of non-symmetric Lévy type processes
— X. Chen, Z.-Q. Chen, T. Kumagai and J. Wang ('22).
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Assumptions

We assume that the convolution kernel a(-) and the coefficient
A(-) possess the following properties:
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Assumptions

We assume that the convolution kernel a(-) and the coefficient
A(-) possess the following properties:

@ Boundedness

a(z) > 0; a(z) € L1(RY).

@ Normalization and second moments

/ a(z)dz =1, / z|%a(z)dz < oc.
RY RY
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Properties of A

o Uniform ellipticity.

0<A” <Alx,y,s) <AT
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A(x,y,s) is a periodic function in x and y with a period (0, 1].
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Properties of A

o Uniform ellipticity.

0< A <Ax,y,s) < AT

Periodicity in spatial variables.
@ Periodicity.

A(x,y,s) is a periodic function in x and y with a period (0, 1].

Randomness in time.

e Stationarity.

A(x,y,s) is a stationary ergodic random field in s.

Homogenization of non-stationary convolution type equations A. Piatnitski 12 / 38



Homogenization of "elliptic” problems. Periodic symmetric
case.

Consider first the operators with coefficients that do not depend
on time. In this case we can study the stationary problem: given a
function f € L2(R9) and A > 0 find u° that satisfies the equation

— A%u(x) + Au(x) = f(x) in RY, 2) |
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Homogenization of "elliptic” problems. Periodic symmetric
case.

Consider first the operators with coefficients that do not depend
on time. In this case we can study the stationary problem: given a
function f € L2(R9) and A > 0 find u° that satisfies the equation

— A%u(x) + du(x) = f(x)  in R, (2)J

We first dwell on the symmetric case. In addition to the above
formulated conditions we assume that

@ Symmetry

N=Axy), Axy)=NMy,x), a(-z)=a(z)
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Homogenization problem

In the symmetric case it is straightforward to show that, for each
e > 0and any u € L?(RY),

(Au,u) = —2;+2//3(X;y>/\<z,};> (uy, t)—u(x, t))zdxd .

R9 R4
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Homogenization problem

In the symmetric case it is straightforward to show that, for each
e > 0and any u € L?(RY),

(Au,u) = —2;+2//3(X;y>/\<z,};> (uy, t)—u(x, t))zdxd .

R9 R4

This implies that the equation —A®u + Au = f has a unique
solution uf € L?(RY).
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Homogenization problem

In the symmetric case it is straightforward to show that, for each
e > 0and any u € L?(RY),

(Au,u) = —2;+2//3(X;y>/\<z,};> (uy, t)—u(x, t))zdxd .

R9 R4

This implies that the equation —A®u + Au = f has a unique
solution uf € L?(RY).

Moreover,
1

0%l 2(rey < %
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Homogenization result

There exists a positive definite symmetric constant d x d matrix
= {aj?}-ﬁ} such that for each f € L?(R?) the solution u® of the
problem

—Au+du="F in RY

converges in L2(RY), as ¢ — 0, to a solution u® of the
homogenized problem

—div(a®Vu) + Au=f inRY.

Homogenization of non-stationary convolution type equations A. Piatnitski 15 / 38



Homogenization result

There exists a positive definite symmetric constant d x d matrix
= {aj?}-ﬁ} such that for each f € L?(R?) the solution u® of the
problem

—Au+du="F in RY

converges in L2(RY), as ¢ — 0, to a solution u® of the
homogenized problem

—div(a®Vu) + Au=f inRY.

Observe that the limit problem is well posed and has a unique
solution.
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Homogenization of parabolic problem

In the non-stationary case we consider a Cauchy problem that reads

Oru = Au in RY x (0, T], u(x,0) = up € L*(RY). J

Homogenization of non-stationary convolution type equations A. Piatnitski 16 / 38



Homogenization of parabolic problem

In the non-stationary case we consider a Cauchy problem that reads

Oru = Au in RY x (0, T], u(x,0) = up € L*(RY).

V

For any ug € L?(R9) the solution u® of the above Cauchy problem
converges in L=(0, T : L?>(R?)), as e — 0, to a solution u® of the
homogenized Cauchy problem

Oru = div(aeHVU) in Rd X (0, T], U(X, 0) = up.
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Non-symmetric autonomous case

In the non-symmetric case the homogenization result holds in
moving coordinates.
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moving coordinates.

