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1. Nonlinear semigroups [Komura (1967), Kato (1967)]
e Similarly to linear strongly continuous (Cp)-semigroups {T'(t) }+>0
on a vector space X the nonlinear Cgy-semigroups: {S(t)x}t>0,x€®_v
have their origine in differentiable solutions {x(t,:co)}tzo,;ﬁ@ C
X of nonlinear abstract Cauchy problem (ACP):

Brx(t) + F(x(t)) =0 for te R :={tcR:t>0},
{x(t,20) }t>0, zep ‘= {2(t) : 2(t)|;=0 = 20 € D C X},

e Any unique solution (orbit) of ACP has for t,7 > 0 a semigroup
property. Consecutive evolutions during ¢t > 0, then = > 0 yield a
composition: z(r,z(t,x)) = (7 + t,x), into one-step evolution.

e If we consider solutions of ACP as generated for ¢t > 0 by initial
conditions x € ®, then the mapping: =z — S(t)x = x(¢t,z), and
{S(t)}s+>0 is a linear, or nonlinear, semigroup on ® for a linear, or
nonlinear on D C X function F: D > u— F(u) € X in the ACP.
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e Remark 1.1.[advantages of linearity vs pitfales of nonlinearity]
(L) The linear ACP corresponds to a linear function: F(u) = Au,
for a linear operator A on domain dom(A) = D C X. Solution of
linear ACP is defined by a bounded linear strongly continuous,
or Cp-semigroup {T'(t)};>p, satisfying the following conditions:
(1) T(t=0)=1I; -
(2) if 0 <ty1,to < oo, then T(t1)T(tr) =T (t1 + to) ;
(3) mappings R"‘ 5t — T(t)xr € X are continuos for every r e X,
(a) By (1)-(3) there exists limit Ax := Ilmt_>_|_ot— (I —T())x,
r € dom(A) C X, called generator of semigroup {T'(t)};>0.
(b) Operator A is closed and commutes with T'(t) on dom(A),
which is dense in X and T'(t)(dom(A)) C dom(A) (invariance).
(c) If linear operator A has dom(A) = X, ran(I+ MA) = X and
(I 4+ XA~ < 1, for X > 0, then Euler formula: Ts(t)x =
liMmp—oco(I+tA/n) "z, defines on X a contraction Cp-semigroup
([|[T4(t > 0)|| < 1) with generator A. [Hille-Phillips (1948-61)]
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(NL) The nonlinear ACP corresponds to a nonlinear function:
F(u) = Au, where (unbounded) nonlinear operator A is defined
on domain dom(A) =D C X.
e In general, a lack of linearity makes the set of initial conditions
for ACP © C X much smaller than in (3) for linear continuity.
AsS a consequence solution of nonlinear ACP is defined by a non-
linear strongly continuous (Cg)-semigroup {S(t)};>o satisfying
two conditions (1), (2) as for the linear Co-semigroup {T'(t)}+>0
but only on a subset © C X. a
e The lack of linearity modifies jointly continuos (3) into two
conditions. The strong continuity of {S(t)xz};>g in t > 0 on sub-
set © and the Lipschitz continuity in x € © for any t > 0:
- For every x € © the function t — S(¢)x is continuos on RS‘.
- Forevery t > 0 and z1,xo € ® the nonlinear semigroup {S(t) }+>0
satisfies condition || S(t)z1 — S(t)zs|| < e¥t||z1 — z5]|, where w =0
for contraction nonlinear semigroups.
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2. Nonlinearity and accretive operators

e To establish a relation between nonlinearities of {S(t)};>0 and
function F' we use representation F(u) =: Au, for nonlinear oper-
ator A on domain D C X, and the Euler (step lines) approxima-
tion scheme for ACP on bounded interval: 0 <t1 < ... <ty <T,

r(ty) — x(tg—1)

b — lp—1
For nontrivial solutions: z(t;) = (I+ (t; — tp_1)A)  1z(tp_1) the
operator (I+XA) must be invertible for A > 0 on the ran(I4+\A).

e Definition 2.1 [Kato (1967)] A (nonlinear) operator A in X
is called (monotonous) accretive if for A > 0 one has

+ Az(t,) =0, k=1,...,N.

