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Abstract We study anisotropic mixed norm spaces h(p,q,«) consisting of n-
harmonic functions on the unit polydisc of C" by means of fractional integro-
differentiation including small 0 < p < 1 and multi-indices o = (¢, ..., @,) with
non-positive «; < 0. As an application, two different Bloch spaces of n-harmonic
functions are characterized.
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1 Introduction and Main Theorems

LetU" ={z=(z21,...,24) € C" : |zj] < 1,1 < j < n} be the unit polydisc in C", and

let T" ={w=(wy,...,w,) € C": lwj| =1,1 < j<n} be the n-dimensional torus,

the distinguished boundary of U”. We will deal with n-harmonic functions on the

polydisc U", i.e. functions harmonic in each variable z; separately. Denote by

H(U™), h(U") the sets of holomorphic and n-harmonic functions in U”, respectively.
If f(z) = f(r¢) is a measurable function in U”, then we write

M,(f;r)=| f(r~)||L,,(T,,;dm”), r=(ri,....m)el", 0<p=<oo

where " = [0, 1)", dm,, is the n-dimensional Lebesgue measure on T” normalized
so that m, (T") = 1. The collection of n-harmonic (holomorphic) functions f(z), for
which || flln = sup M, (f;r) < 400, is the usual Hardy space h” (resp. H?).
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50 K.L. Avetisyan

Definition 1 The quasi-normed space L(p,q,«) (0 < p,q <o00,a = (a1,....a),
aj e R) is the set of those functions f(z) measurable in the polydisc U", for which
the quasi-norm

1/q
n n
H(l_rf)ajq_lMg(f;r)l_[di’j , 0<q < o0,
w o j=1 i1
”f”p,q,a = et !
n
esssup [ [ (1—r)" M,(fin), q = o0,
rel” .
j=1

is finite. For the subspaces of L(p, g, «) consisting of holomorphic or n-harmonic
functions let H(p, q,«) = H(U™) N L(p, q, «) and h(p, q,®) = h(U") N L(p, q, ).

For p =g < oo the spaces H(p, q, ), h(p, q,a) coincide with the well-known
weighted Bergman spaces, while for g = oo they are known as growth spaces. The
first results on mixed norm spaces are contained in classical works of Hardy and
Littlewood [9, 10] who considered functions holomorphic in the unit disc D = U'.
They established in particular that

DF(H(p,q,@)) = H(p,q,a+B), 0<p,g<oco,a>0,a+p>0, (1)

where D# is an operator of fractional integro-differentiation. Later, Flett [8] es-
sentially improved and developed methods of [9, 10]. The relation Eq. 1 was
discovered many times and generalized to various domains in C" and R” and also
for general weight functions. Holomorphic and pluriharmonic mixed norm spaces on
the unit ball and more general domains of C" have been studied, for example, in
[12, 13, 16, 18, 19, 23]. For the polydisc case, see [2, 3, 11, 17,20-22, 25].

The purpose of the present paper is to extend and generalize the relation Eq. 1
to functions n-harmonic in the polydisc. It should be noted several important
differences with earlier known cases.

If a function f(z) is holomorphic, then | f|? is n-subharmonic for any p > 0 and its
integral means M, ( f; r) are increasing in r. This fact makes the proof of Eq. 1 much
easier for holomorphic functions.

If a function u(z) is pluriharmonic, i.e. the real part of a holomorphic function,
then as is well known, the operator of pluriharmonic conjugation is bounded in
h(p,q,a) for all 0 < p, g < oo, see [12, 13, 17-19, 23]. Therefore for pluriharmonic
functions, the proofs in fact reduce to those of holomorphic ones.

In the present paper we deal with n-harmonic functions u for which the function
[ul? (0 < p < 1) need not be n-subharmonic, and M, (u; r) in general not necessarily
monotonic in r. A passage from n-harmonic functions to holomorphic ones is
impossible because n-harmonic functions need not be real parts of holomorphic
functions. So, we should construct an independent theory for n-harmonic mixed
norm spaces h(p, ¢, @). Another feature is the fact that the operator D# of fractional
integro-differentiation (defined in Section 2) may act as a differential operator in
some variables z;, and at the same time as an integral one in other variables zj.