We assume that A(x,y) is a periodic function and all the above
conditions, except for Sym, are fulfilled.

We consider the following Cauchy problem:

dru—Afu=0 inR?x (0, T], u(x,0) = up(x).
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Non-symmetric autonomous case

In the non-symmetric case the homogenization result holds in
moving coordinates.

We assume that A(x,y) is a periodic function and all the above
conditions, except for Sym, are fulfilled.

We consider the following Cauchy problem:

dru—Afu=0 inR?x (0, T], u(x,0) = up(x).

Since the operator A® is bounded for each € > 0, this problem has
a unique solution. Denote it u*.
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Non-symmetric autonomous case

In the non-symmetric case the homogenization result holds in
moving coordinates.

We assume that A(x,y) is a periodic function and all the above
conditions, except for Sym, are fulfilled.

We consider the following Cauchy problem:

du—Au=0 inRIx(0,T],  u(x,0)= up(x). J

Since the operator A® is bounded for each € > 0, this problem has
a unique solution. Denote it u*.

The family u® satisfies the following uniform estimate:

)
1o B ey = [ (AFul ), ) < ClanlBageay
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Homogenization result in moving coordinate

In the non-symmetric case there exist a constant vector b € RY
and a positive definite matrix a®® such that for any ug € L?(R9)
we have

-
b

/ / ‘us(x,t)—uo(x——t,t)|2dxdt—>0, ase — 0,
0 Rd €

0

where u
reads

is a solution of the homogenized Cauchy problem that

Oru — div(aeHVu) =0, u(x,0) = up(x).
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Time dependent coefficients

We turn to the case of time dependent coefficients and consider
the Cauchy problem

8tu—6d1+2/a<x_y)/\(x L i) (u(y,t) — u(x,t)) dx =0,

€ el e’ g2
Rd

u(x,0) = ug(x), up € L2(RY).
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Time dependent coefficients

We turn to the case of time dependent coefficients and consider
the Cauchy problem

Oru — 5d1+2/a<x—y>/\(x L i) (u(y,t) — u(x,t)) dx =0,

€ el e’ g2
Rd

u(x,0) = ug(x), up € L2(RY).

By the Shur test (Shur theorem) the operator

A (t)u(x, t) =

o [N s

Rd

is bounded in L2(R9),
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Time dependent coefficients

We turn to the case of time dependent coefficients and consider
the Cauchy problem

Oru ! /a<x—y>/\(x 4 i) (u(y,t) — u(x,t)) dx =0,

- gd+2 € el e’ g2
Rd
u(x,0) = wp(x), ug € L*(RY).

By the Shur test (Shur theorem) the operator

A (t)u(x, t) = ~ar2

Rd

is bounded in L?(R?), and its norm satisfies the estimate

2
A" (D) 2oy = 12(Re) < ;A+~
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Periodic case

If the coefficient A(x, y, t) is periodic in all the variables, then the
following result holds:

There exist a constant vector b € R? and a positive definite matrix
a such that for any ug € L2(RY) we have

-
b

/ / ‘us(x,t)—uo(x——t,t)|2dxdt—>O, ase — 0,
0 Rd €

where u°

reads

is a solution of the homogenized Cauchy problem that

Oru — div(aeHVu) =0, u(x,0) = up(x).
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Randomness in time. Mixing coefficients

Therefore, for each € > 0 the studied Cauchy problem is well posed
and has a unique solution.
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Randomness in time. Mixing coefficients

Therefore, for each € > 0 the studied Cauchy problem is well posed
and has a unique solution.

In order to formulate the homogenization result we recall the
definition of the strong mixing coefficient.

Denote by F<s the o-algebra generated by {A(-,-, r)} with r <s.
Similarly, F=s is the o-algebra generated by {A(-,-, r)} with r > s.
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Randomness in time. Mixing coefficients

Therefore, for each € > 0 the studied Cauchy problem is well posed
and has a unique solution.

In order to formulate the homogenization result we recall the
definition of the strong mixing coefficient.