|z1 — x| < [|z1 — 22 + A(Azy — Azp)||  for z1,25 € dom(A).
N.B. If A is accretive, then operator (I 4+ \A) is invertible.
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e Remark 2.1 If nonlinear A is accretive, then the mapping (I+
AA)~1:ran(I 4 AA) — dom(A) is non-expansive (contractive):

[T+ XA)"tzy — T+ AA) " tas|| < ||lzg — o] for A>0. ()

e Remark 2.2 If besides the Euler (step lines) approximation
scheme, the operator (I + AA)—l ensures solution of ACP via
Euler product approximation scheme for exponential:

21(7) = AI+7A) 1o, 25(r) = A+7A)2%x...,2n(7) = I+7A) "z
Then the chain of contractive inequalities (x) yields that

t t
||(]I—I—EA)_nxl—(]I—I—EA)_n:EQH < ||lx1—xo|| formeN, t>0. (xx*)

e Theorem 2.1 [KOomura (1967)] Let H be a Hilbert space. If
ran(I+ XA) =H, A > 0 (A is m-accretive), then dom(A) C H is
closed, convex and such that dom(A) =% is domain of conver-
gence of Euler approximants: Sa(t)xr = limp—eo (I+tA/n) "x.
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These comments motivate definition of nonlinear Cy-semigroups.
e Definition 2.1 [Komura (1967)] Let X be a vector space (Ba-
nach or Hilbert). A one-parametric family of (nonlinear) oper-
ators {S(t)};>p acting on a subset ©® C X and possessing the
following properties:
(1) S=0)z =z forxe®D;
(2) if 0 <tq,to < oo, then S(t1)S(tr)x = S(t1 +tr)x for x € D ;
(3) for every x € © the function t — S(¢)x is continuos on IRi(‘)" ;
(4) 1S)z1 — S()z2|| < [|lz1 — 22| for z1,2z0 €D and t >0,
Is called nonlinear contraction semigroup, strongly continuos on
the semigroup domain 2.
e Theorem 2.2 [Komura (1969)] (converse to Theorem 2.1 in
Hilbert space H) Given a closed, convex © C H and nonlinear
contraction semigroup {S(t)};>g with dom(S(t > 0)) = D, there
exists a nonlinear m-accretive operator A such that dom(A4) = ©
and that {S4(t)};>0 generated by A coincides with {S(t)}>0-
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e Remark 2.3 Problem of analogue the Hille-Phillips-Yosida the-
ory for nonlinear Cp-semigroups in Hilbert/Banach spaces.
- Theorems 2.1, 2.2 are the analogue of the Hille-Phillips theory
for nonlinear Cp-semigroups in Hilbert space H (Remark 1.1).
- Because of an " amorphous’ geometry of Banach spaces there
IS NO such analogue in X, except some partial results.
e Theorem 2.3 [Crandall-Leggette "one-way” theorem (1971)]
Let operator A in Banach space X be accretive and satisfy for
A > 0 the range condition: ran(I+ XA) D dom(A). Then by
Euler formula it generates a nonlinear (contraction) semigroup:

Sa(t)r = im (I+tA/n) "z, xe&dom(A).

N.B. Crandall-Leggette (1971): Given a nonlinear (contraction)
semigroup {S(t)};>0 we do not know whether the Euler for-
mula generates this semigroup for some infinitesimal A because
dom(A) may be not unique, or not invariant, or even empty.
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e Example 2.1 (inviscid Burgers' equation)
- We consider nonlinear ACP in Hilbert space H = L?(a,b):

Ulp—=0 = u(070)|a€(a,b) € Do C LQ(CL, b),

where ©g is the set of initial conditions for orbits {u}s>q9 C H.

- Operator Au := uOyu satisfies: (Auy — Auo,uy —up)qy > 0, for
w1, u> € dom(A), that is, operator A is (monotonous) accretive
on a domain dom(A) C H.

- Moreover, for any A > 0 the range of operator A has the prop-
erty: ran(I4+ XA) D dom(A).

- As a consequence (Theorem 2.3 [Crandall-Leggette]), by Eu-
ler formula the operator A generates a nonlinear Cp-semigroup
{S4(t) }4>0 Of contractions on a subset of Hilbert space H:

Sa(t)u = im (I+tA/n) "u, wuedom(A).