It is known a phenomenon that in contrast to H(p, ¢, «), the spaces h(p, q, @) are
not trivial for 0 < p < 1 and certain multi-indices ¢ = («y, .. ., o) With non-positive
components «; < 0 (cf. [1, 14, 15]). This case is also involved.
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Spaces of n-harmonic functions on the polydisc 51

Theorem 1 If o;>0,—c0o < fj<a;(1<j<n),0<p=<oo 0<g=oo then for
all n-harmonic functions in U"

D" u| ~ (ullp.g.a- @)

p.q.0—pB

Note that Theorem 1 includes both fractional integration and differentiation. One
may ask whether the relation Eq. 2 is still true for multi-indices « = («y, . . ., o) With
non-positive o; < 0. The next theorem gives a partial answer to this question.

Theorem 2 If o; <0< B;(1<j<n),0 < p<1, 0 < g=<oo, then for all n-harmonic
functions in U"

ID%ul, ,0rp = Cp a0 B )1t p.g.a 3)

Remark 1 Theorem 2 seems to be new even for one variable case, while for growth
spaces, ¢ = 00, @ + 8 > 0 and functions harmonic in the unit ball of R"”, Theorem 2
is due to Pavlovic¢ [15, Theorem 1].

As an application, we get the boundedness of the operator of pluriharmonic con-
jugation in A(p, q,«) for all 0 < p, g < oo, as well as in the little subspaces of
h(p, oo, ) where “big oh” is replaced by “little oh”. Finally, we give in Section 4
some applications to Bloch spaces of n-harmonic functions in U".

2 Notation and Preliminaries

We will use the conventional multi-index notations: ¢ =(Zy,..., {n), ¥ =T181,. . .,
Paln)s 1% =17 v, dr =dry---dry, (1= [0 =TT, (1= 11D, T+ k) =
H’;zl D(aj+ ki) fors e Cre I' o = (o, ..., an), k= (ky, ..., k). Let Z' denote

the set of all n-tuples of nonnegative integers.

Throughout the paper, the letters C(e, B, ... ), C, etc. stand for positive different
constants depending only on the parameters indicated. For A, B > 0 the notation
A ~ B denotes the two-sided estimate c; A < B < ¢, A with some inessential positive
constants ¢; and ¢, independent of the variable involved. The symbol dm,, means the
Lebesgue measure on the polydisc U" normalized so that m,, (U") = 1.

Given a function f(z) = f(r¢),r € I, ¢ € T", we will use Riemann-Liouville
integro-differential operator D* = D with respect to variable r:

o 8 m
D™ f(z) = Fr(a) f[ (1= m*~ f(z)dn, D f(z) = (5) D" f(z),
where (%)m = (a%)ml (%)mn,m =(my,....my) €L, o= (a1, ...,0),0; >0,

mj—1<a;<m;(l <j<n).Denote

Dfre) =r "D f¢e),  D*f(r¢) = D{r* fGrO)}.
@Springer



52 K.L. Avetisyan

It is easily seen that if f is n-harmonic, then so are D* f and D~* f, and for them the
following inversion formulas hold:

DD~ f(z2) =D *D* f(2) = f(2). 4)

Note that unlike D%, for D% the natural semigroup formula D—*~# = D—*D~#
does not hold, see Lemma 4 below for details. Besides, the expansion formula
D f = D;"]'D‘,"; . ..D;"n"f holds for any o = (i, ..., @,), «; € R, where Df‘jf means
the same operator acting in direction r; only. Note also that for n-harmonic func-
tions the operators D* have an equivalent definition through a series expansion
(see [2, p.734)).

Lemmal Ifa; > 0 (1 < j < n), then for all n-harmonic functions in U"

ID~“ul,, < C(p, @, mllullp p.a» 0<p=2, (5)
ID~“ul,, < C(p, @, mllullp2.0. 2=<p<oo (6)

The one variable version of Lemma 1 is known and can be deduced from [7,
Theorem 2], [8, Theorem 2(iii)] and the fact that harmonic conjugation is bounded
in harmonic Bergman spaces on the unit disc. A polydisc version of Lemma 1 can be
found in [4, Lemmas 1 and 2].

