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Abstract

Given sparse collections of measurable sets S, k = 1,2, ..., N, in a general measure space
(X, 9, w), let As, be the sparse operator, corresponding to Sx. We show that the maximal
sparse function A f = maxij<x<y Ags, f satisfies

IAlLe s Lroe ) STog N - IMs ey roeox), 1 < p < o0,

max{l,1/(p—1)} | |

ALy (x)>Lrx) S (log N) IMsllLroxy—rrx), 1 < p < oo,

where Mg is the maximal function corresponding to the collection of sets S = U;S. As
a consequence, one can derive norm bounds for maximal functions formed from taking
measurable selections of one-dimensional Calderén—Zygmund operators in the plane. Prior
results of this type had a fixed choice of Calderén—Zygmund operator for each direction.
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1 Introduction

LetH, f(x) = fR f(x—tv) % be the Hilbert transform performed in direction v in R2. Here
and throughout we take v to be a unit vector. Given finite set of unit vectors V define the
operator

Hy f(x) = max |H, f (x)]
veV
It is a well known consequence of the Rademacher—-Menshov theorem that we have
Theorem A For any finite set of unit vectors V we have
”HV ”L?»LZ < log, #V.

Here and below #V denotes the cardinality of V and log, n = max({1, log, n}. Many different
extensions of this result have been studied. One of us [11] showed that the norm bound is
necessarily logarithmicin#V/, in strong contrast to the classical result on the maximal function
in a lacunary set of directions of Nagel, Stein and Wainger [16]. Namely, we have

Theorem B [11] For any finite set V of unit vectors it holds

[Hv] ey 2 Jlog, #V. (1.1)

The maximal function variant in the strong and weak-type estimates was first established
by Nets Katz [12,13]. Namely, set

t
My f(x) =sup)~" [ |f(x = 1) d1,
t>0 —t
for unit vectors v, and for a finite set of unit directions V, let My f = maxycy M, f.

Theorem C [12,13] For any set of unit vectors V, we have

IMyll o oo S (Jlog #V, Myl S log, #V.

Many extensions of these results have been considered, and we will cite several of these
extensions. Herein, we prove results, which allow for much rougher examples than singular
integrals in a choice of directions. Let K,(x), a € R, be a family of Calderén—Zygmund
kernels with uniformly bounded Fourier transforms, ||1€a lco < M, such that K,(x) as a
function in two variables a and x is measurable on R?. For a unit vector v in R? with a
perpendicular vector v we consider an operator T, written by

T, f(x) = / K, oL () f(x —tv)dt, x €R?,
R
for compactly supported smooth functions f on RZ. Notice that on the v-directer lines

x - v = [ the operator T, defines one dimensional Calderén—Zygmund operators, and those
can be different as the line varies. For a finite collection of unit vectors V denote

Ty f (x) = max [T, f(x)].
veV

Among the others below, as a corollary to our main result we derive the following.
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Corollary 1.2 [f the family of Calderén—Zygmund kernels K,(x) satisfies the above condi-
tions, then for any finite collection of unit vectors V, we have

1Ty | 2 200 S (log VY2,
1Tyl 22 < (logy [V

No prior result we are aware of has permitted a variable choice of operator, as the line
varies. The method of proof is by way of sparse operators. Namely we use the recent pointwise
domination of singular integrals by a positive operator [2,14,15] to reduce the corollary above
to a setting, where the operators are positive. These positive operators, called sparse operators
are ‘bigger than the maximal function by logarithmic terms’, and so the proofs of the sparse
operator bounds imply the corollary above.

2 Sparse operators

Let (X, 91, u) be a measure space. Given collection of measurable sets 8 C 9t defines the
maximal function

Mg f(x) = sup (f)p - 1p(x),
BeB

where (f)p = u(B)~! fB | f1. By a sparse operator we mean an operator

Asf) =) (fslsk),

SeS

where S C 90 is a sparse collection of measurable sets, that means there is a constant
0 < y < 1l sothatany set S € S has a portion Eg C S with u(Es) > yu(S) and those are
pairwise disjoint.

Without recalling the exact definition of a bounded Calderén—Zygmund operator, the main
result we need from [2,14,15] is this.

Theorem D For any bounded Calderon—Zygmund operator T, and compactly supported
function f on R", there is a sparse collection S = Sty of n-dimensional balls so that

ITf ()] S Asf ).

This inequality contains many deep results about Calderén—Zygmund operators, for which
we refer the reader to the referenced papers. Sparse bounds hold for other functionals of
Calder6n—Zygmund operators, like variational estimates [5]. The result above has been
extended in a number of interesting ways. Among many we could point to, the reader can
consult [1,3,4,10].

