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1. INTRODUCTION
In this paper, we consider interpolations by the modified trigonometric system
H = {cosmnz :n € Zy} U {sinm(n — 3)x :n € N}. (1.1)

The set H is an orthonormal basis of La[—1, 1], as it consists of eigenfunctions of the Sturm-Liouville
operator £ = —d?/dxz? with Neumann boundary conditions u/(1) = u/(—1) = 0. Both, the orthogonality
and density in Ly[—1, 1] follow from the classical spectral theory ([1]).

The basis was originally proposed by Krein [2] without investigation of its properties. Expansions
by the modified trigonometric system were investigated in a series of papers [3] — [12]. We denote by
M (f, z) the truncated modified Fourier series

N
Mny(f,z) = ;fg—l—Z[fﬁcoswna:—Ffﬁsinﬂ(n—%)x], (1.2)
n=1
where
1= /_11 f(x)cosmnadz, f; = /_11 f(z)sinm(n — })zdz. (1.3)

It is easy to verify that the modified trigonometric system can be written also in the form H = {¢,(z) :
n € Z4}, where

wo(x) = \}2, on(x) = ; ((—1)”eiﬂ2m —i—e_m2m> , neN. (1.4)

The truncated modified Fourier series can be rewritten more compactly
2N
My(f,2) =) filen(a), (1.5)
n=0
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154 POGHOSYAN, BAKARYAN
where
1
= [ @ (16)
[t follows from (1.2) and (1.3) that expansions by the modified trigonometric system for even functions
on [—1, 1] coincide with the expansions by the classical trigonometric system
Hetass = {cosmnz :n € Zy} U {sinmnz : n € N}, z € [-1,1]. (1.7)
Moreover, the modified trigonometric system can be derived from the other classical basis H* on [0, 1]
H* = {cosmnx:n € Zy}, x €[0,1] (1.8)

by means of a change of a variable.

Expansions by the modified trigonometric system have better convergence properties for smooth odd
functions on [—1, 1] compared to the classical expansions, as coefficients f3 tend to zero with higher
order O(n™2), n — oo than the classical coefficients corresponding to sin wnz.

Theorem 1.1. /6, 7] Assume f € C?1+2(—1,1), 2412 € BV[-1,1], ¢ > 0 and f obeys the first q
odd derivative conditions f*+t)(£1) = 0,7 =0,...,q— 1. Then, if |z| < 1,

f(z) = Mpy(f,z) =O(N2772), N — oo,

otherwise,

f(ED) = My (f,£1) = O(N"27H N — oo.

Theorem 1.2. /6, 11] Assume f € C?1+1(—1,1), fet1) € BV[-1,1], ¢ > 0 and f obeys the first q
odd derivative conditions f*+1(+1) = 0,7 =0,...,q — 1. Then,

1£(x) = My (f.2)|lz, = O(N"%72), N — co.
We see that the conditions

FEH(+1) =0, r=0,...,¢—1 (1.9)

are crucial for convergence properties of the expansions by the modified trigonometric system. If
a function doesn’t obey those derivative conditions, then, application of a well-known polynomial
subtraction method (see[13]-[16]) will correct the derivatives at the endpoints x = +1. More specifically,
let f € C?971[—1,1] and denote

Bri(f) = (FHD(1) + fED1)) (<DF, k=0..iq-1, (1.10)

Ager(F) = (FE*D (1) = fODED) (D8 k=0, -1 (1.11)

Assume that even polynomials Py (z) and odd polynomials Q(z), k =0, ...,q — 1 satisfy the following
conditions (see[16])

Ao1(Pj(2)) = 0k j,  Bog41(Qj(2)) =0, 0<k,j<qg—1 (1.12)
The first few polynomials are
_ 1, _ L o9 0 1 I P
Py(x) = 4% Pi(x) = 48° (x*=2), Qo(z)= 5% Qi(x) = 12x(m 3).

Let F' be defined as follows
q—1 q—1
F(z) = f(x) =Y Agkpr (F)Pe() = Bory1 (f)Qu(2). (1.13)
k=0 k=0
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ON INTERPOLATION BY MODIFIED TRIGONOMETRIC SYSTEM 155

Then, F obeys the first ¢ odd derivative conditions. Now, if we denote

q—1 q—1
My g(f, ) = My(F,2) + > Ageia(F)Pu(@) + > Bt (f)Qu(2), (1.14)
k=0 k=0

Theorems 1.1 and 1.2 will be valid for approximation My 4(f,x) without derivative conditions if the
exact values of Agpyq1 and Bogi1, kK =0,...,q — 1 are known. Otherwise, they can be approximated by
a solution of system of linear equations (see [16]).