As is noted in the Introduction, in contrast to H(p, g, «), the space h(p, q, «) has
sense for 0 < p < I and certain o; < 0. The Poisson kernel for the polydisc P(z) =

1_[';:1 P(zj) = ]_[’;:1 EZ:E provides a good example as a function in A(p, q, a), «; < 0.

Lemma2 Let0 < p<00,0<qg<o0,a=(x,...,0),a; € R Then
(a) P(z) € h(p,q.a) ifand only if o> max{—1,1—1/p}, 1 <j<n.

(b) P(z) € h(p, oo, @) for p # % ifand only if o> max{—1,1—1/p}.
(¢) P(z) €h(5.00.a) ifandonlyif aj> —1, 1 < j<n.

Proof The result immediately follows from the sharp estimates

n

i _ 1
M,,(P;r)%l—[(l—r/)mn{l'l/p ”, p;éi, rel”,
=1

n 2
Ml/z(P;r)%H(l—rj)(logle ) s rel. [m]

.
=1 !

However, the space k(p, g, o) is trivial, that is, it consists of zero function only, if
at least one component «; is less than —1. Moreover, a stronger result holds.
Lemma 3
(a) H(p, q,a) = {0} if one of the following statements holds:

o 0<p=<o00,0<gq < oo andthereexists j € [1,n] such that o; < 0;
o 0<p=<00,0<gq=oo and thereexists j € [1,n] such that oj < 0.
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Spaces of n-harmonic functions on the polydisc 53

(b) h(p,q, @) = {0} if one of the following statements holds:
1 < p=<o00,0<gq < oo and there exists j € [1,n] such that o < 0;
1 < p=<00,0<gq=<o0 and there exists j € [1, n] such that oj < 0;
e O<pc< 1,0<q<oo,and3je[l,n]suchthatoejSmax[—1,1_%];
e p=1/2,0<qg <o00,and3 je[l,n]suchthato;<—1;
e O<p< l,O<q§oo,andEIje[1,n]suchthataj<max{—l,1—%}.

Proof We only illustrate here the proof of the last typical case. Suppose that
ueh(p,qg,a)for0<p<1/2,0 < g < ooandacomponent «less than —1,say oy <
—1. According to the inclusions (vi), (x) of Theorem 1in [2], A(p, q, @) C h(p, 1, —1)
and (1 —rl)*lMp(u; r1) =o0(l) as ry -> 1—. It follows from Aleksandrov’s result
[1, Theorem 2.11] that u = 0. ]

3 Proof of Theorems 1 and 2

We begin with some semigroup type formulas for the operator D* and another
similar fractional integral on the unit disc D:

~ 1 1
D f(z) = W/o A=’ fzydn,  y,B>0, z=rceb. (7)

We can extend it to U” by the expansion formula D f= 5‘;‘]' 5;)‘, e 5;“ f.

Lemma 4 For a function f(z) continuous in the unit disc D the following semigroup
type formulas hold:

i) D Pf=rPDPDPf}=DDFf >0, (8)

(i) DODPf=rFD @ Pff} =D @hf a>p>0, )

(iiiy DDFf =reDFfre £}, B>ax>0, (10)

(iv) D D" f=D"D“Ff, meZy, a>0. (11)
Proof

(i) By the definitions of the operators D%, D¥, D, we have
D P f=r DD Ff= r‘ﬂD_“{rﬂr_ﬂD_ﬂ f} = r_ﬂD_"{rﬁD_'8 f}
I ~
= / A =* "D f(nz)dn =D D f.
() Jo

(ii) Using inversion formulas Eq. 4 and Eqs. 7-8 we obtain for« > 8 > 0

Df"‘Dﬂf — D*(a*ﬂ)*ﬁpﬂf — r*ﬁp*(d*ﬂ){rﬂpfﬂpﬁ f} — ﬁ*(a*ﬂ)f.
@ Springer



54 K.L. Avetisyan

(iii) Againby Eq.4andfor g > o >0
DDF f=r*DF D P D~DF f} =y *DF DD’ f}
= r_“Dﬁ_“{rﬂD_/gDﬂf} = r_“Dﬁ_"‘{rﬂf} = r“"Dﬂ_”‘{ro‘f}.

