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General structure of Gibbsian description

underlying space: bounded measure space:

(X ,B,B0, %)

X lcscH topological space
B Borel sets
B0 bounded (relatively compact) Borel sets
% Radon, i.e. locally finite measure on X (Radon measure)

next level: simple (point) processes in X

(M·,P)
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General structure of Gibbsian description

pair potential in X :
Φ(x , y), x , y ∈ X

local desciption of a Gibbs process: K ∈ B0:

QK (f ) =
1

ΞK
·
∫
XK

f (ξ) e−EΦ(ξ) Λ%(d ξ), f ∈ F

(empty boundary conditions!)
global description of a Gibbs process: (Lake Sevan 1976)
P of first order, solution of the equation (write P ∈ G(%,Φ))

CP(h) =

∫
M·

∫
X
h(x , µ+ εx) e−WΦ(x ,µ) %(d x)P(dµ), h ∈ F .
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Assumptions on Φ

c-stability: there exists c : X → [0,+∞) mb such that

EΦ(ξ) ≥ −ξ(c), ξ ∈ X.

P-stability for c: there exists c mb such that for all x and ξ visible

WΦ(x , ξ) ≥ −c(x), ξ ∈ VΦ = {EΦ < +∞}.

(Penrose 1964)
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Assumptions on Φ

under c-stability or P-stability for c assume a regularity condition:

strong c-regularity: there exist a ≥ ε and 0 < p < 1 with∫
X

∣∣ e−Φ(x ,y)−1
∣∣ · e(c+a)(y) %(d y) ≤ p · a(x), x ∈ X ;

c-regularity: ε = 0, p = 1, where always

%c,a(d y) := e(c+a)(y) %(d y) locally finite
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Construction of the Gibbs process (talk Suren Poghosyan)

two groups of assumptions on Φ:
(℘%): c-stable, 2c-regular for a;

(℘∗%): ℘-stable for c, strongly c-regular for a.

Theorem
(℘%) G = limN QKn , the limiting Gibbs process with empty boundary

conditions, exists; G is of infinite order; G ∈ G(%,Φ).
(℘∗%) G(%,Φ) is a singleton consisting of G.
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Polymer example

Polymers inspired by Ginibre’s quantum gas (Les Houches 1970 [2, 3, 1])

E = Rd , λ(d a) = d a
ϕ pp in E , ℘-stable for some constant b;
example: LJ-potential with hard core R0: there exists some 0 < R0 < R
and positive constants C ,C ′ such that

ϕ(a) = +∞, 0 ≤ |a| ≤ R0,

ϕ(a) ≥ C(
|a|−R0

)d+ε , R0 ≤ |a| < R;

|ϕ|(a) ≤ C ′

|a|d+ε , R < |a|.

( ϕ = ϕ1 + ϕ2: ϕ2(a) ≡ 0, |a| ≤ R ; integrable otherwise.
ϕ1 arbitrary repulsion at the core.)
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Polymer example

ϕ induces a pair potential Φ in X′ = X \ {o} with selfinteraction:
If x = εa1 + · · ·+ εak and y = εb1 + · · ·+ εb`

Φ(x , y) = x ⊗ y (ϕ) =
k∑

i=1

∑̀
j=1

ϕ(ai , bj)

Φ(x) = Eϕ(x) =
∑

1≤i<j≤k
ϕ(ai , aj)

now underlying space X′, not E = Rd !

EΦ(κ) =
∑
x∈κ

Φ(x) +
∑

1≤i<j≤n
Φ(xi , xj), κ = εx1 + · · ·+ εxn

VΦ = {EΦ < +∞} = {κ : x1 + · · ·+ xn hard core configuration}
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Polymer example

Questions:

(A) Φ stable?
(B) X′ lcscH?
(C) B0(X′)?
(D) %?
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Polymer example

first answers (straightforward; without proof):

(A) Φ P-stable for c(x) = 3/2 · b · |x |, x ∈ X′. (WΦ(x ,κ) ≥ −c(x), all κ);
(B) X′ subspace of F′, the space of all closed subspaces F 6= ∅ of E .
F′ is lcscH for the Fell topology; X′ mb subset of F′.
(C) bounded sets generated by

FK = {F ∈ F′ : F ∩ K 6= ∅}, K ∈ B0.

bounded sets in X′ generated by X′K := {x ∈ X′ : x(K ) ≥ 1}.
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Polymer example

ad (D) %(d y) = e−Eϕ(y) .τz(d y), where

τz(f ) =
∞∑

m=1

zm

m

∫
E

∫
Em−1

f (εa + εa2 + · · ·+ εam) Ba
m(d a2 . . . d am) d a,

Ba
m(d a2 . . . d am) = g(a, a2) · · · g(am, a) d a2 . . . d am,

g(a, b) =
1

(2πβ)d/2
· exp

(
− |a− b|2

2β

)
, β > 0.
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Polymer example

Lemma
If z small enough,
(a) % locally finite, i.e. %(ζK ≥ 1) <∞,K ∈ B0.
(b) Φ satisfies both regularity conditions for z small enough.