In this paper, we consider interpolation by the modified trigonometric system and explore its
convergence in different frameworks. We derive exact constants of the asymptotic errors for the Lo-
convergence, pointwise convergence on |z| < 1 and at the endpoints 2z = £1. Comparison to the inter-
polation with the classical trigonometric system shows better convergence of the modified interpolation
for odd functions in all frameworks.

2. MODIFIED INTERPOLATION

Eigenfunctions defined by (1.4) have important discrete orthogonality properties. Let xj = 213’_11,
|k| < N be the uniform grid on [—1, 1]. It is easy to verify that

2N
2
o 41 2 Pr@)Pn(Es) = bis, KL |s| < NV, (2.1)
n=0
and
9 N
Hence
2N 3
In(fix) =Y flen(x), (2.3)
n=0
where
§ D) N
= on 1 2o J@en(a) (2.4)
k=—N

is exact on the orthonormal basis H and interpolates f € C[—1, 1] on the grid xg, |k| < N.

We call Zy(f,z) as interpolation by the modified trigonometric system, or simply, as modified
interpolation. When f is a real-valued function, then the modified interpolation could be rewritten as
follows

N N
In(f,x) = Z fe cos mnax + Z fssinm(n — %)m, (2.5)
n=0 n=1
where
, 1 N 5 9 N
J6= 2N +1 Z flew),  f5= ON 41 Z f(xr) cos mnay, (2.6)
k=—N k=—N
and
9 N
o . B
Ti=on 41 k;Nf(ka) sin(n — 5)ay. 2.7)

This form should be more convenient for analysis when f is either odd or even on [—1, 1]. Recall that
the modified interpolation for even f coincide with the classical interpolation. Below, we explore the
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properties of the modified interpolation only for odd f on [—1, 1]. Furthermore, the polynomial correction
approach is valid also for the modified interpolation. We write,

q-1 g-1
Ing(f,x) ZFCcoswnm—i—ZFssmw )x+ZA2k+1(f)Pk($)+ZB2k+1(f)Qk(x)v
k=0 k=0
where
q— § 3 ool 3
=Y Aua(NPs(k),  Fi=fi = Bara(HQ5 (k).
k= k=0

Here, P¢(k) and Q% (k) are the discrete modified Fourier coefficients of Py (z) and Qg (), respectively.
Let

Ry g(f,z) = f(x) = Ing(f,2). (2.8)

The main goal of the paper is investigation of Ry 4(f,x) in different frameworks. Section 3 explores
convergence in the Lyo-norm and Section 4, the pointwise convergence on [—1,1]. In each case, we
perform comparison with the corresponding results of the interpolations by the classical trigonometric
system

Iclasszc f, Z f ewrnz (29)

where

1 N
— —1TNT
fn 2N+1k;Nf($k)e :

3. CONVERGENCE IN THE L;-NORM

In this section, we explore the convergence of the modified interpolation in the Ly-norm. The next
lemma establishes connection between the modified discrete and continuous coefficients.

Lemma 3.1. Assume that f € C?[—1,1] and f" € BV[-1,1]. Then, the following identity holds
fn +Z n+(2N+1)2 Zf n+(2N+12j,n:1,...2N. (31)

Proof. From the pointwise convergence of the modified Fourier expansion (see Theorem 1.1 with ¢ = 0),
we have

oo 4N+1

me% Z Z fitorent1@iter@n+) (@). (3.2)

r=0 j5=0

Taking into account that ¢; o, on41)(Tk) = @j(7k), We write

oo 4N+1 N
=S Mgy ag Do @lenen(a) (33)
r=0 ;5=0 k=—N
[t is easy to verify thatforj = 2N 4+ 1,... 4N + 1
N
2 0 n=>0
@j(xr)en(er) = (3.4)
2N +1 k:Z_:N ’ (_1)n54N+2—n,j7 1<n<2N

This, together with (2.2), completes the proof due to (3.3).
We can rewrite Lemma 3.1 for coefficients f.
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Remark 3.1. Assume that f € C%[—1,1] and f" € BV[~1,1]. Then, the following identity holds
fg:f5+2fi+(2]v+l)j,n:l,...,N. (3.5)
370
The next theorem describes the convergence in the Ly-norm.

Theorem 3.1. Let f be odd function on [—1,1]. Assume that f e C*1t'[—1,1] and f*t) e
BV[-1,1], ¢ > 0. Then, the Jollowing estimate holds

. 3 a(q)
]\}flmqu+2|‘RN,Q|‘L2 = ‘BQQ+1(f)‘\ﬂ_/2q+2 ’ (3.6)
where
, 2
1 (-1)°
= ) 7
A0 = 4y 43 +/0 (% (2s +g;)2q+2) dx (3.7)
Proof. We can rewrite Ry 4(f, ) for odd f as follows
N 00
Rng(f,x) = z:(FT;g —F,f) sinm(n — §)$+ Z Flsinm(n — %):1: (3.8)
n=1 n=N+1