(iv) The result follows by expanding both sides of Eq. 11 and using the commuta-
tion relation D~ {r" D™ f} = " D™D~ f. We omit the routine details. o

Remark 2 We can easily deduce higher-dimensional analogs for Egs. 8-11 by an
iteration of those in one variable.

Now without loss of generality we may assume that n=2 everywhere in proofs

below. First, note that for the Bergman spaces h(p, p, «) the results of Theorem 1

immediately follow by an iteration of those in one variable. But for p # g the

iteration doesn’t work. Second, we focus our attention mainly in small values of

p,q(0<p<lor0<gq<1),because for p, g > 1 there are several known proofs

suitable for our context. However, we give a simple and short proof also for p, g > 1.
We begin with fractional integrals, thatis §; > 0 (1 < j < 2).

Casel < p <o00,1 <g < oo Weexploit an old result of Hardy and Littlewood [9],
[6, p.490] for integration in weighted Lebesgue spaces

(1 —n)©@=P=1 (D Pgwr)) dr < C(a, B, q) f (1 —r*~"g(r)dr, (12)
I? 2

where g(r) >0(re I?), 1 <q < o0, aj> B; > 0.
In view of Minkowski’s inequality and Eq. 12, we get

IDul’ (s = /,2“ =PI D U], o dr
< | A =P (Dl u) Loer))? dr
[2

—B)g—1
<C / =D P oy dr = 14l -
I

Case 1 < p <o00,q =00 Assuming thatu € h(p, oo, @), we have
(I =n*Mp@:r) < |ulpooa.  7=(r1.12) € .

By Minkowski’s inequality,

1
MP(D_ﬁu; Nn<—1»10- n)ﬁ_lMp(lM nrydn

T Je
1 (1—nP! N2l p.co.c
= 00,a d < C s —_—
= Wilpoeesigy | = e 1= PG e
Hence ”D_Bu”p,oo,afﬁ < Cllt]l p.oo.o» as desired.
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Spaces of n-harmonic functions on the polydisc 55

Case0<g<1, 0<q<p<oo Letu(zi, z2) €h(p,q,a)and let u, be the dilated
function defined by u,(z) = u(pz) = u(p1z1, P222), p € I?. Since g < min{2, p} and
the spaces h(p, q, ) increase in g ([2, Theorem 1(iii)]), by Lemma 1, we get

IDPu, |, = Cltgllpgss o€ P2,
or equivalently
My (D~ u; pr) < Cluyllpgp.  r.pel’
for any §; > 0, j =1, 2. By Fatou’s lemma,

MZ(D’ﬂu; p) < liminf MZ(D’ﬂu; or)

ry,rn—>1-—

< Cf a- r)ﬂq_lMZ(u; pr)dr = CD_ﬂq{MZ(u; ,0)}.
12

Weighted integration by means of the inequality Eq. 12 leads to

p.q.a—pf — p.q.a”

|DPul? < C/ (1 — p) Pt DPU M (u; p)}dp < Cllul
2

Case0 < p <1,0 < p <q<oo. Theinequality Eq.5 of Lemma 1 gives
M, (D Pu; pr) < Cllupllpps.  rpel

for any g; > 0, j =1, 2. By Fatou’s lemma
MP(D~Pu; p) < C/Iz(l — PP MP (u; prydr = CD™PP{MP (u; p)}.

Raising both parts of this inequality to the power g/p > 1 and then integrating with
an application of Eq. 12, we obtain

_ o _ _ q/p
I ulf 0y = € [ = oyt DAtz )] dp < Cll

Case 0 < p < 1,q = oo is simpler. Thus, the proof for fractional integrals is
complete.

We now turn to the case of fractional derivatives, thatis 8; > 0 (1 < j < 2). We are
going to combine this case with the proof of Theorem 2. For any o = (ay, a2), ;€ R
and a function u(z) = u(r¢) € h(p, q, a), we have to prove the inequality

| Du| < Cllullpga- (13)

p.q.0+p —

First, we prove Eq. 13 for multi-indices g = m = (m,, m,) with integers m; € Z,.
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56 K.L. Avetisyan

Case 0 < p < q < oo Given a point z=(z1, 22) = (rjwy, rawy) € U? define the bidisc
B.=B; xB.,, where B, ={¢ € C:|¢j—zj| < (1-rj)/2}, j=1,2. Cauchy’s esti-
mates for n-harmonic functions and the well-known Hardy-Littlewood-Fefferman—
Stein inequality on subharmonic behavior of |u|? imply a “differentiated” version of
that (cf. [1, 7, 20]):

C(p.m) »
= 1B 1By (1= ryyme (1 — rymr [ weorano.