{ ot +udsu =0, here u : R(—)I_ x (a,b) = L?(a,b),
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3. Product formulae for (non)linear semigroups on H
Lie Product Formula [Sophus Lie (1875)]

H(e—tA/ne—tB/n)n B e—tCH — O(n_l),

A, B € My, xm, C = A+ B, and the matrix operator-norm: ||A]| :=

{sup|jy=1 [lAul| : u € Hilbert space H(m) = R™Y (or for H).

Trotter Product Formula (1959)

e Let A, B be generators of contraction Cp-semigroups on H. If

closure C' := A + B is also generator, then strong operator limit:
lim <e_tA/ne_tB/n)na: —e 2. xeH. t>0.

n—oo
Rogava Operator-Norm Convergence Theorem (1993)

e For self-adjoint generators A > 0, B > 0 the product formula

[(e7t4/me=tB/m)" _ e~HA+B) <O(In(n)/vR), ne€N.
in operator-norm topology if operator (A + B) > 0 is self-adjoint.
9



SAMMP - Yerevan 2026
Trotter product formulae for nonlinear semigroups.
e Theorem 3.1 Let A and B be m-accretive operators in a
Hilbert space H and the closed convex set C C dom(A) N dom(B)
be invariant under mappings by (I + XA)~! and (I 4+ AB)~1 for
A > 0. Then one gets

Sayp®u= lim_ (SaC)Sp()) w, ()

n—oo

for t > and any u € C(Ndom(A) dom(B) CH.

e Then (our aim !) we shall continue by description on H a
class of nonlinear Cp-semigroups such that:

- convergence in (*) will be for all uw e H ;

- and it holds even in the operator-norm topology on L(H).
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4. Affine semigroups [Crandall-Pazy (1969)]
e Let {T'(t)}s>0 be a linear strongly continuous contraction semi-
group on Hilbert space H. We define on dom(7T'(t)) = H a family
of mappings {S(t)};>0 as a "scalar” shift of the Cp-semigroup

{T(t)}i>0:
S@t):u— SWu:=TH)u+ f(t), uweH, t>0,

by a continuous vector-valued function ¢ — f(t) € H.
Proposition 4.1 If for t > 0 the shifting function t — f(t) € H,
satisfies equation:

T f(r)=f¢+7)—-fQ@), t7>0,
then family {S(¢)};>0 is a strongly continuous semigroup on H.
N.B. By definition of S(¢) and equation for f(¢) one gets that
f(0) =0, §(0) =1 and S(7)(S()u) = T(T)(S@)u) + f(7) =
T(r+D)u+T@)f@)+ f(7) =TT +Hu+ f(r+1t) =5+ u.

11




SAMMP - Yerevan 2026
e Theorem 4.1 {S(t)};>0 is a nonlinear contraction semigroup
strongly continuos on the semigroup domain % = H.
N.B. Semigroup {S(t)}+>0 is nonlinear, since S(t) u = T(t) u+
f(t) = AS(t)u (cf. X = 0), and it verifies the properties (1)-
(3) and (4) in Definition 2.1. This semigroup is a contraction:
1S()ur — SEuall = [T (uy — u2)|| < |lug — ug|l, because the
linear semigroup {T'(t)};>0 is a contraction: ||T(t)|| <1 .
e T he next statement makes analysis of the affine semigroups
almost explicit.
Proposition 4.2 The solution of equation for family {f(t)}tzo
in Proposition 3.1 has the following canonical form:

F@®) = A~ TWg+ [ dsT(h, (=)

where g and h are any two vectors in Hilbert space H.
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5.Trotter product formulae for affine semigroups [VZ (2026)]
e Let affine semigroups {Su(t) = S(Aa,ga,ha)(t)}a,tzo correspond
to the triplets (Aq, 9o, ha) for « = 1,2,3. Since for these nonlin-
ear affine semigroups domain ©® = dom(S,(t)) = H, the Trotter
product formulae for couples of them may converge in the strong
operator topology in the Hilbert space H.:

lim (S1(t/n) Sg(t/n))nu = S3(t)u, for ueH.

n—oo
e Remark 5.1 Consider a couple of affine semigroups for triples:

