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Local group

Definition
Let G be a discrete set and e € G, W a subset of G x G, and let
m: W — G and i: G — G be the mappings, m(a, b) = ab and
i(a) = a~L. Then the system (G, e, W, m, i) is called a local group
(denoted by G) if the following conditions are satisfied:

1) if(a,b),(b,c) € W and (ab,c) € W, then (a,bc) € W and

(ab)c = a(bc);
2) forallac G (a,e) and (e,a) € W and ae = ea = a;
3) forallac G (a,at)and (a7 l,a)e Wuaal=ala=e.

Obviously, each symmetric subset with a unit is a local group. The
local group of this kind we call the local subgroup.
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Definition (R. Exel)
Let G be a discrete group and 2 be a unital C*-algebra. Then the
partial x-representation of a group G intoA isamapm:G — A

such that
1) w(e)=1
2) m(a~t) = (n(a))*
3) w(a)m(b)w(b~L) = w(ab)m(b~1)
4) mw(a~Ym(a)n(b) = w(a~)m(ab)

A. KuznetsovaKazan Federal University Yerevan, 02.09-07.09 2019



Definition
Let G be a local group and 21 be a unital C*-algebra. The map
7w : G — A is a strong x-representation of G into A if

> m(e) =1,

» m(a~t) = (r(a))*, _
> (a)r(b)r(b~1) = { W(ab)(;t(b,'f) (al,fb)(; a)/'é w;

1 n(aY)m(ab) if (a,b) € W;
> (s )”(a)”(b):{ 0, if (ab)¢ W.
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Definition
Let G be a local group and 21 be a unital C*-algebra. The map
7w : G — A is a strong x-representation of G into A if
> 71'( ) =1,
> w(a”t) = (n(a))",
1\ [ w(ab)r(b7Y) if (a,b) € W;
’”@“““b)_{ 0, if (a,b)d W.

1 n(aY)m(ab) if (a,b) € W;
'”@)ﬂ”ﬂm:{ 0, if (ab)¢ W.

Definition
m: G — A is a x-representation of G into A if
1) n(e) =
2) m(a~t) = (n(a))*,
3) w(a)m(b)w(b~t) = w(ab)w(b~L), if (a,b) € W,
4) m(a~Y)w(a)m(b) = w(a~t)m(ab), if (a,b) € W.
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A x-representation of a local group is faithful if for any a € G

m(a) # 0.
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A x-representation of a local group is faithful if for any a € G
m(a) # 0.
Definition
Let G be a local group. The map 7 : G — B(/(G)
e if (a,b) e W
0, if (a,b)g W

) isa Ieft

regular representation if w(a)e, = {
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A x-representation of a local group is faithful if for any a € G

m(a) # 0.

Definition

Let G be a local group. The map : G — B(I?(G)) is a left
€apb if (a, b)

regular representation if w(a)e, = { €
b .
0, if (a,b) ¢ W.

Proposition

The left regular representation of a local group is faithful
x-representation.
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A x-representation of a local group is faithful if for any a € G
m(a) # 0.

Definition

Let G be a local group. The map 7 : G — B(I%(G)) is a Ieft
regular representation if w(a)e { e if (a,b) W
b =
0, if (a,b)¢ W

Proposition

The left regular representation of a local group is faithful
x-representation.

Proposition

Let w: G — A be a partial x-representation of a group G into
C*-algebra . Then G = {a € G : w(a) # 0} is a local group and
the restriction m onto G is a faithful strong x-representation of G.
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Let G C T is a local group.
Definition

The reduced C*-algebra generated by G is a C*-algebra C}(G)
generated by the left regular representation of G.
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Let G C T is a local group.

Definition

The reduced C*-algebra generated by G is a C*-algebra C;(G)
generated by the left regular representation of G.

C(G) is a local group graded C*-algebra.

Definition
Let 2 be a C*-algebra and G be a local group. Then U is G-graded
if the direct sum of Banach spaces {B,}.cg is dense in 2, i.e.

A= & B,, and
aceG

1) A€ B, implies A* € B,-1,
2) A€ B, and B € By, implies AB € B,p, (a,b) € W.

A. KuznetsovaKazan Federal University Yerevan, 02.09-07.09 2019



Fell bundle over a local group

A collection of Banach spaces B = {Bg}.cg with operations
-:BxB— Band x: B — Bis a Fell bundle over a local group
Gifforalla,be Gand A, B € B:

1) BaBp C B.p ans (a, b) € W,
2) -: B x B — B is associative and bi-linear for (a, b) € W and

(ab,c) e W,
3) lIABI| < [IAl[l[BI,
4) (Ba)" € By,
5) % : By — B,-1 is conjugate-linear,
6) Beisa C*-algebra.
7) A*A € Be.
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A strong x-representation 7w : G — 2 of a local group naturally
generates a Fell bundle over a local group.

Denote by B,, a € G, the Banach space

Span{A = 7(a1)m(az)...m(an) :n €N, a; € G, arar...a, = a}.
Then a collection B = {B,}.cg is a Fell bundle over local group G
with the operations borrowed from 2.
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A strong x-representation 7w : G — 2 of a local group naturally
generates a Fell bundle over a local group.
Denote by B,, a € G, the Banach space
Span{A = 7(a1)m(az)...m(an) :n €N, a; € G, arar...a, = a}.
Then a collection B = {B,}.cg is a Fell bundle over local group G
with the operations borrowed from 2.
Let F, be a free group with n generators {u;}"_; and F be a
subset generated by the positive powers of u;.
Let define a local subgroup F, C F, by
Fo={ac€F,:a=w v, we F}} with a multiplication - with
the rules:

1) uji-e=e-u;=u;and u,-_l-e:e-u,-_lzui_1 for all i,

—1

uj - uj :ui_l-u,-:eforalli,

)
3) if ais of the form a'u; then a- b=ab, a,a’,b € F,,

) if ais of the form a’u; ! then a- b= ab if b is of the form
u;b’, or uj_lb’ forall i,j, a,a,b,b € F,.

