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1.We consider the problem of a function approximation by finite number of 

its Fourier coefficients 

( )
1

1

1

2

i nx

nf f x e dx
π−

−
= ∫ , .n N≤  

It is well known that  approximation of a 2-periodic and smooth function f on 

the real line by the truncated Fourier series 

( )
N

i nx

N n

n N

S f f e
π

=−

= ∑  

is highly effective. When the approximated function has a point of discontinue-

ty, approximation by the partial sum ( )NS f  leads to the Gibbs phenomenon. 

In this paper we consider the 
2L -optimal rational approximation in combi-

nation with the Krylov-Lanczos approximation and investigate a convergence of 

this approach in the regions where the approximated function is smooth. 

Denote 

( ) ( ) ( ).N NR f f x S f= −  

2. First we introduce the Krylov-Lanczos approximation (see [1-3]). 

Suppose [ ]1,1q
f C∈ − . By ( )kA f denote the exact value of the jump in the k -th 

derivative of f  

( ) ( ) ( ) ( ) ( )1 1
k k

kA f f f= − − , 0, ,k q= … . 

The basic idea of the Krylov-Lanczos approximation is the following 

representation of the approximated function 

( ) ( ) ( ) ( )
1

0

,
q

k k

k
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where 
kB  are 2-periodic Bernoulli polynomials with the Fourier coefficients 
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and F  is a 2-periodic and relatively  smooth function  on the real  line (F ∈  

( ))1qC R−∈  with the Fourier coefficients 

( )
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,
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.
q

n n k k n

k

F f A f B
−

=

= −∑                                           (1) 

Approximation of F  by the truncated Fourier series leads to the Krylov-

Lanczos (KL-) approximation 

( ) ( ) ( )
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with the error 

( ) ( ) ( ), ,N q N qR f f x S f= − . 

By ⋅  denote the standard norm in the space 
2L  

( )( )
1/ 2

1 2

1
.f f x dx

−
= ∫  

The following results we need for further comparison. 

Theorem 1 [3]. Suppose [ ]1,1q
f C∈ −  and  ( ) [ ]1,1

q
f AC∈ − . Then the 

following estimate holds 
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Theorem 2 [4]. Suppose [ ]1 1,1q
f C

+∈ −  and  ( ) [ ]1
1,1

q
f AC

+
∈ − . Then  the 

following estimates hold for 1x <  
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for odd values of q . 



 343

 3. Now we introduce the 
2L -optimal rational approximation for additional 

convergence acceleration of the KL-approximation (see [4]). 

Consider a finite sequence of complex numbers { }
1

, 1
p

k k
pθ θ

=
= ≥ and de-

note 

( ) ( ) ( ) ( ) ( ) ( ) ( )0 1 1
sgn 1

, , , , , , 1k k k
n n n n n n n nk n n sqn n

F F F F F kθ θ θ θ θ− −
−

∆ = ∆ = ∆ + ∆ ≥ , 

where ( )sgn 1n =  if 0n ≥  and ( )sgn 1n = −  if 0n < . 

By ( )p
n nF∆  we denote the classical finite differences which correspond to 

generalized differences ( ),p
n nFθ∆  with 1θ ≡ . 

We have 

( ) ( ) ( ), ,N q N NR f R F R F
+ −= +  

where 
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It can easily be checked that 
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Reiteration of  this transformation up to p  times  leads to the following expan-

sion 
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Similar expansion of ( )NR F
−  reduces to  the following rational (by i nx

e
π ) 

approximation 

( ) ( ) ( )
1

, ,

0

q N
i nx

N q p k k n

k n N

S f A f B x F e
π

−

= =−

= +∑ ∑  

( ) ( )

( )
( ) ( )

( )

1 1
1 1

1 1
1 1

, ,

1 1

p pk k
i N x i N xk N n k N n

k ki x i x
k ks s

s s

F F
e e

e e

π π

π π

θ θ θ θ

θ θ

− −
+ − + − −

−
= = −= =

∆ ∆
− −

+ +
∑ ∑

∏ ∏
 

with the error 

( ) ( ) ( ) ( ) ( ), , , , , , , , ,N q p N q p N q p N q pR f f x S f R f R f
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                   (2) 

Different methods are known for determination of the unknown 

parameterθ . One method is described in [4] which leads to the 2L -optimal rati-

onal approximation. In particular, parameters kθ  and kθ−  are chosen as follows 

(see Theorem 3) 
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1 , 1, , , 0, , ,k
k k k j ik p j i

N

τ
θ θ τ τ τ−= = − = > ≠ ≠…  

where the  new parameters kτ  minimize the constant ( )pc q  in Theorem 3. 