Denote by F<s the o-algebra generated by {A(-,-, r)} with r <s.
Similarly, F=s is the o-algebra generated by {A(-,-, r)} with r > s.

The function «(r) defined as

a(r) = sup ‘P(Sl N 82) — P(Sl) P(SQ)}
816]'—<0,32E]'—2,

is called the strong mixing coefficient of the random function A.
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Mixing condition

o Mixing
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Mixing condition

o Mixing

/000 \/mdr<+oo.

In the next statement we do not impose mixing condition Mix.
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Homogenization results

Let conditions C1 — C4, P1 and R1 be fulfilled. Then there exists
a positive definite symmetric matrix ©°% and a vector-valued
stationary ergodic process f3,,(t) € L>°(R;RY) such that for any

T >0 and for a.e. w € 2

| (x, t)—u® (X—/ ,Bw( )ds t>”Loo(OTL2(Rd)) —0,ase—0

0

where u” is a solution to the homogenized Cauchy problem

Oru — div(@eHVu) =0, u(x,0) = up(x).
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Comments

If the coefficients a(x — y) and N(x, y, t) are symmetric in the
variables x and y, then B,(s) = 0, and the limit function is
deterministic.
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Comments

If the coefficients a(x — y) and N(x, y, t) are symmetric in the
variables x and y, then B,(s) = 0, and the limit function is
deterministic.

\,

Denote b = E(.(0). By the Birkhoff ergodic theorem a.s.

/@u( )ds—fb(1~|—o(1))

Therefore, the principal term of the effective convection is
deterministic and is equal to g.

Homogenization of non-stationary convolution type equations A. Piatnitski 24 / 38



Comments

If the coefficients a(x — y) and N(x, y, t) are symmetric in the
variables x and y, then B,(s) = 0, and the limit function is
deterministic.

\,

Denote b = E(.(0). By the Birkhoff ergodic theorem a.s.

/@u( )ds—fb(1~|—o(1))

Therefore, the principal term of the effective convection is
deterministic and is equal to g.

Concerning the lower order term we only know that it is of order
-1
o(e™ ).
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Comments

If the coefficients a(x — y) and N(x, y, t) are symmetric in the
variables x and y, then B,(s) = 0, and the limit function is
deterministic.

\,

Denote b = E(.(0). By the Birkhoff ergodic theorem a.s.

/,@w( )ds—fb(1~|—o(1))

Therefore, the principal term of the effective convection is
deterministic and is equal to g.

Concerning the lower order term we only know that it is of order
-1
o(e™ ).

However, under additional mixing conditions, the behaviour of the
second term can be understood better.
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£u(t) = Au(t) = b



Homogenization

Denote

gw(t) = @u(t) — b.

If condition Mix holds, then the integral

B = /OOO E(g.(r) ® g.(0))dr

converges.
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Homogenization

Denote

gw(t) = ﬁw(t) — b.

If condition Mix holds, then the integral

B = /OOO E(g.(r) ® g.(0))dr

converges. The matrix B is non-negative, and there exists a matrix
o such that
oo* =2B.
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Homogenization

Denote

gw(t) = ﬁw(t) —b.

If condition Mix holds, then the integral

B = /OOO E(g.(r) ® g.(0))dr

converges. The matrix B is non-negative, and there exists a matrix
o such that

oo* =2B.

1 t
The process  G(t) = / g(%)ds converges in law in the
€ Jo &

space C[0, T]? to the process o W;, where W; is the standard
Brownian motion.

———————=——%=— =
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Homogenization

Under condition Mix we have

b
u® (X +ot t) 5 uo(x — Wi, t) in law in L%(0, T; L(RY)).
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Homogenization

Under condition Mix we have

b
u® <X +ot t) 5 uo(x — Wi, t) in law in L%(0, T; L(RY)).

Applying It6’s formula, as a consequence we obtain

The family u® (X + gt, t) converges in law, as € — 0, in the space
L2(0, T; L2(R9)) to a solution of the effective SPDE that reads

du = div(EeHVu) dt — Vu-odW:, u(x,0) = up(x).

with =¢ff = @°ff %O’U*.
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Higher order approximation

If the operator Ac(t) is symmetric for each t, then the limit is
deterministic and the effective problem reads

Oru = div(a®Vu) in R x (0, T],  u(x,0) = w.
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Higher order approximation

If the operator Ac(t) is symmetric for each t, then the limit is
deterministic and the effective problem reads

Oru = div(a®Vu) in R x (0, T],  u(x,0) = w.