B, x B,

ID"u(z1, z2)I7

where | B;| is the area of the disc B;,. For ¢ = (41, &) € B, we have

, 3ri—1 1+r;
,0} <gjl=pj < ,o}, where p}:max{o, ! }, "= !

for j=1, 2. Hence

3 .
(l_rf)<1—|§j|<§(1—i’j), j=1,2.

N | —

It follows from this together with the simple inequality

=zl <30 -15h, Izl <1 ¢ e B,
that
m p [u (g1, &)1 dma(§1) dma(52)
Pl <conp [ [ e 09

Next, we extend the domain of integration in Eq. 14 up to the rings p} < gl < p}/
(j = 1,2) and integrate over the torus T?:

P Py
C(m, p)
P Py
My (D"u;ri,r2) < (l—r)1+m1P(1—r2)1+WP//MP(u’ p1, p2)dp1dps.
P P

By Holder’s inequality with indices g/p > 1 and q/(q — p)

r/a

ME(D"u; ry, 1) < Cim, p) // M s p1, p2) dpy dpa

T (=Pl — rp)mep (1= p)d = pa) ’

and

2

o+m M dp, d
1—[(1 )< +mg— IM(’(D'”u " < Cl—[ P 1// p(u; p)dp1 dp;
=1 i1 ’ (I=p)(1=p2)’
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Spaces of n-harmonic functions on the polydisc 57

Integrate over I and apply Fubini’s theorem

L1,
o M} (u; p) dpy dp>
Dm < C 1 : // d d
|| ququ—m — //l_[ (l—pl)(l—pz) nan
0o o /=l o) 0h |
D , [ eotns I
oig— L1402
cof [awnll| [ onytan| i
00 ﬂ (02 1}( ) 1A= p(1 = p)
max{0,2p;—

dp; dp,

< C - -
- (I = p)d = p2)

M (u; p)H(l — pp*i

Jj=1

o _
St~

< C(p, qoa m)ullh -

Case 0 < g < p < oo Write the inequality Eq. 14 with g instead of p

[1e(C1, £2)|7 dma(81) dma(82)
— L2 [Pma |1 = 57|

ID"u(z1, 22)|7 < C(m, Q)/ / I

B., B,

Py Py
t , oot qd t
< Cm. q)// |:/ lu(pitiwy, patawz)|? dm;(t) :|;01,02d/01d;02,
TZ
P

IL = pirity |24 1 — poraty| 2

where z = rw, ¢ = pt, r, p € I?, w, t € T?. By Minkowski’s inequality with exponent
p/g=1

oy oy

//MZ(M, p1, p2)dpidps.

pL P

C
MY(D"u; ry,ry) < (n. 4)
(= )P (1 — )

It remains to integrate and to apply Fubini’s theorem.

Case g = oo is simpler, so we omit it.
Thus, for m = (m;, my), m; € Z, we have proved that
”,Dmu”p q.0+m — C”u”[’ q.o
Take now any 8 = (B, $2), Bj = 0 and suppose m; — 1 < B; < m; (m; € Z,).
We will use semigroup type formulas obtained in Lemma 4. As is easily seen, the
integral Eq. 7 differs from D~ only by an inessential factor »” in the integrand. So,
the assertions of the preceding parts of Theorem 1 are valid also for D~#. Therefore

| DBy = | Btm=p0~tmp) pmmy |

p.q.a+p p.q.a+B

= C[[prmmu] = Cllullpg.a-

p.g.o+m —
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58 K.L. Avetisyan

Finally, consider the mixed case when 8, < 0 < f,, i.e. the operator D#%) acts
as a primitive in direction r; and as a derivative in direction r,. Let 0 < p < oo,
0<q<oo,Bj<a; and v(z,22) = D~?u(z;, z5). Then by the relations proved
above and by Fubini’s theorem

1 1
D7)}, s = / (1 =yt [ f (1—r1><‘”"5”q“M%(D:,ﬁ'v;rl,rz)drl]drz
o 0 0

1 1
<C / (1 — pp)fa! [ / (1—rl)“'q—lMg(v;rl,rz)drl}drz
0 0

< Cllull?, -

Thus, we have proved both Theorems 1 and 2.