By ( )k pγ  denote the coefficients of the polynomial 
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Theorem 3 [4]. Suppose  [ ]1,1q p
f C

+∈ −  and  ( ) [ ]1,1
q p

f AC
+

∈ − . If 
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then the following estimate holds 
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Table 1 presents the numerical values of ( )pc q  by using parameters kτ  that 

minimize it. Note that ( ) ( )0c q c q= . 

Table 1 

 Numerical values of ( )c q  and ( )pc q  by using the optimal values of parameters 

q  1 2 3 4 5 6 

( )c q  25.8 10−⋅  21.4 10−⋅  33.9 10−⋅  31.1 10−⋅  43.1 10−⋅  59.2 10−⋅  

( )1c q  21.0 10−⋅  31.6 10−⋅  43.2 10−⋅  57.0 10−⋅  51.7 10−⋅  24.2 10−⋅  

( )2c q  32.8 10−⋅  43.1 10−⋅  54.7 10−⋅  68.5 10−⋅  61.7 10−⋅  73.7 10−⋅  

( )3c q  49.5 10−⋅  57.8 10−⋅  69.4 10−⋅  61.4 10−⋅  72.4 10−⋅  84.6 10−⋅  

( )4c q  43.7 10−⋅  52.3 10−⋅  62.3 10−⋅  72.9 10−⋅  84.3 10−⋅  97.0 10−⋅  

( )5c q  41.6 10−⋅  67.8 10−⋅  76.3 10−⋅  86.8 10−⋅  98.7 10−⋅  91.3 10−⋅  

  

 

 4. In this section we investigate the pointwise convergence of approxima-

tion ( ), ,N q pS f  in the regions away from the singularities ( 1x < ). 

The main result of this paper is: 

Theorem 4. Let [ ]1 1,1q p
f C

+ +∈ −  and  ( ) [ ]1
1,1

q p
f AC

+ +
∈ − . If 



 345
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for even values of q  and 
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for odd values of q . 

Proof. Taking into account that 1kθ →  as N → ∞  then we need to estimate 

only the last sum in (2). By the Abel transformation we get 
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Now we estimate the sequences ( )( )0
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p
N n nFθ±∆ ∆ , ( )( )1
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where the classical finite differences can be calculated by the formula 
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Taking into account that ( )( ) ( )w p k w p k
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Smoothness of F  leads to the following asymptotic expansions of the Fourier 

coefficients 
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Substituting this into (4), we derive 
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and "+" sign corresponds to positive values of n  and "-" sign to negative values. 

It is well known [4] that ( ), 0k s wα =  for s w p k< + − , hence for s w p k≥ + − and 

consenquently t w p k≥ + − , after simple manipulations, we derive  
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Asymptotic expansion (5) immediately shows that ( )( ) ( )2 2,p p q
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and the third term in the right hand side of (3) is ( )1q p
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From here we conclude that ( )( ) ( )1 2,p p q
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Now it follows from (3) that 

( )
( )

( )
( ) ( )

( )
( ) ( ) ( ) ( )

1
1

, , 1 1 1
0

1
1 ! .

2 !1

k
N p pi N x

q p q
N q p kp p q q

i x
k

A fe
R f p k q p o N

N q ie

π

π
γ

π

+± +
± − − −

+ + + +
±

=

−
= − − + +

±+
∑

 

Finally 

( )
( ) ( )

( ) ( ) ( )

( )

( )
( )

, , 1 1
0

1
1

1
1

1
1 !

!

Re .

1

k
N p p

q

N q p kp q q
k

i N x
p q

p
q i x

A f
R f p k q p

N q

e
o N

i e

π

π

γ
π

+

+ + +
=

+
− − −

+
+

−
= − − +

 
 

+ 
+ 

 

∑
 

This completes the proof. 

5. In this section we compare the convergence of the KL and 2L -optimal 

rational approximations in the regions away from the singularities and show 

how  the parameters p  and q  can be chosen in practice for better approxima-

tion. We will show that utilization of all available jumps is not always reaso-

nable and more accuracy can be achieved with less jumps in combination with 

rational corrections. 

It is important to notice that Theorem 4 puts additional smoothness re-

quirements on the approximated functions compared to Theorem 2 so in com-

parisons it must be taken into account. If q  is the number of available jumps 

and 0p >  is chosen such that the requirements of Theorem 4 are valid (e.g. 

when function is infinitely differentiable) then 2L -optimal rational approxi-

mation is more precise (however asymptotically) than the KL-approximation 

which follows from comparison of Theorems 2 and 4. 

