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1 | Definition, existence
and basic properties

Introduction

Poisson DPP DPP .W't.h "
stronger inhibition
» DPPs are inhibitive/regular/repulsive point processes.
» Introduced by O. Macchi in 1975 to model fermions in quantum mechanics.
» Several theoretical studies appeared in the 2000’s.
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DPP with

Poisson DPP stronger inhibition

v

DPPs are inhibitive/regular/repulsive point processes.
Introduced by O. Macchi in 1975 to model fermions in quantum mechanics.

v

Several theoretical studies appeared in the 2000’s.

v

v

Until recently statistical models and inference had been largely Dept of Mathematial

Sciences

unexplored. o PewoUeny



Main questions re. DPPs
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How do we make statistical inference o
(parameter estimation; simulation based procedures used | e
e.g. for model checking)?
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Main questions re. DPPs

Jesper Maller

How do we make statistical inference o
(parameter estimation; simulation based procedures used | e
e.g. for model checking)?

How do we construct useful classes of parametric
models?
And ensure the DPP exists?

How flexible will they be — to what extent are DPPs
repulsive?

» Focus on DPPs defined on RY;
» something about DPPs defined on other spaces (S9).

Dept. of Mathematical
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Gibbs point processes — the usual class of point pro- (((

cesses used for modelling inhibition
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Example: A Strauss hard-core process on a compact set S ¢ RY has density Jesper Moler
1 1 3 Definilio‘n, existence
f({X1 gy Xn}) = 7ﬂn,y2i<j {lIx—xlI<R} H1{|\Xi—)(,'|\>f}7 {X1 o ;Xn} c 87 and basic properties
C(raR7B7fY) i<j

w.r.t. the unit rate Poisson process, where n=0,1,...,and0<r< Rand 3,y >0
are parameters.
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1 1 3 Definilio‘n, existence
f({X1 gy Xn}) = ﬁn’}’ZKj {lIx—xlI<R} H 1 Uxi—xll>r} {X1 o ;Xn} c 87 and basic properties

C(ra R7B77)

i<j

w.r.t. the unit rate Poisson process, where n=0,1,...,and0<r< Rand 3,y >0
are parameters.

» The normalizing constant ¢(r, R, 3,) is intractable.

» Don’t know any moment properties, including the intensity.
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Example: A Strauss hard-core process on a compact set S ¢ RY has density Jesper Moler
1 1 = and basic propertes
X, xph) = ——— g2 Ml <m T 1,y X, .., X} C S, PP
({x1,...,Xn}) o(r. R,B,y)ﬂ y ,11 (=l >r} s {X1,..., Xn}
w.r.t. the unit rate Poisson process, where n=0,1,...,and0<r< Rand 3,y >0

are parameters.
» The normalizing constant ¢(r, R, 3,) is intractable.
» Don’t know any moment properties, including the intensity.

» Don’t know the distribution of (e.g.) the number of points.
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Example: A Strauss hard-core process on a compact set S ¢ RY has density Jesper Moler
1 1 = and basic propertes
X, xph) = ——— g2 Ml <m T 1,y X, .., X} C S, PP
({x1,...,Xn}) o(r. R,B,y)ﬂ y ,11 (=l >r} s {X1,..., Xn}
w.r.t. the unit rate Poisson process, where n=0,1,...,and0<r< Rand 3,y >0

are parameters.

v

The normalizing constant c(r, R, 3, ~) is intractable.

v

Don’t know any moment properties, including the intensity.

v

Don’t know the distribution of (e.g.) the number of points.
(Long) MCMC runs are needed...

v
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Example: A Strauss hard-core process on a compact set S ¢ RY has density Jesper Moler
1 A = and basic propertes
X, xph) = ——— g2 Ml <m T 1,y Xi,...,Xpt C S, o propert
({x, n}) o(r. R,B,y)ﬂ ¥ g (lx—x>r}s X1, Xn}
w.r.t. the unit rate Poisson process, where n=0,1,...,and0<r< Rand 3,y >0

are parameters.

v

The normalizing constant c(r, R, 3, ~) is intractable.

v

Don’t know any moment properties, including the intensity.

v

Don’t know the distribution of (e.g.) the number of points.

(Long) MCMC runs are needed...

v

v

Edge effects have been ignored: the restriction to an observation window
W C Sis not a Strauss hard-core process.
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1 A = and basic propertes
X, xph) = ——— g2 Ml <m T 1,y Xi,...,Xpt C S, o propert
({x, n}) o(r. R,B,y)ﬂ ¥ g (lx—x>r}s X1, Xn}
w.r.t. the unit rate Poisson process, where n=0,1,...,and0<r< Rand 3,y >0

are parameters.

v

The normalizing constant c(r, R, 3, ~) is intractable.

v

Don’t know any moment properties, including the intensity.

v

Don’t know the distribution of (e.g.) the number of points.
(Long) MCMC runs are needed...

v

v

Edge effects have been ignored: the restriction to an observation window
W C Sis not a Strauss hard-core process.

v

On RY a ‘local specification’ is needed and the issue of phase transition has to Dept of Mathematial

cccccccc

be clarified. alborg Uriersty
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4 | Definition, existence
and basic properties

Notation
» X : simple point process on R, with Lebesgue measure as reference measure
(or any locally compact Polish space equipped with a Radon measure).
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and basic properties

Notation
(or any locally compact Polish space equipped with a Radon measure).

» X : simple point process on R, with Lebesgue measure as reference measure

» For any Borel set BC RY, Xg = X N B, X(B) = #Xa.

Dept. of Mathematical
Sciences

Aalborg University
Denmark



ﬂEW GNDU

Notation ((( ¢

’?n ,_,,"\19

» X : simple point process on RY, with Lebesgue measure as reference measure wosper Mler
(or any locally compact Polish space equipped with a Radon measure). ) Definition, existence

and basic properties

» For any Borel set BC RY, Xg = X N B, X(B) = #Xa.

» For any integer n > 0, denote p(") the n'th order joint intensity of X:
E[X(B1)X(Bn)]:/ / p(")(x1,...,Xn)dX1"~an
B B,

for any disjoint Borel sets B;, ..., B, C RY.