The following two theorems can be proved in the same manner. The first of them
is a “little oh” version of Theorem 1.

Theorem 3 Let u(z) be an n-harmonic function in U", and o;>0, a;>p; (1< j<n),
0<p<oo

(i) If0<q <ooandu € h(p,q,a), then for each j € [1, n]
A=r*PM,DPu;ry=0(1) as ri—>1-—.
(ii) The following two statements are equivalent for each j € [1, n)
(I =n*M,(u;r) =o(1) as ri— 11—,
(1 =n*PM,(DPu;r) = o(1) as  rj—>1-—.
Theorem 4 Theorems 1-3 remain valid for integral operators D" or D-#in place of

D, and for differential operators DP in place of D, as well as for ordinary partial
derivatives. In particular,

IDPullp.ga-p = Nl pga: aj>Bj>0,0<p,qg=o0,

|I5"3u||p,q,a_;; < Cllullp.g.a a;j>B;>0,0<p,q =< o0,
||8Au||p,q,(,+)\ < Cllullp,g,« 2j<0,0<p<1,0<qg=<o0,
10" ullp.g.ass < Cllitll p.g.a- aj>0,0<p,q=<o0,

where 3% = 0™ --- 9*, and 9*1 means mixed partial derivative of order }; € Z. in the
variables rjand 0; (z; = re").

As a consequence, we obtain that the pluriharmonic subspace of h(p, q,«) is a
self-conjugate space for all0 < p, g < oo, aj > 0.

@ Springer



Spaces of n-harmonic functions on the polydisc 59

Theorem 5 Let 0 < p,g <oo,a = (a1, ...,o,), ;> 0,1 < j<n. Ifuis a plurihar-
monic function of h(p, q, &), and v is its pluriharmonic conjugate normalized so that
v(0) =0, then v € h(p, q, ), and

”U”p,q,a = C”u”p.q,w (15)
Furthermore, for each j € [1, n] the following statements are equivalent:
(I =r*"M,u; 1) =o(l) as rj— 1-,

(I =n*M,(v;r) =0(1) as ri—1—.

Proof In view of 2-subharmonicity of | f|? (p > 0. f € H(U?)), we have | fllp.q. <
C(p.q. ) f1I},q.0» Where

11 1/q
2
H(l_rj)ajqil M (f; r)dridrs , 0<gq<oo,
* =1
1l g = V212
2
sup n(l_r/)ayMp(ﬁr), q = oo.
1/2<r,ra<l 7~
j=1

It follows that

I fllpge < CHFIG g0 < Clllpga + ClIVIG 40
The last term can be estimated as follows

vl q.0 = Cliv(zi, 22) = v(0, 22)Il}, .o + Cllv(0, 22) I

/’1 8v(p|§|,Zz)d
——————dp,
0 ap1

*
p.q.a

/rz 0v(0, p282)
————dp>
0 002

*
p.q.«

* *

p.q.« p.q,02

By Cauchy-Riemann equations and Theorem 4 (¢; = ¢'%)

* *

ov(r¢r, z2)
31’1

0v(0, r282)

*
1ol g -

SCHH

+C Hr2

P-q.(o1+1,00) P-q.c2+1

* *

0u(0, r282)
06,

=C

ou(r¢1, z2)
00,

+c|

p.q. (1 +1,a2) P.q.00+1

=< C””llp,q,(al,ag) + C|lu(0, ZZ)”p,q,az =< C”M”p,q,a-
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Next, by Theorems 1, 3 and 4, the following statements are equivalent

A=) =r)*Mpu;r) = o(1)

d
(I =) =r)*M, ((TQMI r) =o(1)

a
(1 — rl)otl+1(1 —rz)asz (87:1, I") =o(l)

(L =) (A =r)*My(vir) = o(l)

This completes the proof of Theorem 5.

as

as

as

as

ry— 1—,

r — 1—,

r = 1-,

rp—1—.