Let [ ]1 1,1M
f C

+∈ − , ( ) [ ]1
1,1

M
f AC

+
∈ − , 1M ≥ . According to Theorems 2 

and 4 if the values of q  and q  satisfy the condition q p M+ =  then both Theo-

rems 2 and 4 are valid and comparison of corresponding approximations is 

legal. Then, asymptotic estimates of these theorems will show which values of 

parameters p   and q  provide with better accuracy. We show this process 

for a specific example. Let 

( ) ( )sin 1 ,f x ax= −  
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where a  is some parameter. We use the values 1/ 5,3,50a =  and in Table 2 

calculate the values of 
( )

[ ]
( ), ,1 0.5,0.5

max
q

N q pq p x

A f
x

N
ϕ

+ + ∈ −
 for 512N =  and for different 

values of p  and q  with condition 5q p+ = . Recall that 0p =  corresponds to 

the KL-approximation. 
Table 2 

Values of 
( )

[ ]
( ), ,1 0.5,0.5

max
q

N q pq p x

A f
x

N
ϕ

+ + ∈ −
 for 512N = , 5q p+ = , 0p = ,…, 4 and 

( ) ( )sin 1f x ax= −  

 5

0

q

p

=

=
 

4

1

q

p

=

=
 

3

2

q

p

=

=
 

2

3

q

p

=

=
 

1

4

q

p

=

=
 

1/ 5a =  244.2 10−⋅  232.2 10−⋅  225.1 10−⋅  217.7 10−⋅  192.4 10−⋅  

3a =  182.3 10−⋅  197.9 10−⋅  181.2 10−⋅  181.2 10−⋅  182.6 10−⋅  

50a =  125.5 10−⋅  131.1 10−⋅  141.1 10−⋅  166.4 10−⋅  178.0 10−⋅  

 

The table shows that for 1/ 5a =  the KL-approximation ( ),5NS f  is the 

best, for 3a = the 
2L -optimal rational approximation ( ),4,1NS f  is the best and 

for 50a =  the approximation ( ),1,4NS f  is the best. 

Overall conclusion based on this specific example and on comparison of 

the asymptotic estimates of Theorems 2 and 4 is the following: not always utili-

zation of all available jumps, by the KL-approximation, leads to the best appro-

ximation. This is due to the factor ( )qA f  in the estimates. When the values of 

jumps are rapidly increasing then better accuracy can be achieved by utilization 

of smaller number of jumps and appropriately chosen corrections based on the 

smoothness of the approximated function. Which choice of q  and p is the best 

can be concluded from comparison of the corresponding estimates as we did 

above. 

It must be also mentioned that when the jumps are rapidly increasing then 

getting their approximations is problematic so in that case utilization of the 

rational corrections is unavoidable for better accuracy. 
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A. V. Poghosyan 

On a Convergence of the L2-Optimal Rational Approximation 
 

We investigate a convergence of the L2-optimal rational approximation in the 

regions away from singularities where the approximated function is smooth. Theoretical 

estimates show that the rate of convergence is greater than for the classical Krylov-

Lanczos method by the order which equals to the order of denominator of the rational 

approximants. 
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ԱԱԱԱ....    ՎՎՎՎ....    ՊողոսյանՊողոսյանՊողոսյանՊողոսյան    
    

LLLL2222----օպտիմալօպտիմալօպտիմալօպտիմալ    ռացիոնալռացիոնալռացիոնալռացիոնալ    մոտարկմանմոտարկմանմոտարկմանմոտարկման    զուգամիտությանզուգամիտությանզուգամիտությանզուգամիտության    մասինմասինմասինմասին    
 

Ուսումնասիրվում է L2-օպտիմալ ռացիոնալ մոտարկման զուգամիտությունը 
հատվածի ներսում, որտեղ ֆունկցիան ողորկ է: Տեսական գնահատականները ցույց են 
տալիս, որ զուգամիտության արագությունը՝ համեմատած դասական Կռիլով-Լանցոշի 
մեթոդի հետ, տարբերվում է կարգով, որը հավասար է ռացիոնալ ֆունկցիայի 
հայտարարի կարգին:  

 
 

А. В. Погосян 
 

О сходимости L2-оптимальной рациональной аппроксимации 
 

Изучается сходимость L2-оптимальной рациональной аппроксимации внутри 

отрезка, где функция гладкая. Теоретические оценки показывают, что рациональ-

ная аппроксимация точнее  классического метода Крылова – Ланцоша и разница в 

порядке сходимости равна порядку знаменателя рационального аппроксиманта.  
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