> Intuitively,
PN, Xn)dXq - dXp
is the probability that foreach i =1,... n,
X has a point in a region around x; of volume dx;.
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» X : simple point process on R, with Lebesgue measure as reference measure
(or any locally compact Polish space equipped with a Radon measure). ) Definition, existence

and basic properties

» For any Borel set BC RY, Xg = X N B, X(B) = #Xa.

» For any integer n > 0, denote p(") the n'th order joint intensity of X:
E[X(B1)X(Bn)]:/ / p(")(x1,...,Xn)dX1"~an
B B,

for any disjoint Borel sets B;, ..., B, C RY.

> Intuitively,
PN, Xn)dXq - dXp

is the probability that foreach i =1,... n,
X has a pointin a region around x; of volume dx;.

» In particular p = p(") is the intensity function.
Dept. of Mathematical
» o (x4, ..., xn) = 0if x; = x; for some i # |. Aalborg Uvrsity
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Definition
Let C be a function R? x R? — C, called the kernel. e e
X ~ DPP(C) if

5 | Definition, existence

PO (x1,. .., xp) = det{C(Xi, X)) }ij=t1,.n, N=1,2,...
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Definition
Let C be a function RY x RY — C, called the kernel. =) Defniin,eistence
X ~ DPP(C) if

PO (x1,. .., xp) = det{C(Xi, X)) }ij=t1,.n, N=1,2,...

» The Poisson process with intensity p(x) is the special case where
C(x,x) = p(x)and C(x,y) =0if x # y.
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Let C be a function R? x R? — C, called the kernel. ¢ Donon, srce
X ~ DPP(C) if

PO (x1,. .., xp) = det{C(xi, X)}ij=t1,..n, N=1,2

gy e

» The Poisson process with intensity p(x) is the special case where
C(x,x) = p(x)and C(x,y) =0if x # y.

» For existence, conditions on the kernel C are mandatory.
E.g. det{C(xi, X;)}i j=1,....n = 0.

ey
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Let C be a function R? x R? — C, called the kernel. ¢ Donon, srce
X ~ DPP(C) if

gy e

PO (x1,. .., xp) = det{C(xi, X)}ij=t1,..n, N=1,2

» The Poisson process with intensity p(x) is the special case where
C(x,x) = p(x)and C(x,y) =0if x # y.

» For existence, conditions on the kernel C are mandatory.
E.g. det{C(xi, X;)}i j=1,....n = 0.

ey

For ease of exposition, assume
(C1) C is a continuous (complex) covariance function.
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» Intensity: p(x) = C(x, x).

6 | Definition, existence
and basic properties
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» Intensity: p(x) = C(x, x).
» Inhibition (negative correlation): and basic properties

6 | Definition, existence

p(n)(X1 soes Xn) < p(X1) - p(Xn)

with equality iff X is a Poisson process with intensity function p.
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» Intensity: p(x) = C(x, x).
» Inhibition (negative correlation): and basic properties

6 | Definition, existence

p(n)(X1 soes Xn) < p(X1) - p(Xn)

with equality iff X is a Poisson process with intensity function p.
» Pair correlation function:

L p(2)(x’y) 4 C(x,y)C(y,x) 14 2
9N = only) ~ T CxnClyy) AR HIE ST

where R is the correlation function corresponding to C.

Dept. of Mathematical
cccccccc
Aalborg University
D k



WeW BRo,,
S (23

Basic properties (if X ~ DPP(C) exists) ((( .

£
<

&

o
o <
Ry

Jesper Maller

» Intensity: p(x) = C(x, x).
» Inhibition (negative correlation): and basic properties

6 | Definition, existence

p(n)(x1 soes Xn) < p(X1) - p(Xn)

with equality iff X is a Poisson process with intensity function p.
» Pair correlation function:

(2)
P(X,y) C(x,y)C(y,x) 2

X, y) = =1- =1—|R(x, <1
I = oanly) ~ T CrnClyy) )
where R is the correlation function corresponding to C.

» Any smooth transformation or independent thinning of X is still a DPP with an
explicitly given kernel.

Dept. of Mathematical
cccccccc
Aalborg University
D k



WeW BRo,,
S (23

Basic properties (if X ~ DPP(C) exists) (((

o
o <
Ry

S
£
<

&

Jesper Maller

» Intensity: p(x) = C(x, x).
» Inhibition (negative correlation): and basic properties

6 | Definition, existence

p(n)(x1 soes Xn) < p(X1) - p(Xn)

with equality iff X is a Poisson process with intensity function p.
» Pair correlation function:

MOy . Cxy)Cly, x)
9N = ny) ' S x)Cly.y)

where R is the correlation function corresponding to C.

» Any smooth transformation or independent thinning of X is still a DPP with an
explicitly given kernel.

» For any Borel set B C RY, X5 ~ DPP(Cg) where Cg(x,y) = C(x,y)if x,y € B
and Cg(x,y) =0 else.

=1—[R(x.y)l> <1
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» Intensity: p(x) = C(x, x).
» Inhibition (negative correlation): and basic properties

6 | Definition, existence

p(n)(x1 soes Xn) < p(X1) - p(Xn)

with equality iff X is a Poisson process with intensity function p.
» Pair correlation function:

L p(2)(x’y) 4 C(X,y)C(y,X) 14 2
9N = only) ~ T CxnClyy) AR HIE ST

where R is the correlation function corresponding to C.
» Any smooth transformation or independent thinning of X is still a DPP with an
explicitly given kernel.
» For any Borel set B C RY, X5 ~ DPP(Cg) where Cg(x,y) = C(x,y)if x,y € B
and Cg(x,y) =0 else.
» Given C, there exists at most one DPP(C). Oept e

Aalborg University
D k
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7 | Definition, existence
and basic properties

Existence

W),

For any compact set S c RY, there is a spectral representation
(x,y) e Sx S,

s(x,y) = Z)‘k¢k

where A7 > 0 and {¢3} is a set of orthonormal basis functions for L2(S), i.e

/S 68(x)03(X) dx = 1y

Dept. of Mathematical
Sciences
Aalborg University
Denmark
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For any compact set S ¢ RY, there is a spectral representation Jesper Moller