(A,g1,h1 = 0), (A, g>,ho> = 0) and suppose that the linear semi-
group {T4(t)}+>0 is contractive and ||T4(t > 0)|| < 1. Then

n—1

(Sgr (t/1) Sa gy (t/n)) " w =3 Ta(2t/n) Wy(t/n, g1.2)+Ta(2t)u,
k=0
here Wy (t/n, g1,2) := (I—Ta(t/n)) (g1 + g2) — (I—Ta(t/n))2g> for
Sag(t/n)u =Ta(t/n)u+ (I —Txy(t/n))gand ueH, n>1,1t>0.
13
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AS a consequence we obtain the limit:

lim_(S4,g,(t/m) SA,gQ(t/n))n

. [— (Ty(2t/n))" _
Jim { I T,(2t/n) W(t/n, 91,2)} + Ty(2t)u =

Toa(®)u+ (I —T24()) (91 + 92)/2 = So 4 (g1 4g5) /20

e Remark 5.2 This limit also implies the operator-norm conver-
gence of the Trotter product formula on H:

n
n||—>moo H (SAagl (t/n) SA 192 (t/n)> B SQA (91+92)/2(t)” = 0.
e Remark 5.3 Let {T4(t)}+>0 be linear (exponentially stable:
1T4(t)| < eBt, B < 0) contraction semigroup. Then A is invertible
and similarly to Remark 5.1 we can perform explicit calculations
in the case of triplets: (A,g1 = 0,h1), (A,go = 0, ho), when

San(u = Ta(®)u+ [ dsTa(s)h{=Ta(®u+ A~ - Ta(®))h).
14
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e As a result: (SA,hl(t) SA,hQ(t)> u = Tp(2t)u~+ Z4(t, h12), Where

t t
Za(th2) i=Ta(®) | dsTa()ha + [ dsTa(s)hs.

n —
(San, (/) Sap, (/)" w = Y05 Ta(2t/n)*Z 4 (t/n, b1 2)+Ta(20)u.
Then for contractive semigroup and ||T4(t > 0)|| < 1:

im, (S.a,nq (8/m) Sapy(8/n)) " 0 =

T (T4(2t/n))" _
Jim { T— T4(2t/m) ZA(t/n, h1,2)} + Ta(2t)u =

t
Toa(D)u+ [ dsToa(s)(ha+ ha) = S 1y 1) (D

e Remark 5.4 In fact, this limit vields the operator-norm con-
vergence for the Trotter product formula:

SUP|y||=1 | (SA,hl(t/n) SA,hQ(t/n))nu - SQA,(hl—I—hQ)(t)u“‘ = 0.

n—oo
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e Remark 5.5 Now we consider a couple of affine semigroups for

triples: (A1,9,h1 = 0), (As,g,ho, = 0). We suppose that the lin-
ear Cp-semigroups {T4, (1) }s>0 and {T4,(t) }+>0 are exponentially
stable and self-adjoint generators A7 and A, satisfy the Rogava
condition: the operator Ay := Ay + Ap, is also self-adjoint.

Sa,gWDu=Ta Du+ [Ty, ())g, k=1,2

(Sa1,0() S () u=Ta, (DT, (Du~+ Vay a,(t9),
Vag,a,(t9) == [T = Ta, (8)) + (I — Ta,(t)]g —
(I— Ta, ()T — Ty ()9

T hen

(Saq,g(t/n) Sapg(t/n))" u= (T, (t/n)Ta,(t/n)) u+

n—1

S (Ta, (/1) Ta, (t/n))F Vg a,(t/n,9)
k=0
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e Theorem 5.1 Since due to the Rogava condition one has

-1l =i (Ta, (8/n)Tay(8/n))" = Ty 44,(8), £ =0,

n—oo
on L(H) in the operator norm, we can deduce the operator-

norm convergent Trotter product formula for the corresponding
nonlinear affin semigroups. To this aim we use the identity

(Say,g(t/n) Sayg(t/n))" u = (Ta,(t/n)Ta,(t/n))™u
1= (T, (t/n) Ty (/)"
I =Ty, (¢/n)T4,(t/n)
and the operator-norm limit (due to the Rogava condition):

lim sup H[TA1_|_A2(t)u + (I —Ta,4+4,())g] —

"0 lul=1
[ — (T, (¢/n)T4,(¢/n))"
[ —Tx,(t/n)T4,(t/n)