In this case, it is natural to raise the question of higher order
approximations. We study the normalized difference

€ 0

vs =t

—u
€
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Higher order approximation

If the operator Ac(t) is symmetric for each t, then the limit is
deterministic and the effective problem reads

Oru = div(a®Vu) in R x (0, T],  u(x,0) = w.

In this case, it is natural to raise the question of higher order
approximations. We study the normalized difference

5 0
u- —u
Us =

€

From now on we assume that, in addition to the above
assumptions, a(z) has a finite third moment:

/ 1z|3a(z)dz < +o0.
Rd

Homogenization of non-stationary convolution type equations A. Piatnitski 27 / 38



Auxiliary problem

We define x1(&, s) as a periodic in & and stationary solution of the
equation:

000(6,9) = (Lot) (6:9) = = | a(2) (€€~ 2.5) e,

which satisfies the normalization condition

/‘m@ﬁﬂf—ﬁ
Td
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Auxiliary problem

We define x1(&, s) as a periodic in & and stationary solution of the
equation:

000(6,9) = (Lot) (6:9) = = | a(2) (€€~ 2.5) e,

which satisfies the normalization condition

/‘m@ﬁﬂiﬁ
'H'd

The existence and uniqueness of the function y; is granted by the
following statement:
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Auxiliary function

If the coefficients a(§ — n) and N(&,n,s) are symmetric in the
variables € and 1), then the above auxiliary problem has a periodic
in & stationary solution. This solution is unique up to an additive
(random) constant.
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Auxiliary function

If the coefficients a(§ — n) and N(&,n,s) are symmetric in the
variables € and 1), then the above auxiliary problem has a periodic
in & stationary solution. This solution is unique up to an additive
(random) constant.

Later on we assume that mixing condition Mix is fulfilled.
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Diffusion approximation

There exist

® a symmetric constant positive semi-definite d*> x d* matrix

@eff

o a constant tensor H*T = {H¢ k, i k/ 1

1 x t .
such that the process ~(u® — u%) — x1 (—, —) VuP converges in
€ g’ g2

law in L2(R9 x (0, T)) to the unique solution of the following
SPDE:

dU; — div(a°®TVU)dt = TV VL dW; + HTV VYV LOdt,
U(x,0) =0,

where u° satisfies the equation

8tu° — div(aeHVUO) =0, u(x, O) = ug.

= = = = =
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Some elements of the proof

We begin by using the asymptotic expansions technique.
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Some elements of the proof

We begin by using the asymptotic expansions technique. Assuming
that the limit function u(x, t) belongs to C*([0, T]; S(R9)), where
the symbol S stands for the Schwartz class, we represent u® as the
asymptotic series

ut(x,t) = u(x®, t) + e (g, Eé)Vu(xa, t)+...
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Some elements of the proof

We begin by using the asymptotic expansions technique. Assuming
that the limit function u(x, t) belongs to C*([0, T]; S(R9)), where
the symbol S stands for the Schwartz class, we represent u® as the
asymptotic series

ut(x,t) = u(x®, t) + e (g, Eé)Vu(xa, t)+...

with
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Elements of the proof

One can rewrite the operator A*(t) as follows:

A (t)u(x, t) = Eiz/ a(z)/\<)6—<, g—z, Eiz) (u(x, t)—u(x—ez,t))dz.

Rd
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Elements of the proof

One can rewrite the operator A*(t) as follows:

X X

A (t)u(x, t) = 812/ a(z)/\(E, pa 5%) (u(x, t)—u(x—ez,t))dz.

We then expand u(x® — ez, t) in Taylor series,

1
u(x® —ez, t) = u(x, t) —ezVu(x, t)+ §€2Z®ZVVU(XE, +...,
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Elements of the proof

One can rewrite the operator A*(t) as follows:

X X

A (t)u(x, t) = 812/ a(z)/\(E, pa 5%) (u(x, t)—u(x—ez,t))dz.