7 | Definition, existence
and basic properties

Cs(x,y) = Z)‘k¢k (x,y) € SxS,
where A\ > 0 and {¢7} is a set of orthonormal basis functions for L2(S), i.e.,
[ o508 =1,
Theorem (Macchi, 1975)
Under (C1), existence of DPP(C) is equivalent to
spectrum(C) < 1

meaning that

Mg <1 for all compact S c RY and all k.
37 Denmark
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8 | Definition, existence

Let X ~ DPP(C) and S c R be compact. and basi properiics
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Theorem (MaCChl, 1975) Jesper Moller
Let X ~ DPP(C) and S C RY be compact. If \$ < 1k, then Xs < Poisson(S,1), | asase peperies
with density

fs({x1, ..., Xn}) = exp(|S| — D) det{C(xi, X;)}ij=1. .n;

where D= — 52 log(1 — \$) and C : S x S — C is given by
o 55455 5S_ Mk
Clxy) =D Nok()eR(y), A= 5
pa 12
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Theorem (MaCChl, 1975) Jesper Moller
Let X ~ DPP(C) and S C RY be compact. If \$ < 1k, then Xs < Poisson(S,1), | asase peperies
with density

fs({x1, ... xa}) = exp(|S| — D) det{ C(Xi, X)) }ij—1,....n

where D= — 52 log(1 — \$) and C : S x S — C is given by
o 55455 5S_ Mk

Clxy) =D Nok()eR(y), A= -

P K

» Thus to calculate the density/likelihood we need the spectral representation.

Dept. of Mathematical
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Theorem (MaCChl, 1975) Jesper Moller
Let X ~ DPP(C) and S C RY be compact. If \$ < 1k, then Xs < Poisson(S,1), | asase peperies
with density

fs({x1, ... xa}) = exp(|S| — D) det{ C(Xi, X)) }ij—1,....n

where D= — 52 log(1 — \$) and C : S x S — C is given by

[e%e} ~ o ~ )\S
=2 Mok, N =1s
k= K

» Thus to calculate the density/likelihood we need the spectral representation.
» Conversely, using fs, existence of Xs is ensured by that

S\S
S _ k
A = 1 + 5\3 < 1. Dept. of Mathematical
k

Sciences
Aalborg University
a7 Denmark
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9 | Definition, existence
and basic properties

Simulation
Let X ~ DPP(C). Suppose we want to simulate Xs for S ¢ RY compact.

Dept. of Mathematical
Sciences

Aalborg University
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Let X ~ DPP(C). Suppose we want to simulate Xs for S ¢ R compact. Jesper Moler

9 | Definition, existence

Theorem (Hough, Krishnapur, Peres & Virag (2006)) and basic properties
Let By, By, . .. be independent Bernoulli variables with means /\3 )\S ..., and

X,y) = Z By (X)63(¥), (x,y) € Sx S.

Dept. of Mathematical
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Let X ~ DPP(C). Suppose we want to simulate Xs for S ¢ R compact. Jesper Moler

Theorem (Hough, Krishnapur, Peres & Virag (2006)) " andbase poparis
Let By, By, . .. be independent Bernoulli variables with means /\3 )\S ..., and

X,y) = Z By (X)63(¥), (x,y) € Sx S.

Then DPP(Cs) < DPP(K).

Dept. of Mathematical
Sciences
Aalborg University
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Let X ~ DPP(C). Suppose we want to simulate Xs for S ¢ R compact. Jesper Moler

9 | Definition, existence

Theorem (Hough, Krishnapur, Peres & Virag (2006)) and basic properties
Let By, By, . .. be independent Bernoulli variables with means /\3 )\S ..., and

X,y) = Z By (X)63(¥), (x,y) € Sx S.

Then DPP(Cs) < DPP(K).

We start by producing n points:
n~Y Be, E[n=> A Var[n]=> A1 -xP),
k=1 k=1 k=1

where since C is continuous,

00
S Dept. of Mathematical
C X, X)dx < oo. Seences
k )
Aalborg University
k=1

a7 Denmark



“gw Gn%

Simulation (contd) (((

'?z.- ._,."\1‘

Next, ife.g. By =... = B, =1 and Bk = 0 for k > n, we simulate the DPP with finite Jesper Moller
I‘al”lk kel‘ne| 10 | Definition, existence

and basic properties

=3 08(0)6E(y), (x.y)€SxS.
k=1

Dept. of Mathematical
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Next, ife.g. By =... = B, =1 and Bk = 0 for k > n, we simulate the DPP with finite Jesper Moller
I‘al”lk kel‘ne| 10 | Definition, existence

and basic properties
:Z¢I§(X)¢[§(y)7 (X,y)ESXS.
k=1

This is a projection kernel, and DPP(K) can be simulated:

Dept. of Mathematical
Sciences
Aalborg University
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Next, ife.g. By =... = B, =1 and Bk = 0 for k > n, we simulate the DPP with finite Jesper Moller
I‘al”lk kel‘ne| 10 | Definition, existence

and basic properties
n
:Z¢I§(X)¢E(y)7 (X,y)ESXS.
k=1
This is a projection kernel, and DPP(K) can be simulated: we have
npoints Xi,..., Xs, where Xk | Xi = xq,..., Xk—1 = Xx—1 follows the density

p(Xk | X1, .., Xk—1)

n—k+1 ’ X €S,

P(Xk | X1, .. Xk—1) =

where
det{K(xi, Xj) }ij=1,.

det{K(x;, X/)}/,/ 1,...,k—1
is the intensity function for a projection DPP with n — k + 1 points in S.

p(Xk|X1,.. s Xk— 1)