Due to the orthonormality of the basis functions of H, we get

N ')
IBnall3, =Y (Fs—E)*+ Y (F)?. (3.9)
n=1 n=N+1

Taking into account that function F' obeys the first ¢ odd derivative conditions (1.9), we derive the
following asymptotic expansion of its modified Fourier coefficients by means of integration by parts

Fy = Bag1(f) = +o(n™27%). (3.10)
(w(n — §)%+
Then, application of Remark 3.1 leads to the following estimate forn =1,..., N
: (=1 (—1)7 —2g-2
F—F’ =B f E o +o(IN"=17#). 3.11
2q+1( )(WN)Q‘I"'Q = (2j N)2q+2 ( ) ( )

Estimates (3.10) and (3.11), together with (3.9), complete the proof.
When ¢ = 0, Theorem 3.1 shows convergence rate O(N_g) in the Lo-norm. The classical interpo-
lation has convergence rate O(N‘é) in the Lo-norm for odd functions on [—1, 1] (see [17]). Hence, the

improvement is by factor N1

4. POINTWISE CONVERGENCE

In this section, we investigate the pointwise convergence of the modified interpolations on |z| < 1
and the endpoints z = +1. We need some auxiliary estimates for the proof of the main results. We will
frequently use the properties of the following numbers

p
= () e "

s=0
which are connected with the Stirling numbers of the second kind ([18]). In [15] it was verified that

)pp(p+ nt

) (4.2)

wWpm =0, 0<m<p, wpp= (-1, wppr1=(-1

JOURNAL OF CONTEMPORARY MATHEMATICAL ANALYSIS Vol.53 No.3 2018



158 POGHOSYAN, BAKARYAN

Let ¢ = {c,} be a sequence of complex numbers and by A% (¢) denote the following finite differences

2p
ICESS <2sp> Cnipos, D> 0. (4.3)
s=0
Let
(_1)n+1 00
Qn(m) = yemaer  @Qm) ={Qn(m)};L:. (4.4)
(m(n —3))

From (1.13) and asymptotic expansion (3.10), it follows that @,,(m ) are the modified Fourier coefficients
of correction polynomial Q,,(z). Then, denote Q(m) = {Q%(m)}N_,, where Q% (m) are the discrete
modified coefficients of @, (z).

Lemma4.1. Forany p > 0and m > 0 the following estimate holds
(=1 (2m + 2p + 1)

ARQUM) = oty aniagy — Dy OO ) e (45)

Proof. From definition of AL (Q(m)), we have

2 2 1)n+ptl 2p 2p 1)k
ARQm) =Y ( f)czn+p_s<m> - w(n ) B> vt
5=0 —0 (1 4+ P %)

(—1)ntptl i <3 +2m + 1> — ZS: <s> o
- Wap,js
(m(n — ;))2"”2 pors 2m + 1 (n—5)° =\ P

where wy,, ; are defined by (4.1). This completes the proof in view of (4.2).

(4.6)

Lemma4.2. Foranyp > 0and m > 0 the following estimates hold

(=) P (2m + 2p + 1)! Z (—1)7

—2m—2p—3
(WN)2m+2N2p(2m + 1)[ (2] + )2m+2p+2 O(N )7 (47)

AL (Q(m) = Q(m)) =
J#0
n=1,...,N, N — oo.

Proof. According to Remark 3.1, we can write

AL(Q(m) =DA% vy (Qm)
J#0

()R (2 (-1 1
= Ny <k>(”kz<2j+;@>2’”+2< v

h=0 770 1+ N(2j+ )
N

(1) (1) 2m+ 1+t — (1 . (—1)i(p+j— L)
= 2m2 2 ¢ Z (=1) WQPvSZ omt2
~ (xN) N 2m+1 ) = \s 2R

where wo), ¢ are defined by (4.1). This completes the proof in view of (4.2).

Lemma 4.3. For any m > 0 the following estimate holds as N — oo

()N FPRm+2p+2) & -3)

—2m—2p—4
(TN)2m+2 N2p+1(2m + 1)! Z 23 X 1 2m+2p+3 + O(N P4, (4.8)

AN (Q(m)) =
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Proof. From Remark 3.1, we have

Ap Q Z AN+(2N+1 (Q(m))
j=—00
(DN S () 2m A L s (), o~ (D (p+i—3)°

where wo), ; are defined by (4.1). Taking into account that

3 (17 =0,1 49
Z (2j+1)2m+2_07 m=0,1,... ()
j=—00

and identities (4.2), we complete the proof.

The next Theorem demonstrates the pointwise convergence of the modified interpolation away from
the endpoints.