Definition 2.1 Let (X, 91, 1) be a measure space. A family of measurable sets B8 C 9 is
said to be martingale collection if for any two elements A, B € ‘B we have either

ACB, BCAorANB=0g.

We say that ‘B is a finite-martingale collection if there are finite number of martingale col-
lections

By,.... By 2.2)
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such that for any B € B there is a set B € U8 with
B C B, w(B) <Cu(B).

It is well known that any family of balls in R” forms a finite-martingale collection. More-
over, the corresponding martingale collections (2.2) can be taken to be dyadic grids. Such
dyadization is a key point in many applications of sparse operators.

We turn to the statement of the main theorem. Let S, k = 1,2,..., N be a finite-
martingale sparse collections in a measure space (X, 91, i), and suppose S = U,I{VZI Sk- The
family & = {Sy, ..., Sy} defines the operator

Ae f()= max As, f(x). 2.3)

Theorem 2.4 With the notations above we have the inequalities
A llLr—rroe Slog, N - [MsllLrsire, 1 < p < o0, (2.5
1A llLr—rr S (og, NY™XEV@=DN Mg ospe, 1 < p<oo. (26

Here and below the notationa < b will stand for the inequality a < c-b, where the constant
¢ > 0 may depend only on p and on the constants from the above definitions of different
type of set collections. As we said, a sparse operator is logarithmically larger than a maximal
function, as indicated after Corollary 1.2. Our inequalities above match this heuristic. In fact,
Corollary 1.2 as well as Corollary 2.7 below may be analogously formulated in R" for any
n > 2, taking instead of parallel lines parallel hyperplanes of dimension m < n and consider
different m-dimensional Calderén—Zygmund operator on each hyperplane.

For a direction v, and a smooth compactly supported function f, we let

Spf(x) = AS(va)f(xL

where v is orthogonal to v, and y — Ags(y) is a measurable choice of sparse operators.
Given a finite set of unit vectors V, we set Sy f = maxyey Sy f.

Corollary 2.7 With the notation above, for any finite set of unit vectors V we have the inequal-
ities

ISvllz2 200 S (logy V)2, 2.8)
ISyl 2o 2 S (logy V)2, 2.9)
ISviiLr—1r < Qog, VI'TVP p>2. (2.10)

Corollary 2.7 immediately follows from Theorem 2.4. Indeed, there is no need to consider the
measurable choice of sparse operators directly. By standard arguments, it suffices to consider
a simplified discrete situation described here. For any pair of orthogonal vectors (v, v1), let
Ry be the collection of dyadic rectangles in the plane, in the coordinates (v, v1), whose
lengths in the direction vl is one (see Fig. 1).

LetV = {vy, ..., vy} beafinite collection of unit vectorsand Sy C Ry, .,k =1,2,..., N,
be a sparse collections of rectangles. One can easily see that the operator (2.3) generated by
those collections is a discrete version of Sy from (2.8), (2.9) and (2.10). On the other hand
for the maximal function M s f corresponding to the family of sets S = U Sy we have the
bound

Msf <My f =max Mg, f,
veV
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Fig.1 The rectangles in Ry

so it satisfies to apply inequalities (2.5) and (2.6) combined with estimates (1.1). For (2.10)
we will additionally need the bound

IMsllzr—rr < (log, VP, p>2,

which is obtained from (1.1) by the Marcinkiewicz interpolation theorem.

In light of the pointwise sparse bound in Theorem D, one can easily see that Corollary 1.2
in turn follows from (2.8) and (2.9).

Since the maximal function corresponding to the n-dimensional canonical rectangles (with
sides parallel to axes) in R” is bounded on L? (R"), 1 < p < oo, applying the Marcinkiewicz
interpolation theorem, from (2.5) we can immediately deduce the following result.

Corollary 2.11 If Sk, k = 1,2, ..., N, are sparse collections of canonical rectangles in R",
then for the maximal sparse operator (2.3) it holds the inequality

Ao lLrsrr < log, N, 1< p<oo0, (2.12)

Applying the weak-L! estimate of the maximal function corresponding to n-dimensional
balls in R", from (2.5) we also obtain

Corollary 2.13 IfSy, k = 1,2, ..., N, are sparse collections of balls in R", then for operator
(2.3) we have

Ae 1 pre Slog, N (2.14)
Combining sparse domination Theorem D with Corollary 2.11, one can easily get

Corollary 2.15 Let T be a Calderon—Zygmund operator on R". Then for any sequence of
measurable functions fy, k = 1,2, ..., N, satisfying | fr (x)| < f(x), x € R, it hold the
inequalities

sup Tfif  Slogy N[ fller, 1< p < o0, (2.16)
1<k<N Lr

sup Tfi|  Slogy N[ fl 2.17)
1<k<N Ll
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Indeed, applying Theorem D, we get

ITfil S As, fc < As f,

for some sparse collections of balls S, and then the estimates in Corollary 2.15 can be
deduced from (2.12) and (2.14) respectively.