Vaya,(t/n,g), u,g€™H,

{(Ta, (¢/7) T (t/n))™u + Vi a,(t/m, 9}
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Summarising these items we obtain the final result:
. n
im sup [[(Sa, g(t/n) Sa, o(t/n)) " u—

" ull=1

(T4, 44, )u+ (I - TA1+A2(t))g]H =0.

e Remark 5.6 Combining the arguments in Remark 5.3 and
in Remark 5.5 one can prove the operator-norm convergent
Trotter product formula for triplets: (A1,91 = 0,h), (As,go =
0, h), when

t
Su p(u = TAk(t)u—l—/O dsTy (s)h, k=1,2.
(SAl,h(t) SAQ,h(t)> u =Ty, ()Ta,()u+ Ya, a,(t,h),

t t
Ya, a,(t h) i= T, (£) /O ds T, (s)h + /O ds Ty, (s)h.
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Now taking into account definitions in Remark 5.6 one gets
the following assertion about operator-norm convergence of the
Trotter product formula.
e Theorem 5.2 Under same conditions as in Theorem 5.1
we obtain for triplets: (A1,0,h), (A>,0,h) the operator-norm
convergent Trotter product formula:

im  sup H(SAl’h(t/n)SAz,h(t/n)>nu—

T Juf=1

¢
(T4, 4+ 4,(t)u -I-/O ds Ta,44,(5) Qh]H =0.
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6. Comments about general triplets: (A1,91,h1), (Ao, go, ho)
e Remark 6.1 As a first extension to a general case we consider
a couple of affine semigroups for triples: (A1,qg1,0), (As,go,0).
Semigroups {T4,(t)}+>0 and {T4,(t)};>0 are exponentially stable
and self-adjoint generators satisfy the Rogava condition.

SagDu=Ty, B)u+ T —T4,#))gr, k=1,2
(Sa1,91(8) Sapgo(B) u=Ta, ()Tu,(Du~+ Vi, a,(t91.2),
Vayas(tg12) 1= (I =Ty, (t))g1 + (I — Ty (t))g2 —
(I =T, (0))A—Tx,(¢))g2-
e Theorem 6.1 For these triplets we obtain the operator-norm
convergent Trotter product formula to affine semigroup (xx):

lim  sup ||(5A1,gl(t/n) SAQ,QQ(t/n))nu—{TAH_AQ(t)u—I—

— 00
lul|=1

(I— T, 44, (O)[A1(A1 + A2) 11 + Ax(A1 + Az)_lgz]}H = 0.
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e Remark 6.2 Under same conditions as above we consider a
couple of affine semigroups for triples: (A1,0,hq1), (A5,0, h»o).

t
Sap, (Du = TAk(t)u—I—/O dsTa (s)h, k=1,2.
(SAl,hl(t) S As ho (t)> u =Ty, (£)Ta,(t)u+ Ys, a,(t,h12),

t t
Vi ap(th12) o= Tay () [ dsTay()ha + [ dsTa, (s)hs.

e Theorem 6.2 For triplets (A1,0,h1), (A5,0,hs) One gets the
operator-norm convergent Trotter product formula:

i sup ||(Suypy (8/7) Sappy(t/n)) " u—

1— 00
lull=1

t
{Ta, 4 a,(Ou+ [ dsTaya,(s)(hy + )} = 0,

(again) to affine semigroup (xx).
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e Theorem 6.3 For general triplets (A1,91,h1), (Ao, g>,ho) and

by virtue of the Rogava condition on self-adjoint operators A

and A,, one obtains for corresponding exponentially stable semi-

groups the operator-norm convergent Trotter product formula:
im_ sup ||(Suyny (t/7) Sappy(t/n)) u—

7L— 00
[ull=1

¢
{Tay+4,(Du~+ (T—Tay44,(8))g + /o dsTa,4+4,(s)h}|| =0,
where
g=1[A1(A1 + A2)"1g1 + Ax(A1 + Ax) " 1go],
and
h = (h1 + h2),

to affine semigroup (xx*).
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Merci!
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