O

Remark 3 Inequality Eq. 15 is well known for the unit ball of C", see [12, 19, 23]. For
more general bounded symmetric domains see [18] (1 < p < 00,0 < g < oo) and [13]
(0 < p =g < o0), while for Bergman spaces (i.e. for p = g) with general weights in

the polydisc see [17].

4 Bloch Spaces on the Polydisc

In this section, we discuss two different Bloch spaces B and Bh of functions
n-harmonic in U”. The first space 3 corresponds to that introduced by Timoney [24]
for holomorphic functions in U” (see also [5]), while the second space Bk agrees with

Definition 1 for p = g = oo (see also [2, 4, 5, 25]).

Definition 2 A function u(z) n-harmonic in U", is said to be in the Bloch space B =

BU"™) or Bh = Bh(U") if

lullg = [u(0)| + max sup (1 —|z;])
Isj=n zeyn

lulin = sup (1 — [z)|D'u(z)| < 400,

zelUn

n

respectively. Here D'u(z) = D'{ru(2)} = P
rl ... rn

It is easy to see that

n

d
s ~ Ju©)] + Y sup (1 —|z;]) ‘—u(z)
j:l ZEU" 81’/

n

2 (2)
u
8rj .

)

< 400,

{1 rauGo)).

lullgn = 1D ullsooon ~  sup  [](1=rj) Moo(D'us r).

1/2<ry,ry<l1 =1

The following theorem asserts that 3 is strictly wider than B.

Theorem 6 The inclusion B C Bh is continuous and strict.
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Proof Suppose that u € B(U?). Since D' =1 +r, 837] + ’”23372 +r1r23r?% ,

lulisn = sup (1 = |zi)(1 = |22D)ID" u(z1, 22)|

zeU?
u u
<sup(I—r)d —=r)|z—|+sup(l —r)d —r2) |
zeU? r zeU? ara

2
+ sup (1 —r))(A = r)u(z1, z2)[ + sup (I —r)(1 —r2)

zeU? zeU?

81’181’2

=L+L+ 5L+ 1.

It is clear that the quantities /; and I, are dominated by ||u| 5. To estimate /3 and I,
we use Theorem 4 and obtain

I = sup (1 —rz)[ sup (1 —rl)lu(21,22)|]

O<ra<l1 O<ri<1

ou(zy, 22)

= C sup (1—ry) (lM(O, )|+ sup (1—r)? o
1

O<ry<1 O<r;<l1

)

+C sup (1—ry)

O<ry,rp<l1

ou(0, z2)
87'2

ou(zy, z2)

< Clu(0,0)| + C sup (1 —ry)? 3
r

O<ry<l1

= Cllullz,
2

31’18)’2

<Csup(l—ry)

zeU?

L= sup(1 —r)(1 —ry) < Clulis.

zeU?

ou
8r1

Thus, |u|lpn < Cllu||g. The converse inclusion is false because of the example
fo(z1, 22) = 1_[?:1 log - which is in Ba(U?), but not in B(U?). Thus, the proof is
complete. O

The wider Bloch space Bh possesses some advantages. Unlike B, the space Bh is
the image of L°°(U") under the Bergman type operator

(1—1zP)"

Ty f, 016D Pay @ Oudman ),

Ty, (w)(2) =

where Pg,, = DPT7 P is the Poisson-Bergman kernel [2, p.735]. Namely, the map
Tpo: L®°(U") — Bhisbounded and onto, and also the map T, : Bh — L*(U")
is bounded for B, y; > 0(1 < j < n), see [2].

Theorem 7 Ifo;>0(1<j<n), then D% (h(oco, 0o, @)) =Bh, with equivalent norms.
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Proof We only prove the typical case 0 < o < 1 < . By semigroup type formulas
of Lemma 4

D) Py—(a1,02),, _— y—c1y—c2 ] P, o~ —(aa—1)yl—a [,
DHVD 'Zu_D,I ‘D,z 2DrlDrzu_rl Drz 2 Dr] 1{rllu}.

Hence by Theorems 1 and 4

| D, = DD

00,00,(1,1)

< B Dl )

”oo,oo,(l,l)

~ D ] 011y & 118l oo,00, 01,000 o
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