3 Proof of Theorem 2.4

From Definition 2.1 it easily follows that any sparse operator, corresponding to a finite-
martingale sparse collection of sets, can be dominated by a sum of bounded number of
martingale sparse operators. So we can consider only martingale collections Sy in Theo-
rem 2.4.
The basic key to the proofs are the following properties of a sparse collection. Let S be
a martingale sparse collection. For R € S denote by S;(R) the j generation of R. That is
So(R) = {R} and inductively set S; 1 (R) to be the maximal elements in
J
[R'es: Rcr\|[JSiR. (3.1)
i=0

Observe that for a fixed j > 0 the collection of sets

GiRy= |J R. Res,

R'eS;(R)

is itself martingale sparse collection. Besides, from the definition of martingale sparse col-
lection it follows that

1(Gj(R) <y u(B). (3.2)

This implies the exponential estimate

wy D 1s>hp SIRol -y (3.3)

SeS
SCRo

Proof of (2.5) Take f € LP(X), p > 1, of norm one. Fora A > 0 and a small constant § > 0
we denote

SA
Sko={ReS;: ,
%0 { €Sk: (fIr > logN}

Sh ,
sk,S:{Resk: 27 > (f)r > 2_5},s:1,2,....

log N log N '

Observe that for a fixed k the families Sk 5, s = 0, 1,2, ..., form a partition for the sparse
collection Si. Besides, we have

N
Y8 :
wlU U R su[Msf>—-2—*}
k=1 ReSy ¢ IOg N

log N\”
< () 27 st (34
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Hence, using the definition of Si 5, we get

N
Ey={As >0 = J{As f >N

k=1

c LNJ Ul X xte = 2772

k=15>0 ReSi,

CJ U R U CJUI Z (f)R1R>C2_S/2k]

k=1 ReSyo k=1s>1 ReSk;

N N log N

U U RJU{UULZ =P 25 69
k=1 ReSy o k=1s>1 ReSk;s )

where ¢ > 0 is an absolute constant. From (3.4) we deduce

U U ® N<1°gN) M1, oo (3.6)

k= IRESk()

Applying exponential estimate (3.3) and (3.4) again, we see that

) log N ) s
m{ 3 1> 2L %} < (ye/D)? /210gN’u( U R)

ReSy ReSy
26)\22log N s logN'\?
< (/G2 e -2”’-(8T> IMSI} o, poo
1 __. [logN\”? »
<52 s.( = ) IMS 2o} oo (3.7)

where the last inequality is obtained by a small enough choice of §. From (3.5), (3.6) and
(3.7) we immediately get

27 log N log N\”
1(Es) < 1+ZZ ( ) I snip%ms<7) IMSN7 o, ppoos

k=1 s>1

that implies (2.5). ]

To prove (2.6) we will need a simple lemma below. Let S be a martingale sparse collection
with a constant y. Attach to each R € S a measurable set G(R) C R such that u(G(R)) <
3u(R), 0 < 8 < 1 and suppose that S’ = {G(R) : R € S} is itself a martingale sparse
collection with the same constant y. For @ > 0 consider the sparse like operator

1/a
Ag o f(x) = (Z(f)ofelc(B)()C)) - (3.8)

RCS

Notice that in the case « = 1 and G(R) = R it gives the ordinary sparse operator. The proof
of the following lemma is based on a well-known argument.

Lemma 3.9 The operator (3.8) is bounded on LP (X) for 1 < p < co. Moreover, we have

IAS g llLrxt)—Lrx) < csl/p,
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where ¢ > 0 is a constant depended on o and on the constants from the above definitions.
Proof For R € S we have

(G(R)) < 8u(R) < 8-y~ "w(ER), w(G(R) <y 'w(Egr).

where Eg and Eg(g) denote the disjoint portions of the members of S and S’ respectively.
Suppose || f|l, = 1. For some positive function g € LP/(P=®) (X)) of norm one, we have

1A% s (OI% = | Y (A%l

ReS;

<Z (f>%1G(R),g>

ReSk

plo

D (A% 6RmGR)

RESk

o/p
= Z (Nk <M(G(R))> (8)amr) <M(G(R))>

ReS;