Dept. of Mathematical
Sciences
Aalborg University
a7 Denmark
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Next, ife.g. By =... = B, =1 and Bk = 0 for k > n, we simulate the DPP with finite Jesper Moller
I‘al”lk kel‘ne| 10 | Definition, existence

and basic properties
n
:Z¢I§(X)¢E(y)7 (X,y)ESXS.
This is a projection kernel, and DPP(K) can be simulated: we have
npoints Xi,..., Xs, where Xk | Xi = xq,..., Xk—1 = Xx—1 follows the density

p(Xk | X1, .., Xk—1)

n—k+1 ’ X € S,

P(Xk | X1, .. Xk—1) =

where
det{K(xi, Xj) }ij=1,.

det{K(x;, X/)}/,/ 1,...,k—1
is the intensity function for a projection DPP with n — k + 1 points in S.

p(Xk|X1,.. s Xk— 1)

At each step we use rejection sampling... Do, of Mathematical

Sciences
Aalborg University
a7 Denmark
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Jesper Maller

11 | Definition, existence
and basic properties

» We let a DPP on R be specified through a continuous (complex) covariance

function C : R? x RY — C.
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Jesper Maller

11 | Definition, existence
and basic properties

» We let a DPP on R be specified through a continuous (complex) covariance

function C : R¥ x RY — C.
» C determines the moment properties of the DPP.
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» We let a DPP on R be specified through a continuous (complex) covariance
function C : Rd X Rd — C. 11 ) Definition, existence

and basic properties

» C determines the moment properties of the DPP.
» Given the spectral representation of C on a compact set S:

» there is an existence condition;

v

the distribution of the number of points falling in S is known;

» can simulate the process on S;

v

can calculate the density/likelihood;

v

have no problem with boundary effects.
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Jesper Maller

» We let a DPP on R be specified through a continuous (complex) covariance
fUnCtion C . Rd X Rd — C. 11 ) Definition, existence

and basic properties

» C determines the moment properties of the DPP.
» Given the spectral representation of C on a compact set S:

» there is an existence condition;

v

the distribution of the number of points falling in S is known;

» can simulate the process on S;

v

can calculate the density/likelihood;

v

have no problem with boundary effects.

But we need to know the spectral representation — typically we don't!
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Consider a stationary kernel, Jesper Moller

C(va):CO(Xiy)a XayeRd7
12 | Stationary DPPs and

with Fourier transform (spectral density) ¢ := F(Cp): approximations

X) = / Co(t)le2*tdt,  x e RY.
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Consider a stationary kernel, Jesper Moller
C(va):CO(Xiy)a XayeRd7

12 | Stationary DPPs and

with Fourier transform (spectral density) ¢ := F(Cp): approximations

X) = / Co(t)le2*tdt,  x e RY.

Theorem (Lavancier, Mgller & Rubak, 2015)
Under (C1) and if Cy € L2(RY), existence of DPP(Cy) is equivalent to

DPP(Cy) exists < ¢ <1.
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Consider a stationary kernel, Jesper Moller
C(va):CO(Xiy)a XayeRd7

12 | Stationary DPPs and

with Fourier transform (spectral density) ¢ := F(Cp): approximations
X) = / Co(t)e2™1dt,  x  RY.

Theorem (Lavancier, Mgller & Rubak, 2015)
Under (C1) and if Cy € L2(RY), existence of DPP(Cy) is equivalent to

DPP(Cy) exists < ¢ <1.

— This induces a restriction:

There will be a trade-off between intensity and the degree of repulsiveness:

If the intensity is large, the “effective support” of Co = F~'(¢) must be small O of Mathemaical
(i.e. small range of correlation/interaction, as detailed later). ) e ey
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13 | Stationary DPPs and
approximations

Approximation

For simplicity and specificity, consider S = [-1/2,1/2]9.
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For simplicity and specificity, consider S = [-1/2,1/2]9. Jesper Maler
Approximate Xs by X@P ~ DPPs(C,,,) Where
Capp(x,y) = Z ‘P(k)ez‘frik'(x—}’)7 x,y €8 “ aséi'igiiamriﬁi?a"d

kezd

Turns out to work well in practice!
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For simplicity and specificity, consider S = [-1/2,1/2]9. Jesper Moller
Approximate Xs by X@P ~ DPPs(C,,,) Where

i 13 | Stationary DPPs and
Capp (X7 y) = Z Qo(k)ez‘n-lk'(x_}/), X, y 6 s approximations

kezd
Turns out to work well in practice!
For x — y € S, it is effectively the Fourier expansion

C(x,y) = Co(x —y) = > _ aye®mk(xy)

kezd

since for “interesting models” (for any reasonable expected number of points)
the existence condition ¢ < 1 implies Cy(t) ~ 0 for t ¢ S and

o = / Co(t)e 2kt dt ~ / Co(t)e 2™kt dt = p(k).
S RY

Dept. of Mathematical
Sciences
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Idea: Start by modelling 0 < ¢ < 1s.t. G := F~ () € L3(RY). Jesper Moler

14 | Stationary DPPs and
approximations
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Idea: Start by modelling 0 < ¢ < 1s.t. G := F~ () € L3(RY). Jesper Moler

Then DPP(Cy) is well-defined and using the approximation based on the Fourier
basis, Xs can easily be simulated and the density/likelihood can be evaluated ) Statinary DPPs and
exactly (up to series truncation).
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Modelling based on spectral densities ((( X
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Idea: Start by modelling 0 < ¢ < 1s.t. G := F~ () € L3(RY). Jesper Moler

Then DPP(Cy) is well-defined and using the approximation based on the Fourier
basis, Xs can easily be simulated and the density/likelihood can be evaluated ) Statinary DPPs and
exactly (up to series truncation).

Main drawback:

» In general the parameters in Cy = F~'(¢) (and thus in (") may be hard to
understand/interpret.
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Jesper Maller

15 | Stationary DPPs and
approximations

This concludes the first part of the talk focusing on
» the probabilistic background,
» approximations for simulation and density expression.
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Jesper Maller

15 | Stationary DPPs and
approximations

This concludes the first part of the talk focusing on
» the probabilistic background,
» approximations for simulation and density expression.