Theorem 4.1. Let f be an odd function on [—1,1]. Assume that f € C%9+3[—1,1] and f*i+3) ¢
BV[-1,1], ¢ > 0. Then, the following estimate holds for |x| < 1

()N 7w|Eygqel  sinm(N + )z

re’ FO(NTHE), N = o0,
N24+3 220+5(2¢ + 1)1 cos? 7y

Ry 4(f,7) = Bagy1(f)

where Ey, is the k-th Euler number.

Proof. We put f*, = —fs., f5_, = —f2.,, to rewrite interpolation error (3.8) in a more convenient
form
1 al ; 1 1 . 1 1 N ) N
RN#Z(f? IL’) = 92 E (F;: — Fs) ewr(n—2):c + 9 E Fse“r(n_z)x + 9 E Fse”"(n_g)x'
:_N+1 TL=N+1 n—=—oo

We proceed by application of the Abel transformation and derive

1 ntl : s .
Rng(f,z) = 21 + cos ) (FN+1 sinw(N — %):1: — F¥sinm(N + %);p)
1 5 o
41+ cosmpy? (AN (F)sinm(N = 3) = Ay (F?)sinm(N + 5))
-7rw N
- (4.10)
—+ Z Fs iTnT + Z A2 FS) zwnm)
8(1 + cos )2 ( — A
—N—-1
AQ Fs iTnT A2 Fs iTnT )
" 8(1 + cos ) ( Z + H_Z_:OO Je >
Taking into account the following asymptotic expansion of the modified coefficients
q+1
Z Bam1(f)@n(m) +o(n™*7%), 0 — oo, (4.11)
we get
q+1
AP FS Z B2m+1 Q(m)) +O(n_2q_4), N — 0.
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Now, according to Lemma 4.1, we have A2 (F*) = o(n=24~%), and the infinite sums on the right-hand
side of (4.10) are o( N ~2973). Again from (4.11), we write

q+1

BUF = %)= 32 Bana (NANQ(m) = Qo) + o727 (4.12)

and from Lemma 4.2, we get
A2(FS —F%) =o(N7297Y), n=+1,42...,+N. (4.13)

Hence, the finite sums on the right-hand side of (4.10) are o(N~2473).
Lemma 4.3 shows that

AR(F®) = o(N~273) AL, (F*) = o(N2179), (4.14)
All these lead to the following estimate
1 . .
Ryg(f @) = 4 cog? ™ (Efyysinm(N — )z — Fysinm(N + 3)z) + o(N7217%), (4.15)
2

According to Lemma 4.3, we get

(_

s 1)N(2Q+ 2) - (_1)j(j - %) —92¢—3
FN = BQ(I+1(f) (WN)QQ+2N Z (2] + 1)2m+3 + O(N e ) (416)
From the other side
Fyq= 2N+1 Z f(zg)sinmk = 0. (4.17)

Hence,

(—1)N+1 (g + 1) sinm(N + L)z *f (-1 — 1)

_ —29—3
RN,q(f; ZE) = B2q+1(f) 272q+2 N2g+3 cos2 7T2m (2] + 1)2q+3 + O(N q )7

j=—00
which completes the proof.

When ¢ = 0, Theorem 4.1 implies the convergence rate O(N~3) as N — oo for an odd function.
The classical interpolation (see [17]) has convergence rate O(N~1) for the grid ) = 2k/2N + 1 and
convergence rate O(N~2) for the optimal grid z;, = (2k £ 1)/2N + 1. Hence, improvement is by factor
O(N)as N — oc.

Next theorem explores the convergence of the modified interpolations at the endpoints x = +1.
Theorem 4.2. Let f be an odd function on [—1,1]. Assume that f € C*1T2[—-1,1] and f(24+?) ¢
BV[-1,1], ¢ > 0. Then, the Jollowing estimate holds

(- | B

—2q—1
N2g+1 22q+17.[.(2q +1)! +o(N ), N — o0,

Ry o(f,£1) = £Bog11(f)
where Ey, is the k-th Euler number.

Proof. We use (3.8) and get

Ryg(f,+1) = (F; — F) (1" + Z EF3(=1)"+ (4.18)

n=1 n=N+1

Taking into account the following asymptotic expansion of the modified Fourier coefficients
F; = Baq1(f)@n(g) +0o(n™17%), n — oo, (4.19)
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and applying Remark 3.1, forn =1,..., N and N — oo we get

s s Bogyi(f)(—1)" j 1
Equation (4.18), together with (4.19) and (4.20), implies

+o(N72072). (4.20)

Byg(fo 1) = £Baya(F) Lo > 1) | + o)
N,q\J» - 2q+1 772‘1+2N2‘1+1 2(] + 1 0 (2] + :L.)2q+2 X o )
J#0

which completes the proof.

When ¢ = 0, Theorem 4.2 shows convergence rate O(1/N). In this case, as f(1) # f(—1), the
classical interpolation doesn’t converge at the endpoints. Hence, the modified interpolations have better
convergence rate at the endpoints and the improvement is by factor O(V).
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