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The Sine-beta Process

Definition

The Sine-beta process is the universal 1d-log gas.

H(v) = Y —log(]x —yl),

XFEy€Ey
where «y is a finite configuration of points in R.
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The Sine-beta Process

Definition

The Sine-beta process is the universal 1d-log gas.
Hv) = Y —log(lx —yl).
XFy€y

where «y is a finite configuration of points in R.
For >0, n>1and A, = [—n/2,n/2], we define on A} the
probability measure

1
]P"f(dxl, dxp,...,dxp) = 7e*BH({Xl’Xz"“’X"})dxldxz ...dxp.

n
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The Sine-beta Process

Definition

The Sine-beta process is the universal 1d-log gas.
Hv) = Y —log(lx —yl).
XFy€y
where «y is a finite configuration of points in R.
For >0, n>1and A, = [—n/2,n/2], we define on A} the
probability measure

1
]P"f(dxl, dxp,...,dxp) = 7e*BH({Xl’Xz"“’X"})dxldxz ...dxp.

n

We define P,é its associated point process; the distribution of the
random configuration

{X1,X2,..., X4},

where (X1, Xa, ..., Xn) ~ P



The Sine-beta Process

Definition

The following limit exists

lim P2 = PP,

n—oo

PS is called the Sine-beta process (changing the scale for having
intensity one)
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The Sine-beta Process

Definition

Theorem

The following limit exists

lim P2 = PP,

n—oo

P? is called the Sine-beta process (changing the scale for having
intensity one)

The theorem is true with the weak topology or with the local
convergence topology.
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The Sine-beta Process

Definition

Theorem
The following limit exists

lim P2 = PP,

n—oo

P? is called the Sine-beta process (changing the scale for having
intensity one)

The theorem is true with the weak topology or with the local

convergence topology.
Proved by: [Valko-Virag 2009], [Bourgade, Erdés, Yau 2012]
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The Sine-beta Process

Motivations

@ Classical continuum particle system with 2d-Coulomb
interaction, restricted to a 1d-space.
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The Sine-beta Process

Motivations

@ Classical continuum particle system with 2d-Coulomb
interaction, restricted to a 1d-space.
@ Distribution of eigenvalues for random matrices:

o (B =1) with Gaussian real input
o (8 = 2) with Gaussian complex input
o (8 = 4) with Gaussian Quaternion input
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The Sine-beta Process

Motivations

@ Classical continuum particle system with 2d-Coulomb
interaction, restricted to a 1d-space.
@ Distribution of eigenvalues for random matrices:
o (8 =1) with Gaussian real input
o (8 =2) with Gaussian complex input
o (8 =4) with Gaussian Quaternion input
@ Universal with respect to the boundary conditions
(5-ensembles, 3-Circular-ensembles ).
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The Sine-beta Process

Some Properties

@ Determinantal structure for § = 2.
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The Sine-beta Process

Some Properties

@ Determinantal structure for § = 2.

e Explicit pair correlation functions for 3 € QT (with very
complicated formulas [Forrester ch13])

D. Dereudre Canonical DLR equations for the Sine-beta process



The Sine-beta Process

Some Properties

@ Determinantal structure for § = 2.

e Explicit pair correlation functions for 3 € QT (with very
complicated formulas [Forrester ch13])

e Hyperuniform: Varps(Np) ~ log(|A]).
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The Sine-beta Process

Some Properties

@ Determinantal structure for § = 2.

e Explicit pair correlation functions for 3 € QT (with very
complicated formulas [Forrester ch13])

e Hyperuniform: Varps(Np) ~ log(|A]).

o Variational principle and LDP [Leblé-Serfaty 19]: P” is the
unique minimizer of the free excess energy=Entropy+mean
Energy
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DLR equations

© DLR equations

D. Dereudre Canonical DLR equations for the Si

eta process



DLR equations

The DLR equations setting

For A C R:
@ (as usual) the local distributions are not tractable;

ps (d’y/\>.
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DLR equations

The DLR equations setting

For A C R:
@ (as usual) the local distributions are not tractable;

ps (d’y/\>.

e the DLR (Dobrushin-Lanford-Ruelle) equations provide the
local conditional densities of P?:

pr (d"}//\”')//\c)?
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DLR equations

The DLR equations setting

For A C R:
@ (as usual) the local distributions are not tractable;

ps (d’y/\>.

e the DLR (Dobrushin-Lanford-Ruelle) equations provide the
local conditional densities of P?:

pr (d"}//\”')//\c)?