Now we start doing statistics, so if you got lost or fell asleep you get a
fresh start!
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Jesper Maller

Examples of parametric models

16 | Parametric models

Focus on the following parametric models
(p > 0 intensity; o > 0 scale/range; v > 0 shape):
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Sciences
Aalborg University
Denmark



WEW GRo,,
° "o

Examples of parametric models (((

o
o <
Ry

S
£
<

&

Focus on the following parametric models Jesper Maller
(p > 0 intensity; o > 0 scale/range; v > 0 shape):

» Whittle-Matérn model, which includes the exponential model (v = 1/2) and the
Gaussian model (v = 0):

16 | Parametric models
1—v

Co(x) = plz-(y)llx/al”Ku(X/al), x e R

Parameter restriction:
B r(v)
P=Tw+d2)(2yma)
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Focus on the following parametric models Jesper Maller
(p > 0 intensity; o > 0 scale/range; v > 0 shape):

» Whittle-Matérn model, which includes the exponential model (v = 1/2) and the
Gaussian model (v = 0):

16 | Parametric models
1—v

Colx) = p 2 Ix/all Ko (lIx/al),  x € RY,
rv)

Parameter restriction:
B r(v)
P=Tw+d2)(2yma)

» Power exponential spectral model.

rd/2+1)ad
o(x) :Pm

Parameter restriction:

exp(—llax|"), x € RY

d/e
p S M . Dept. gcr:la;::smauca\
r ( d/2 ) ad Aa\bgrg Umv:rsity



 NEY GRo,,

K
S

3

5

: (‘
£

% (
%,

®,

Yo
N
&

)

o
Ry

Jesper Maller

Parametric models in R (available via the spatstat pack-

17 | Parametric models

age)
Parametric models are specified in R via the determinantal family functions (of class

detfamily): detGauss, detMatern, detPowerExp.

E.g:
» model <- detGauss(rho=100, alpha=0.05, d=2)
» model <- detMatern(rho=100, alpha=0.03, nu=0.5, d=2)

» model <- detPowerExp(rho=100, alpha=0.17, nu=2, d=2)
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Jesper Maller

Parametric models in R (available via the spatstat pack-

17 | Parametric models

age)
Parametric models are specified in R via the determinantal family functions (of class

detfamily): detGauss, detMatern, detPowerExp.

E.g:
» model <- detGauss(rho=100, alpha=0.05, d=2)
» model <- detMatern(rho=100, alpha=0.03, nu=0.5, d=2)

» model <- detPowerExp(rho=100, alpha=0.17, nu=2, d=2)

Extract the kernel, spectral density, pair correlation function, K-function:

» detkernel (model)
» detspecden(model)
Dept. of Mathematical

Sciences
Aalborg University

» pcfmodel (model)

» Kmodel (model)
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Simply use the generic function simulate (then R automatically calls the function Jesper Moller
simulate.detmodel):
» model <- detGauss(rho=100, alpha=0.05, d=2)
X <- simulate(model)

18 | Simulation
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Simulation in R .
Simply use the generic function simulate (then R automatically calls the function Jesper Moller
simulate.detmodel):

» model <- detGauss(rho=100, alpha=0.05, d=2)
18 | Simulation

X <- simulate(model)

» Change the window (default is the unit square):
W <- owin(poly=list(x=c(-1,0,1),y=c(0,1,0)))

X <- simulate(model, W=W)
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Simulation in R

Simply use the generic function simulate (then R automatically calls the function Jesper Moller
simulate.detmodel):
» model <- detGauss(rho=100, alpha=0.05, d=2)
X <- simulate(model)
18 | Simulation

» Change the window (default is the unit square):
W <- owin(poly=list(x=c(-1,0,1),y=c(0,1,0)))

X <- simulate(model, W=W)

» Several realizations:
X <- simulate(model, nsim=4)

Dept. of Mathematical
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Step 1. The first point is sampled uniformly on S (stationary case). Jesper Moller

19 | Simulation
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lllustration of simulation algorithm

Step 2. The second point is sampled w.r.t. the following density:

—
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Jesper Maller

19 | Simulation

37
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lllustration of simulation algorithm ((( .
Step 3. The third point is sampled w.r.t. the following density: Jesper Moler
—
©
I d 19 | Simulation
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lllustration of simulation algorithm

Step 4. The fourth point is sampled w.r.t. the following density:

—
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Jesper Maller

19 | Simulation

37
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lllustration of simulation algorithm ((( .
Step 5. The sixth point is sampled w.r.t. the following density: Jesper Moler
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...somewhere in the middle... Jesper Moller
— @
' - ' o
- 0

O 19 | Simulation
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Final point is sampled w.r.t. the following density: Jesper Moler
To!
—
© 19 | Simulation
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Spanish towns dataset

Jesper Maller

Ripley (1988): Strauss hard-core model with 4 parameters:

r=hard-core, R=range of interaction, S=abundance, ~=interaction.

20 | Stationary data
example
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Ripley (1988): Strauss hard-core model with 4 parameters: Jesper Mollor

r=hard-core, R=range of interaction, S=abundance, ~=interaction.

20 | Stationary data
example

Following lllian, Penttinen, Stoyan & Stoyan (2008): 7 = 0.83, R=235.
Approximate likelihood method (Huang and Ogata, 1999): 5 = 0.12 and 4 = 0.76.

Dept. of Mathematical
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Gaussian, Whittle-Matérn, and power exponential spectral models fitted using the Jesper Moler
function dppm:
» Default estimation method is “partial likelihood” where we use
p = n/|W|=0.043 and MLEs for the rest:
fit <- dppm(X, detGauss())

» Full likelihood: 21) Stationary data
fit <- dppm(X, detGauss(), method="likelihood") example
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Gaussian, Whittle-Matérn, and power exponential spectral models fitted using the Jesper Moler
function dppm:
» Default estimation method is “partial likelihood” where we use
p = n/|W|=0.043 and MLEs for the rest:
fit <- dppm(X, detGauss())

» Full likelihood: 21) Stationary data
fit <- dppm(X, detGauss(), method="likelihood") example

Highest likelihood: fitted Whittle-Matérn model.
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Gaussian, Whittle-Matérn, and power exponential spectral models fitted using the Jesper Moller
function dppm:
» Default estimation method is “partial likelihood” where we use
p = n/|W|=0.043 and MLEs for the rest:
fit <- dppm(X, detGauss())
» Full likelihood: 1) stationary data
fit <- dppm(X, detGauss(), method="likelihood") example

Highest likelihood: fitted Whittle-Matérn model.