Corollary

If z small enough, G(Φ, %) = {G}
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Polymer example

(Lemma not evident, proof indicated): calculate Campbell
measure of τz

Cτz (h) =

∫
X′

∫
E
h(a, y) y(d a)τz(d y)

= · · ·

=
∞∑

m=1

zm
∫
Em

h(a, εa + εa2 + · · ·+ εam)g(a, a2) · · · g(am, a) d a2 . . . d am d a

This implies that τz is of first order and thereby τz locally finite for z small:

τz(ζK ≥ 1) ≤ ν1
τz (K ) = Cτz (1K ⊗ 1)

=
∞∑

m=1

zm · |K |g∗m(0, 0) =
|K |

(2πβ)d/2
·
∞∑

m=1

zm

md/2 .
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Polymer example

c-regularity of Φ for a(x) = v · |x |:

v is the volume of a closed ball of diameter R0.
|S(x)| ≤ a(x), where S(x) is the sausage of balls around the particles of x .
to show finiteness of
(§) τz(|Φx | =∞)

(
≤ ν1

τz

(
S(x)

))
;

(§§)
∫
|Φx |<∞ |Φx |(y) τz(d y)

(
≤
∑

u∈x Cτz (hu)
)
,

where
hu(b, y) =

1
|u − b|d+ε

· 1{|Φx |<∞}(y).
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Another version of this model

Strauss’ model for clustering [5]

slightly nearer to the quantum gas of Ginibre;
differs only in the choice of the underlying one-particle space

Eı = {x = (x)n = (a1, . . . , an)|aj ∈ E , n ≥ 1} =
⋃
n≥1

En × {n};

particles x have an inner structure given by polygonal trajectories in
Euclidean space E .
x(1) = a1 starting point of x .

Eı lcscH topological space
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Another version of this model

B bounded subset in Eı if

Λ = {x(1)| x ∈ B} ∈ B0(E );

(other choices for the collection of bounded sets are possible)

B ⊆ FΛ = {x ∈ Eı| x(1) ∈ Λ};

system FΛ,Λ ∈ B0(E ), generates a collection of bounded sets in Eı.
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Another version of this model

proceed as in the last example: Given ϕ, define in Eı the pair potential Φ
with self potential and consider the measure %̃(d y) = e−Eϕ(y) .τ̃z on Eı:

τ̃z(f ) =
∞∑

m=1

zm

m

∫
E

∫
Em−1

f (a, a2, . . . , am) Ba
m(d a2 . . . d am) d a, f ∈ F .

Corollary
z small enough

G(%̃,Φ) = {G̃}

(same proof with the obvious modifications)
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What is a quantum gas?

Quantum gas?

§ In Ginibre’s model the underlying space X is the space of winding
loops in E of lengths mβ,m ∈ N, β > 0;
X Polish for the topology of uniform convergence on compacta;
bounded sets characterized by the Arzela-Ascoli theorem;
(Nehring [4] known:existence G for small z for stable, integrable ϕ;
Gibbsianess and unicity remained open.)

§§ if considered as a classical gas (Ginibre),
characteristic feature: particles have complicated inner structure;
particles interact in a stable and regular way (e.g. Lennard-Jones).
Thus the underlying 1-particle space is no longer Euclidean;
for some abstract theory of quantum gases it should by at least Polish;
The most general assumption for the 1-particle space would be a
bounded, mb measure space. There remains a lot to do!
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What is a quantum gas?

further comments

(1) G, the limiting Gibbs process with empty boundary conditions, is an
extremal element of G(%,Φ) and as such has nice mixing properties,
which imply weak laws of large numbers and central limit theorems for
the particle numbers in bounded reagons.

(2) If ϕ ≡ 0 then G = P%, the Poisson process in X′ with intensity %. This
process realizes clusters of interacting particles which are independent
of one another.

(3) Consider the image of P% under the cluster dissolution mapping

χ : εx1 + · · ·+ εxn 7→ x1 + · · ·+ xn.

It is well known (cf. [4]) that this is a permanental process, i.e. its
correlation functions are permanents defined by g? Question: What is
χG if there is an interaction between the clusters?

H. Zessin Some remarks on quantum gases 19 / 20



What is a quantum gas?
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