@ the canonical DLR equations provide the local conditional
densities of PP given the number of points;

PP (dw\mc,#w\ = k)?
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DLR equations

What is the energy of a point?

For any stationary point process P, for any x € R and for P a.e. ~

> —log(|x — y|) = —o0.

yey

The Log-energy of x in ~ is senseless.
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DLR equations

What is the energy of a point?

For any stationary point process P, for any x € R and for P a.e. ~

> —log(|x — y|) = —o0.

yey

The Log-energy of x in ~ is senseless.
The DLR equations seem impossible to obtained (but wait a
couple of slides!)
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DLR equations

What is the energy of a point?

For any stationary point process P, for any x € R and for P a.e. ~

> —log(|x — y|) = —o0.

yey

The Log-energy of x in ~ is senseless.

The DLR equations seem impossible to obtained (but wait a
couple of slides!)

For P5-almost all v and x € R, the following limit exists

V(x, ) = >_log(lyl) — log(|x — yI).

yey

It is the Log-energy we need for moving a particle from 0 to x in ~.
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DLR equations

Our canonical DLR equations

Theorem (D.-Hardy-Leblé-Maida, 2019)
For any bounded N C R, any k > 0 and P”-almost all ~

1
Pﬁ(dxl7 oo dxe|yae, Na = k) = me—ﬁH({xl,x2,...,Xk})

k
H e PVOim) Nl .. dxf)
i=1
Locally, the Sine-beta process is a S-ensemble with confining
potential V.
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DLR equations

A canonical GNZ (Georgii-Nguyen-Zessin) equation

There exists a probability mesure Q® such that for any positive
bounded function f

Eps (Z f(x,fy\x)) = Egs (/R e‘ﬂV(xﬂ)f(x,fy)dx>

xey
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DLR equations

A canonical GNZ (Georgii-Nguyen-Zessin) equation

There exists a probability mesure Q® such that for any positive
bounded function f

Eps (Z f(x,fy\x)) = Egs (/R e‘ﬂV(xﬂ)f(x,fy)dx>

xey

Are QP and PP equivalent? Are they singular?
If Q® < P8, a standard GNZ equation exists.
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Application 1: the Number-Rigidity

© Application 1: the Number-Rigidity
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Application 1: the Number-Rigidity

Number-Rigidity

Definition

A point process P in RY is said Number-Rigid if for any bounded
set A C RY, there exists a function fy such that for P-a.e. v

NA(7) = fa(ync)-

The outside configuration determines the number of points inside
A.
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Application 1: the Number-Rigidity

Number-Rigidity

Definition

A point process P in RY is said Number-Rigid if for any bounded
set A C RY, there exists a function fy such that for P-a.e. v

NA(7) = fa(ync)-

The outside configuration determines the number of points inside
A.

Obviously, Poisson point processes or classical Gibbs point
processes are not Number-Rigid.
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Application 1: the Number-Rigidity

Number-Rigidity

Definition

A point process P in RY is said Number-Rigid if for any bounded
set A C RY, there exists a function fy such that for P-a.e. v

NA(7) = fa(ae)-
The outside configuration determines the number of points inside
A.
Obviously, Poisson point processes or classical Gibbs point

processes are not Number-Rigid.
Other kind of XXXXXX-rigidity can be considered as well.
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Application 1: the Number-Rigidity

Sly-Peres Theorem

The Gaussian perturbed lattice is defined by:

r=J{z+ X},

ze7d

where (X;),czq4 are i.i.d N(0,02).
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Application 1: the Number-Rigidity

Sly-Peres Theorem

The Gaussian perturbed lattice is defined by:

r=J{z+ X},

zezd
where (X;),czq4 are i.i.d N(0,02).

Theorem (Sly-Peres 2014)

In dimension d = 1,2 the Gaussian perturbed lattice is
Number-Rigid. For any d > 3, there exists o4 > 0 such that

e for o < oy, the Gaussian perturbed lattice is number-rigid.

e for o > gy, the Gaussian perturbed lattice is not number-rigid.
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Application 1: the Number-Rigidity

Number-Rigidity criterion

Theorem (Ghosh-Peres, 2012)

Let P be a point process. Assume that for any bounded A C R
and any € > 0, there exists a function f : RY — R with compact
support such that

o f(x)=1forallx € A\

o Varp(Y,cr f(x)) <e.
Then P is Number-Rigid.
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Application 1: the Number-Rigidity

Number-Rigidity criterion

Theorem (Ghosh-Peres, 2012)

Let P be a point process. Assume that for any bounded A C R
and any € > 0, there exists a function f : RY — R with compact
support such that

o f(x)=1forallx € A\

o Varp(Y,cr f(x)) <e.
Then P is Number-Rigid.