(p—a)/p

a/p (p—a)/p
(R (G R)) Y (B w(G(R))
RESk RESk
a/p (p—a)/p

<y '8P D () R(ER) > <g)2/((,$’f“)u(EG(R>)
RS ReS;

<y P IMS(OILIMS (@ p/(p-a)
Sy TPNFNSNG N prp-ay = v 8P

IA

In the last inequality we use the boundedness of maximal functions Mg and Mg corre-
sponding to the martingale sparse collections S and S’. O

Proof of (2.6) Let Ex, k = 1,2,..., N be a measurable partition of X. Linearizing the
supremum in the definition of A, we can redefine

N
Ao () =YY (fIrle (),  Exr=ENR.

k=1 ReSy

Denote @« = min{1, p—1} < 1. Let S ;(R) be the j generation of R € Sy (see the definition
in (3.1)). For a function f € L?(X) of norm one we denote

o

N
1 e
A = f Arle (DY Y (Prle, | (e Hr— .
X = 1Re$k k=1 R'eS; ;(R)
N o
2 e
AP = / Arle Y Y (Nrle, | hep?e .
X = lReSk k=1 R': ReSy j(R")
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Then, using the inequality (3", xx)* < >, xp, we get

o

||A@f||p—/ZZ Pete [ 35 Ptae | - ae pr-e!

k=1 ReS; k=1 ReS;
2
< Z(AF,“ +AP). (3.10)
=0

Since (f)r1E, ,, < Ms(f), forany i = 1, 2 it holds the inequality

AP < /(Ms(f)) ZZ VRlg . | - (Ae )P

k=1 ReS;
- / (Ms()® - (Ao £)P
< IMsl§lAe Il G3.11)

For a fixed j and R € & denote G;(R) = UR’eSk,j(R)R/- Observe that the family S ; =
{G;j(R) : R € S} forms a martingale-system and (3.2) implies u(G;(R)) < yj,u(R). So
the family Sy together with S ; satisfies the conditions of Lemma 3.9. Thus we have

A < Z NRlGR) - (e ))* - (Ag /)P
X RESk
- Z / Frelaw (s P!
X RESL

—1
HINTENSS [abis, )
k=1
i -1
<27NlAe 1710
<2 IN|As I}, 10 (3.12)

where the last inequality follows from ||Ag ||Lr—rr > 1. Likewise, again applying
(Zk xp)* < Zk X;?, we get

N
AP < /X Arle 1Y Y (N%1e, | (he HP!

k=1 RESk k=1 R': ReS; j(R)

/ SN s, [ Y (Drleg | (he pre!

R’ES RESk../'(R/)

f S (%o - Ae f - (As f)P !

R’ €Sy

i Mz i Mz i Mz

/(A“ 5 D% (e HIE
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N
o
—
< 8o 5% Y [A%.s, )
k=1

<27IN|As 17,2 - (3.13)
Combining (3.10), (3.11), (3.12) and (3.13), we will get

o0

IAe 15, S min{IMs|§y p, N2~}
j=0

Since || Ms||r—rr > 1, for an appropriate choice of a constant ¢’ > 0 we obtain

00

’ .

A ”ip_ﬂ_p <c lOgN”MS”(ZP_)Lp + Z N2~
j=c'log N

<c'logN|MslFp_pp+1
,S log N”MS”lip_)Lp-

Taking into account the definition of «, this completes the proof of (2.6). O

4 Extensions

The logarithmic gains in the main theorem are sharp, in general. Indeed, it is enough to show
the optimality of logarithm in (2.12). The function f is taken to be identically one on a large
cube Q C R". Foreachk =1,2,..., N, itis very easy to construct a sparse operator A s,
based on a sparse collection of cubes Sk so that {As, f > clog N} will have measure at least
|Q|/N. These sets can be made to be essentially statistically independent, so that one sees
that the logarithmic bound is sharp in (2.12). A careful examination of the same argument
can show also the sharpness of the estimates (2.16) and (2.17), in general.

The papers [6,7] prove a variety of results for 7y defined as a maximum of a fixed
Hormander-Mihklin multiplier computed in directions v € V. Their estimates are slightly
better than ours in Corollary 1.2. This raises two questions:

Question 4.1 First, if one fixes the specific sparse operator computed in every direction, can
bounds be proved that match those of say [7]?

This paper [7] proves results for the maximal truncations of the Hilbert transform computed
in different directions. Again, their bounds are better than ours.

Question 4.2 Can one formulate a maximal sparse operator which is less general than ours,
but still general enough to capture these results for maximal truncations of the Hilbert
transform?

Recent papers [17,18] have established variants of these results in higher dimensions.
Other papers [8,9] consider certain Lipschitz versions. It would be interesting to study the
analogous questions for both themes.
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