Simulation based likelihood-ratio test for the simpler Gaussian model vs the
Whittle-Matérn model: p = 3%.
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Clockwise from top left: Non-parametric estimate of L(r) — r, G(r), J(r), F(r), and
simulation based 2.5% and 97.5% pointwise quantiles (based on 400 realizations).
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Whittle-Matérn model: Jesper Moller
has less parameters

» (arguably) provides a better fit

» has a canonical way of estimating parameters (likelihood)

» direct access to the moments (intensity, pair correlation function, ...)

v

23 | Stationary data
example
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Conclusion of data analysis ((( .
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Whittle-Matérn model: Jesper Moller
has less parameters

» (arguably) provides a better fit

» has a canonical way of estimating parameters (likelihood)

» direct access to the moments (intensity, pair correlation function, ...)

v

23 | Stationary data
example

For the Strauss hard-core model
» parameter estimation relies to a certain extend on “ad-hoc” methods
» the density and moments can only be obtained by MCMC simulation.
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Jesper Maller

Mucous membrane dataset
Consists of the most abundant type of cell in a bivariate point pattern analysed in

24 | Non-stat. example

Mgller and Waagepetersen (2004).

Dept. of Mathematical
Sciences

Aalborg University
Denmark




 NEY GRo,,

K
S

3

5

: (‘
£

% (
%,

®,

Yo
N
&

)

o
Ry

Mucous membrane dataset
Consists of the most abundant type of cell in a bivariate point pattern analysed in Jesper Moller
Mgller and Waagepetersen (2004).
24 | Non-stat. example
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We use this to illustrate how an inhomogenous DPP can be fitted to a real dataset.
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Modelling inhomogeneity ((( *
Assume the correlation function is translation invariant: Jesper Moller
C(x, C(x,
R(x.y) = () _ ) = Ro(x — y).

VC.X)Cly,y)  p(x)p(y)

25 | Non-stat. example
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Assume the correlation function is translation invariant: Jesper Moller

L Oy G m
Vew0Cw ) Vet oY)

R(x,y)

This implies

9(x,¥) = go(x —y) =1~ [Ro(x — y)I?
(second-order intensity-reweighted stationarity; Baddeley, Mgller & Waagepetersen,
2000).

25 | Non-stat. example
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Assume the correlation function is translation invariant: Jesper Moller

L Oy G m
Vew0Cw ) Vet oY)

R(x,y)

This implies

9(x,¥) = go(x —y) =1~ [Ro(x — y)I?
(second-order intensity-reweighted stationarity; Baddeley, Mgller & Waagepetersen,
2000).

25 | Non-stat. example

» 1. Fit a parametric model to p depending on relevant covariates
(second coordinate axis in our case).
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Assume the correlation function is translation invariant: Jesper Moller

L Oy G m
Vew0Cw ) Vet oY)

R(x,y)

This implies

9(x,¥) = go(x —y) =1~ [Ro(x — y)I?
(second-order intensity-reweighted stationarity; Baddeley, Mgller & Waagepetersen,
2000).

25 | Non-stat. example

» 1. Fit a parametric model to p depending on relevant covariates
(second coordinate axis in our case).

» 2. Use this when estimating gy (by kernel methods).
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Assume the correlation function is translation invariant: Jesper Moller

Clx.y) _  Cxy)

_ N
Vew0Cw ) Vet oY)

R(X7Y):

This implies

9(x,¥) = go(x —y) =1~ [Ro(x — y)I?
(second-order intensity-reweighted stationarity; Baddeley, Mgller & Waagepetersen,
2000).

25 | Non-stat. example

» 1. Fit a parametric model to p depending on relevant covariates
(second coordinate axis in our case).

» 2. Use this when estimating gy (by kernel methods).

» 3. Fit a parametric model for g via a minimum contrast method.
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Assume the correlation function is translation invariant: Jesper Moller

L Oy G m
Vew0Cw ) Vet oY)

R(x,y)

This implies

9(x,¥) = go(x —y) =1~ [Ro(x — y)I?
(second-order intensity-reweighted stationarity; Baddeley, Mgller & Waagepetersen,
2000).

25 | Non-stat. example

» 1. Fit a parametric model to p depending on relevant covariates
(second coordinate axis in our case).

» 2. Use this when estimating gy (by kernel methods).
» 3. Fit a parametric model for g via a minimum contrast method.
» 4. The estimated kernel of the DPP is

C(x.y) = V) Ro(x = Y)V(Y)-

Aalborg University
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NB: If a DPP X with kernel C(x, y) is independently thinned with retention Jesper Moler
probability 7(x) for x € RY, the resulting process is a DPP with kernel

Cx,y) = Va(x)C(x, y)V/r(y).

26 | Non-stat. example
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NB: If a DPP X with kernel C(x, y) is independently thinned with retention Jesper Moler
probability 7(x) for x € RY, the resulting process is a DPP with kernel

Clx,y) = Va(x)Cx, )V (y).
Now, let pmax = sup,cs{/(x)} and define a stationary DPP X with kernel

C(X, y) = éO(X — y) = ﬁmax :‘A?o(x — y) 26 | Non-stat. example
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NB: If a DPP X with kernel C(x, y) is independently thinned with retention Jesper Moler
probability 7(x) for x € RY, the resulting process is a DPP with kernel

Cx,y) = Va(x)C(x, y)V/r(y).

Now, let pmax = sup,cs{/(x)} and define a stationary DPP X with kernel

C(X, y) = CO(X — y) = ﬁmax :‘A?o(x — y) 26 | Non-stat. example

Then our fitted model is simulated by thinning X with retention probability
7w(x) = p(X)/Pmax, SiNCE

C(x,y) = \/; \/> V) BRo(x — y)v/B(y) = C(x,y).