A. KuznetsovaKazan Federal University Yerevan, 02.09-07.09 2019



Let U, : I2(F,) — I?(F,) be a unitary defined by U,b = ab, and
J: 2(F;F) — I?(F,) be a natural inclusion.

Proposition
The map m defined by

™ Fp— B(P(F)); m(a) = J*Uad,

is a faithful strong x-representation of a local group F,.
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Let U, : I2(F,) — I?(F,) be a unitary defined by U,b = ab, and
J: 2(F;F) — I?(F,) be a natural inclusion.

Proposition
The map m defined by

7 Fpn — B(P(F))); n(a) = J*U,J,
is a faithful strong x-representation of a local group F,.

Theorem
There exists a Fell bundle over the local group F, which is grading

for the Cuntz algebra, O, = @f B,.
ac n

If {Vi}7_, are the generators of the Cuntz algebra then the
respective subspace B, is a subspace spanned on the operators of
the form V{0 V"i2 V', here V! € {V;, V;'} and

k1, 1k
KL R

rks / R
uitu 2o ue € Foand equals a, uf € {uj, u; "}
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Algebra C}(P)

Let ' be a discrete group and P C I be a subset. Then

rp={ael:aPNP#£0} isalocal group.

Proposition
There exists a strong *-representation wp : [ p — B(I>(P)),

namely the restriction of left regular representation of ['p onto
I2(P).

A. KuznetsovaKazan Federal University Yerevan, 02.09-07.09 2019



Algebra C}(P)

Let ' be a discrete group and P C I be a subset. Then
rp={ael:aPNP#£0} isalocal group.
Proposition

There exists a strong *-representation wp : [ p — B(I>(P)),
namely the restriction of left regular representation of ['p onto

I2(P).
If {Us}, Usep = eap, is the group of unitary shift operators on
I?(T), then

mp(a) = J Uy, J: P(P)— ().
Definition

The C*-algebra generated by the set P is a C*-algebra C;(P)
generated by the image of the strong x-representation mp.
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Let Mon(P) be the semigroup generated by {mp(a)}.

If W € Mon(P) and Wep, = e. then indW = cb™ 1.

Proposition
The index of W is well defined and
if WiW5 # 0 then 1nd( Wi Wg) = md( Wl)lnd( Wg)
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Let Mon(P) be the semigroup generated by {mp(a)}.

If W € Mon(P) and Wep, = e. then indW = cb™ 1.

Proposition
The index of W is well defined and
if WiW5 # 0 then 1nd( Wi Wg) = md( Wl)lnd( Wg)

Proposition
The semigroup Mon(P) is inverse and the set {ind(Mon(P))} is a
local group and coincides with I'p.
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Let Mon,(P) = {W € Mon(P) : indW = a} and let B, be an
operator space generated by Mon,(P).

Theorem

> The collection {Bs}acr, is a Fell bundle over local group T p.
> {Ba}acr, is a grading for C(P), C;(P)= @ B..

aclp
» There exists a conditional expectation ® : C(P) — Be.

» B. is a Cartan subalgebra in C}(P).

A. KuznetsovaKazan Federal University Yerevan, 02.09-07.09 2019



Example 1

Let T =Qp, = {;’Tl}keN,meZ- Define

Py = [0, 1)ﬂQp, then rpo = (—1,1)0@,,.

~

p-1
— 1
D

. m _
:{ €t 2 n‘a+pk € Py;

(P n , T.em _
(Po). - Aegtmepr: Toe 0, if a+ 2t ¢ Po.
Lemma
For all k € N 1?(Py) can be decomposed as & H,, a < P,

0<a<-L
> pk

and every H, is invariant subspace for T N with dimension pX.
p
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Example 1

Let 2(, be the C*-algebra generated by Tik.
p

Corollary
Uy =~ M, (C)
Note that T1 = T, hence
o
A — Ay — As..., C,*(Po):W.

Theorem
C}(Po) is a UHF-algebra.
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Example 2

Again T =Q, = {pl;:}keN,mEZ,

P = [07 ].] n Qp, then rpl = [—1, 1] N Qp.

[l
o N
N

[t
4

e,ym if a+ 2 € Py;
P(P1) = P(Po)aC n Toem ={ 1% P
(P1) (Po)eC{er), {epk Fmspr: % { 0,pifa+ ok ¢ Pr.
Lemma
For all k € N [?(Py) can be decomposed as Hy® ( @© H,),
0<a<-t
p

a € Py, and every H, is invariant subspace for T 1 with dimension
k
p

pX, and Hy is invariant subspace with dimension p* + 1.
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Example 2

Let 204 be the C*-algebra generated by Tik.
p

Corollary

Aj ~ Mpk+1((C) D /\/ka.

Again T1 = T , hence
L 1

)

Ay — Ay — A3, Cr*('Dl):LkJQ’lk

Theorem
C;(P1) is an AF-algebra. C}(P1) contains the algebra of compact
operators K and the following short sequence is exact

0— K— C}(P1) — C/(Py) — 0.
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Example 2

In case p = 2 we have the following diagram
M;(C)@M,(C)

Ms(C)dM,(C)

P

My (C)BM;(C)
In both algebras the semigroup
MOH(P) = Ey U E,

where Ej is semilattice of idempotents and E; is set of nilpotent
operators.
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Thank you!
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