Applications: Theorem by Ghosh-Peres, the determinantal Ginibre
process is Number-Rigid, etc...
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Application 1: the Number-Rigidity

Number-Rigidity of the Sine-beta Process

Theorem (D.-Hardy-Maida-Leblé 2019)

For any 3 > 0, the Sine-beta process P” is Number-Rigid and any
other rigidity does not occur.
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Application 1: the Number-Rigidity

Number-Rigidity of the Sine-beta Process

Theorem (D.-Hardy-Maida-Leblé 2019)

For any 3 > 0, the Sine-beta process P” is Number-Rigid and any
other rigidity does not occur.

-Chaibi and Najnudel proved simultaneously the Number-Rigidity
of the Sine-beta process with a completely different proof.
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Application 1: the Number-Rigidity

Number-Rigidity of the Sine-beta Process

Theorem (D.-Hardy-Maida-Leblé 2019)

For any 3 > 0, the Sine-beta process P” is Number-Rigid and any
other rigidity does not occur.

-Chaibi and Najnudel proved simultaneously the Number-Rigidity
of the Sine-beta process with a completely different proof.

-Our proof does not use the Ghosh-Peres Criterion. It is a first step
toward the general Coulomb case.
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Application 1: the Number-Rigidity

Number-Rigidity of the Sine-beta Process

Theorem (D.-Hardy-Maida-Leblé 2019)

For any 3 > 0, the Sine-beta process P” is Number-Rigid and any
other rigidity does not occur.

-Chaibi and Najnudel proved simultaneously the Number-Rigidity
of the Sine-beta process with a completely different proof.

-Our proof does not use the Ghosh-Peres Criterion. It is a first step
toward the general Coulomb case.

- Our proof is based on the canonical GNZ equation. We show
that Q% and P? are singular.
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Application 1: the Number-Rigidity

DLR equations for the Sine-beta Process

Theorem (D.-Hardy-Maida-Leblé 2019)
For any bounded A C R and P?-almost all ~

P(dyalvac) = PP(dyalvac, Na = fa(vac))
_ 1 e—ﬁH({xl,X2,...,X,c/\(7/\c)})
ZN(fA(VA<), YA€)
fA(ac)
H e_BV(Xi”YAC)dX]/_\dXQ 600 dX,{/\\(,YAC)
i=1

Unfortunately, the function fz(yac) is not tractable.
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Application 2: a Central Limit Theorem

e Application 2: a Central Limit Theorem
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Application 2: a Central Limit Theorem

The setting

Let P be a point process on R with intensity one and ¢ be a
function from R to R with compact support.
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Application 2: a Central Limit Theorem

The setting

Let P be a point process on R with intensity one and ¢ be a
function from R to R with compact support.
The centred linear statistic of ¢ at the scale n > 1 is defined by

L) = Y ¢(x/n)—Ep| > ¢(x/n)

xey xey
= Lot/ [ etn e
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Application 2: a Central Limit Theorem

The setting

Let P be a point process on R with intensity one and ¢ be a
function from R to R with compact support.
The centred linear statistic of ¢ at the scale n > 1 is defined by

L'(¢) = D w(x/n)—Ep (Zw(X/n))

xey xey
= ng (x/n) — / (x/n) dx

Typical CLT: there exists a sequence (ap)p>1 and o(y) > 0 such
that @)
anﬁn((p) —> N(Oa U((p)2)'

: L 2 _
Poisson case: a,, = n~1/2 and o(yp) ngp (x) dx.



Application 2: a Central Limit Theorem

CLT for the Sine-beta process

Theorem (Leblé 2019)
The Sine-beta process PP satisfied the CLT for any ¢ € C}(R,R)

£7(9) =1 N(0,0()?),

90)2 ﬁ//( cp(y)) dxdy .

Recall: L(¢) = Yye 0 (x/n) = [g v (x/n) dx.
The DLR equations furnish a central description in the proof,
based on a fine analysis of the Laplace transforms.

with
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