Plots (omitted) of empirical summaries compared to simulations show a satisfactory
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Jesper Maller

DPPs on the sphere

27 | DPPs on the sphere

» On the sphere the spherical harmonics constitute a set of basis functions
(given in terms of associated Legendre polynomials).
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Jesper Maller

DPPs on the sphere

» On the sphere the spherical harmonics constitute a set of basis functions

(given in terms of associated Legendre polynomials).
» Thus, to obtain a parametric model for a DPP on the sphere, we only have to

27 | DPPs on the sphere

make a parametric model for the eigenvalues .
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» On the sphere the spherical harmonics constitute a set of basis functions
(given in terms of associated Legendre polynomials).

» Thus, to obtain a parametric model for a DPP on the sphere, we only have to
make a parametric model for the eigenvalues .

» Mgller et al. (2018): Using classical results by Schénberg and others —
characterized all isotropic covariance functions on the sphere and related this
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» On the sphere the spherical harmonics constitute a set of basis functions
(given in terms of associated Legendre polynomials).

» Thus, to obtain a parametric model for a DPP on the sphere, we only have to
make a parametric model for the eigenvalues .

» Mgller et al. (2018): Using classical results by Schénberg and others —
characterized all isotropic covariance functions on the sphere and related this
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» One isotropic covariance function model with known eigenvalues is the Inverse
MultiQuadric, which we have implemented in R:
model <- detIMQ(rho=500,delta=0.998)
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» On the sphere the spherical harmonics constitute a set of basis functions
(given in terms of associated Legendre polynomials).

» Thus, to obtain a parametric model for a DPP on the sphere, we only have to
make a parametric model for the eigenvalues .

» Mgller et al. (2018): Using classical results by Schénberg and others —
characterized all isotropic covariance functions on the sphere and related this
'[O DPPS 27 | DPPs on the sphere

» One isotropic covariance function model with known eigenvalues is the Inverse
MultiQuadric, which we have implemented in R:
model <- detIMQ(rho=500,delta=0.998)

» Simulations rely on the previously developed code (with some modifications):
X <- simulate(model)
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» On the sphere the spherical harmonics constitute a set of basis functions
(given in terms of associated Legendre polynomials).

» Thus, to obtain a parametric model for a DPP on the sphere, we only have to
make a parametric model for the eigenvalues .

» Mgller et al. (2018): Using classical results by Schénberg and others —
characterized all isotropic covariance functions on the sphere and related this
'[O DPPS 27 | DPPs on the sphere

» One isotropic covariance function model with known eigenvalues is the Inverse
MultiQuadric, which we have implemented in R:
model <- detIMQ(rho=500,delta=0.998)

» Simulations rely on the previously developed code (with some modifications):
X <- simulate(model)

» Mgller & Rubak (2016) studied Palm distributions and functional summaries for
DPPs (and general point processes) on the sphere.... 2 S
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A new coupling result
Consider X ~ DPP(C), defined on a locally compact Polish space Q (e.g. RY or S9),
and satisfying certain weak conditions (C is a complex covariance function of locally

trace class and with spectrum < 1).

29 | Couplings and
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Consider X ~ DPP(C), defined on a locally compact Polish space Q (e.g. RY or S9), Jesper Moller

and satisfying certain weak conditions (C is a complex covariance function of locally
trace class and with spectrum < 1).

Let u € Q such that C(u, u) > 0, and let X" follow the reduced Palm distribution at
u: Intuitively, XY ~ X\ {u}|u € X.
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Consider X ~ DPP(C), defined on a locally compact Polish space Q (e.g. RY or S9), Jesper Moller

and satisfying certain weak conditions (C is a complex covariance function of locally
trace class and with spectrum < 1).

Let u € Q such that C(u, u) > 0, and let X" follow the reduced Palm distribution at
u: Intuitively, XY ~ X\ {u}|u € X. In fact

XU~ DPP(CY),  CYx,y)=C(x,y)—
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Consider X ~ DPP(C), defined on a locally compact Polish space Q (e.g. RY or S9), Jesper Moller
and satisfying certain weak conditions (C is a complex covariance function of locally
trace class and with spectrum < 1).

Let u € Q such that C(u, u) > 0, and let X" follow the reduced Palm distribution at
u: Intuitively, XY ~ X\ {u}|u € X. In fact

XY ~ DPP(CY), CY(x,y)=C(x,y) —
Theorem (Mgller and O’Reilly, 2018 — Extension of Goldman, 2010) =/ cowirgeana
There exists a coupling of X and X! such that almost surely

XYCcX and  kY:= X\ XY consists of at most one point

and kY has intensity function
pre(X) = px(X) — pxu(x) = C(x,x) — C¥(x, x) =

C . Dept. of Mathematical
u,u Sciences
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A global measure of repulsiveness: Jesper Maller
P (U _ [1C(x.u)P
pu:=P(x 75(2))—/ Clu.0) dx.

» In line with Lavancier, Mgller & Rubak (2014, 2015).
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A global measure of repulsiveness: Jesper Maller
P (U _ [1C(x.u)P
pu:=P(x 75(2))—/ Clu.0) dx.

» In line with Lavancier, Maller & Rubak (2014, 2015).
» For a Poisson process, p, = 0 (for all u with K(u, u) > 0).
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A global measure of repulsiveness: Jesper Maller
[C(x, u)|]?
. u
pu =P (k" #£0)= / Clu.0) dx.

» In line with Lavancier, Mgller & Rubak (2014, 2015).
» For a Poisson process, p, = 0 (for all u with K(u, u) > 0).
» For a most repulsive DPP, p, = 1 (for all u with K(u, u) > 0).
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A global measure of repulsiveness: Jesper Maller
P (U _ [1C(x.u)P
pu:=P(x 75(2))—/ Clu.0) dx.

In line with Lavancier, Mgller & Rubak (2014, 2015).

For a Poisson process, p, = 0 (for all u with K(u, u) > 0).

For a most repulsive DPP, p, = 1 (for all u with K(u, u) > 0).

Trade-off between intensity and pcf: 50 ) Couplings and

repulsiveness

vV v v v

Py = / (V)1 — g(u, v))dv.
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A global measure of repulsiveness: Jesper Maller
P (U _ [1C(x.u)P
pU _P(K: 75(2)) - / C(U, U) dx

In line with Lavancier, Mgller & Rubak (2014, 2015).