We then expand u(x® — ez, t) in Taylor series,

1
u(x® —ez, t) = u(x, t) —ezVu(x, t)+ §€2Z®ZVVU(XE, +...,

substitute the right-hand side for u(x® — ez, t) and collect
power-like terms in the resulting relation.
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Auxiliary problem

At the first step this yields the evolution equation on
T9 x (—o0, +00) that reads

0 (6.5)= [ a(E=mINE.1.5) (1, 5)—(6,5)) dn = (e, )

Homogenization of non-stationary convolution type equations A. Piatnitski 33 / 38



Auxiliary problem

At the first step this yields the evolution equation on
T9 x (—o0, +00) that reads

0a6,9)= | al€=mE7.9) (el 5) (. 5)) = h(s,s)J

with

h(¢, s) :/Rd a(& — )&, m,s)(n — &) dn — B(s) J
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Auxiliary problem

At the first step this yields the evolution equation on
T9 x (—o0, +00) that reads

0a6,9)= | al€=mE7.9) (el 5) (. 5)) = h(s,s)J

with

h(¢, s) :/Rd a(& — )&, m,s)(n — &) dn — B(s) J

Denote

ASYE) = [ ol = mIA(E 1. 9)(v(n) = v€))dm. v € L2(T),

™ =
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Auxiliary problem

At the first step this yields the evolution equation on
T9 x (—o0, +00) that reads

0a(6,9)= | al€=mE1.9) ({1 5) = (€,5)) i = s)J

with

h(¢, s) :/Rd a(€ — )& n,s)(n—&)dn— B(s) J

Denote

ASYE) = [ ol = mIA(E 1. 9)(v(n) = v€))dm. v € L2(T),
A*(s)p(€) = / a(n — )N, &, $)p() — / 2(€ — mAE, 7, 5)en p(Ef

R R9

™ =
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Adjoint problem

The equation
_ap(fv S) = A*(S)p(év S)

has a unique up to a multiplicative constant periodic in &
stationary solution.
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Adjoint problem

The equation
_ap(é-, S) = A*(S)p(§7 S)

has a unique up to a multiplicative constant periodic in &
stationary solution. It satisfies the relation

/ p(£,s) dé = C.
Td
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Adjoint problem

The equation
_ap(é-, S) = A*(S)p(§7 S)

has a unique up to a multiplicative constant periodic in &
stationary solution. It satisfies the relation

[, pesyae=c.
Td
Under the normalization condition
/ p(E,5) dg = 1
Td
this solution satisfies the estimates

0<p” <p§s)<p" < oo
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We denote this solution by p*(¢,s).
«O>r «Fr «=)» « = E HAe
~ Homogenization of non-stationary convolution type equations A, Piatnitski 35 /38
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Auxiliary problem

We denote this solution by p*(¢,s). Recalling that

h(&,s) = /Rd a(& — A&, n,s)(n—&)dn — B(s)
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Auxiliary problem

We denote this solution by p*(¢,s). Recalling that

h(&,s) = /Rd a(& — A&, n,s)(n—&)dn — B(s)

we choose

B(s) = /Td /Rd a(& — A, n,s)(n — &) p* (&, s)dndE.

Notice that h € L%°(T9 x (—o0, +00)).
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Auxiliary problem

Under this choice, ((s) is a stationary process, and

/ h(E.5)p* (€. 5) dE = 0
']Td

for all w and s.
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Auxiliary problem

Under this choice, ((s) is a stationary process, and

/ h(E.5)p* (€. 5) dE = 0
']Td

for all w and s. Recall that

AEAE = [ als = A m5)(v(m) — v(O)dn, v € LA(T).
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Auxiliary problem

Under this choice, ((s) is a stationary process, and

/ h(E.5)p* (€. 5) dE = 0
Td

for all w and s. Recall that

AEAE = [ als = A m5)(v(m) — v(O)dn, v € LA(T).

V,

The equation
85741 - A(S)%1(§7 5) = h(£75)

has a stationary solution, which is unique up to an additive
constant vector. Moreover, »; € L®(T9 x (—o0, +00)).
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Thank you for your attention
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