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1+0O(1) Asymptotics for Loop Percolation in Five and Higher Dimensions,
V., Int. Math. Res. Not., 9, 2026.
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A first definition of the model

1. At each x € Z9, sample Ny ~ Poi(«)
2. Foreachic {1,...,N,}, sample ¢; < n"'p,(0,0) < n~1~9/2
3. Foreachie {1,..., Ny}, sample w;, simple random walk bridge of duration ¢;

P, denotes the ensemble of loops! We are interested in the connectivity of traversed subgraph.
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P.(|Col =0) =0 <+—

Simulation of P, for d = 3, projected.

a < ag.

Going back to [Symanzik 69], [Lawler & Werner 04], [LeJan 08]. Recently [Lupu, Sapozhnikov,

Chang,...].



Known results and conjecture

Ford > 3, a; € (0,0)



Known results and conjecture

Ford > 3, a; € (0,0)
Model is critical for all a < «ag, i.e., correlations decay polynomially!



Known results and conjecture

Ford > 3, a; € (0,0)
Model is critical for all o < «, i.e., correlations decay polynomially! Interesting fact

Va > 0: liminf P, (B, <> 0Boy) > 0.

n—o0



Known results and conjecture

Ford > 3, a; € (0,0)
Model is critical for all o < «, i.e., correlations decay polynomially! Interesting fact

Va > 0: liminf P, (B, <> 0Boy) > 0.

n—o0

Chang & Sapozhnikov, Probab. Theory Relat. Fields (2016), Conjecture
Fora < acandd > 5
1. there exists Cy > 0 with
P,(0 < 9B,) = Can® (1 4 0(1))

2. There exists C; > 0 with

P,(0 < x) = C,|x|[*2%(1 4 o(1))




Known results and conjecture

Ford > 3, a; € (0,0)
Model is critical for all o < «, i.e., correlations decay polynomially! Interesting fact

Va > 0: liminf P, (B, <> 0Boy) > 0.

n—o0

Chang & Sapozhnikov, Probab. Theory Relat. Fields (2016), Conjecture
Fora < asand d > 5
1. there exists Cy > 0 with
P,(0 < 9B,) = Can® (1 4 0(1))

2. There exists C; > 0 with
Po(0 + x) = Cylx|[*29(1 4+ o(1))

We prove the conjecture, compute the constants and study the conditional behavior of the soup.



Known results and conjecture

Ford > 3, a; € (0,0)
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Chang & Sapozhnikov, Probab. Theory Relat. Fields (2016), Conjecture
Fora < acandd > 5
1. there exists Cy > 0 with
P,(0 < 9B,) = Can® (1 4 0(1))

2. There exists C; > 0 with
Po(0 + x) = Cylx|[*29(1 4+ o(1))

We prove the conjecture, compute the constants and study the conditional behavior of the soup.

For d = 4, the log-log conjecture
P, (0 + dB,) = n~2to)
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Connection to the Bose gas

o = (14)(2)(3586)(7)

¥e

1. Fix adomain A C Z¢
2. Throw N  a|A|3~9/2 points into the box

3. Sample a permutation of N objects with weight

P(i — o(i)) o< exp (—|X; — X,([%/ )

4. Permutation generate loops

5.Send 5 — 0

Obtain P, !
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Connection to the Gaussian Free Field

Ledan’s Isomorphism
For a = ag, the total occupation time has the same distribution as a square of a Gaussian free
field

{Ex}xel\ g {Cb)%}xe/\

Sample from the density field

(Edge-law isomorphic to random current model with Gaussian weights and generalization, [Werner
16], [Lupu 23] )



Summary

At each site Ny particles, Poi(a)
Each particle i has length /;
Simple random walk of length ¢;
Bose-gas on Z¢ with 3 — 0

Gaussian-Free field connection via
local-times

Goal: Understand one-point and two-point
function!

(4,2
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Set

0 < ax = inf{ar > 0: E,[#Co] = +o0} < ag.

[V. 26] For any a € (0, %), as n — oo

dr(d/2)
(d — 2)rd/2

P,(0 < 0B,) = «

cal loop soup independently:

outside.

E.[Cap(Co)]n?9(1 + 0(1)) .

Furthermore, P, (A | 0 <+ 0B,) is asymptotically equivalent to adding on large loop to the subcriti-

Sample the subcritical loop-soup. Then, sample a loop that connects the O(1)-cluster to the

e a =intensity

ﬁfgﬁk =Green’s constant

+ Cap(A) = Yy Px(Ha = 00)

Compare with: H. Duminil-Copin, A. Raoufi
and V. Tassion: Calculation for the Poisson—
Boolean model, one-loop domination, Annales
Henri Lebesgue, 3, (2020): 677-700
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Connectivity Lemma If diam(K) = o(n), then as n — oo

dr(d/2)
(d — 2)ma/2

p(3w: K & 08B,) = Cap(K)n* (1 + o(1)),

where 1 =>", > o 1P7 .

Proof idea: use the Markov property to reduce it to the probability of hitting K.

Long loop concentration For o < oy

lim P, (Fwiong € Co: diam(wiong) 2 N | 0 > 0B,) = 1.

n—o0

Proof idea: use tree domination to disprove the case of no long loops or at least two:

n
Connecting with short loops: P, (Vw € Cy: diam(wione) < mand 0 <+ 0B,) = O (e_CFv)

Long loops: P, (3wy # wo: wi € Cp and diam(w;) > m) = O(m®29) .
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Mecke identity and proof

Mecke identity For a Poisson point process n = > 4, with intensity measure p

E

> F(nyw)] = /duE[F(n + 8, )] -

Previous discussion now gives

P, (0 <> 0B,) ~ P, (0 <> 0B, and Jlwigyg)
~ Y / dPa(n) / dﬂ(wlong)ﬂ{CO(n) & aBn)}

a/dPa(n)CdCap(Co(n))nz_d
— aCyn? E,[Co] -
Important connection to random walk range capacity -

Yall if d > 5,
Cap(Rn) ~ ’}/4% if d = 4,
xn'/?  ifd=3,

see e.g. Asselah, Schapira, Sousi. Ann. Probab. 47(3): 1447-1497.
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The two-point function

[V. 26] For any a € (0, ax), as |x| — oo

dr(d/2)
(d — 2)ma/2

P,(0 < X) = a ( Ea[Cap(Co)]> x|* 729 (1 + o(1)).

Connectivity Lemma If diam(K;) = o(dist(Ki, K2)), then as n — oo

1(w: Ky <5 Kp) = CaCap(Ki)Cap(Kz)dist(Ky, K2)*2%(1 + o(1)).

Technical Lemma
lim Pa(path(o — X) C B‘X’H-a

|x|—00

O+ x)=1,

for any € > 0.
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Open questions

Ford > 5: a; = ay?

For d = 4, exponent 2? Capacity diverges as log log(n)!
For d = 3, exponent exists ?

Study of the critical case

Study on other graphs

o 0k~ w0 h =

Can this help us with the Bose gas?
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Any questions?