For a Poisson process, p, = 0 (for all u with K(u, u) > 0).

For a most repulsive DPP, p, = 1 (for all u with K(u, u) > 0).

Trade-off between intensity and pcf: 50 ) Couplings and

repulsiveness

vV v v v

Py = / (V)1 — g(u, v))dv.

Conditioned on s # (), the point in x“ has density

1C(x,u)?
x € Q.
|| C( ) || Dept. of Mathematical

cccccccc
Aalborg University
D k
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The standard Ginibre point process is a stationary and isotropic DPP on C = R?
with kernel

1 2 2
C(x,y):;exp (xy—'XerW), x,y € C.

NB: This kernel is not stationary!

31 | Couplings and
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The standard Ginibre point process is a stationary and isotropic DPP on C = R? Jesper Moller
with kernel

1 2 2
C(x,y):;exp (xy—'XerW), x,y € C.

NB: This kernel is not stationary!

We have )
[Cx, u)|* _ 1 2
kY AN - - ~N y 1 )
4 (X) C(U U) eXp( ‘X U| ) (C(u )
so py = 1 (i.e. most repulsive) and if Z, is the point in x¥, then = repusivencss

Zu ~ N(c(u, 1)
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Fact: a DPP with a stationary kernel satisfying (C1)-(C2) is most repulsive iff ¢ is an Jesper Moler
indicator function with | ¢ = p (Lavancier, Maller & Rubak, 2014, 2015).
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Fact: a DPP with a stationary kernel satisfying (C1)-(C2) is most repulsive iff ¢ is an Jesper Moler
indicator function with | ¢ = p (Lavancier, Maller & Rubak, 2014, 2015).

Natural candidate:
p(X) o< 1jx<ry-

Then Gy is a sinc function if d = 1 and a jinc-like function

J(2]x1)

7||x|

Co(x) = if d = 2.
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For a stationary point process: K(r) = [, <, 9(u) du, pK(r) = E [X°(b(0,r))]. Josper Moler
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For a stationary point process: K(r) = [, <, 9(u) du, pK(r) = E [X°(b(0,r))]. Josper Moler

Consider plot of L(r) — rvs r > 0, where L(r) = /K(r)/m,
L(r) — r = 0if Poisson, L(r) — r < 1 — repulsiveness.
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For a stationary point process: K(r) = [, <, 9(u) du, pK(r) = E [X°(b(0,r))]. Josper Moler

Consider plot of L(r) — rvs r > 0, where L(r) = /K(r)/m,
L(r) — r = 0if Poisson, L(r) — r < 1 — repulsiveness.

Red: L(r) — r for Ginibre DPP. Black: L(r) — r for jinc-like DPP.
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For a stationary point process: K(r) = [, <, 9(u) du, pK(r) = E [X°(b(0,r))]. Josper Moler

Consider plot of L(r) — rvs r > 0, where L(r) = /K(r)/m,
L(r) — r = 0if Poisson, L(r) — r < 1 — repulsiveness.

Red: L(r) — r for Ginibre DPP. Black: L(r) — r for jinc-like DPP.
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No: the two DPPs are equally repulsive according to the global repulsiveness
criteria (that averages at all scales through the integral over the whole space).
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criteria (that averages at all scales through the integral over the whole space).
o At small scales: similar behaviour (same curvature at 0 — equally locally
repulsive, cf. Biscio & Lavancier, 2016).
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No: the two DPPs are equally repulsive according to the global repulsiveness

criteria (that averages at all scales through the integral over the whole space).

o At small scales: similar behaviour (same curvature at 0 — equally locally

repulsive, cf. Biscio & Lavancier, 2016).

e At medium scales: Ginibre DPP more repulsive.

o At large scales: jinc-like DPP more repulsive (the distribution of Z; is heavy tailed, Dept. o Mathematical

Sciences

cf. Mgller and O’Reilly, 2018). L\ ey
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DPP’s possess appealing properties:
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Conclusion

DPP’s possess appealing properties:
» They provide flexible parametric models of repulsive point processes
(“soft-core” cases and cases with more repulsion).

35 | Concluding remarks
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Conclusion

DPP’s possess appealing properties:
» They provide flexible parametric models of repulsive point processes
(“soft-core” cases and cases with more repulsion).

35 | Concluding remarks

» Easily and quickly simulated.
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Conclusion

DPP’s possess appealing properties:
» They provide flexible parametric models of repulsive point processes
(“soft-core” cases and cases with more repulsion).

35 | Concluding remarks

» Easily and quickly simulated.
» Closed form expressions for all orders of moments.
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Conclusion
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DPP’s possess appealing properties:

» They provide flexible parametric models of repulsive point processes
(“soft-core” cases and cases with more repulsion).

» Easily and quickly simulated.
» Closed form expressions for all orders of moments.

» Closed form expression for the density of a DPP on any compact set.
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DPP’s possess appealing properties:

» They provide flexible parametric models of repulsive point processes
(“soft-core” cases and cases with more repulsion).

Easily and quickly simulated.

v

v

Closed form expressions for all orders of moments.

Closed form expression for the density of a DPP on any compact set.

v

» Inference is feasible, including likelihood inference. Freely available software!
35 | Concluding remarks
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» They provide flexible parametric models of repulsive point processes
(“soft-core” cases and cases with more repulsion).

Easily and quickly simulated.

v

v

Closed form expressions for all orders of moments.

Closed form expression for the density of a DPP on any compact set.

v

» Inference is feasible, including likelihood inference. Freely available software!

35 | Concluding remarks

Can quantify repulsiveness.
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DPP’s possess appealing properties:

» They provide flexible parametric models of repulsive point processes
(“soft-core” cases and cases with more repulsion).

Easily and quickly simulated.

v

v

Closed form expressions for all orders of moments.
» Closed form expression for the density of a DPP on any compact set.

» Inference is feasible, including likelihood inference. Freely available software!

35 | Concluding remarks

» Can quantify repulsiveness.

= Promising alternative to Gibbs point processes.
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