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1. INTRODUCTION

Let D be the unit disc of the complex plane and let T be its boundary. By H(ID) we denote the set of
functions holomorphic in D. For a measurable in D function f(z) = f(r(), the integral means of the
order p as usually are defined by

My(f5r) = [ F )| porgmy: 07 <1, 0<p<oo,

where dm is the Lebesgue measure on the circle T. The family of holomorphic functions f(z) for which
| fllar = sup Mp(f;r) < 400, is the usual Hardy space HP. The quasinormed space H(p,q, a) (0 <
0<r<1

p,q < 0o, a > 0) is the set of those functions f(z) holomorphic in D, which possess finite quasinorms

1 . 1/q
(/0 (1 —r) Mg(f;r)dr> , 0< g < o0,

sup (1 —7)*My(f;r), q = 0.
o<r<1

1/ llp.g.0 =

The mixed norm spaces H(p,q,«) are closely connected with many known functional spaces as the
weighted Hardy spaces (¢ = o), the analytic spaces of Besov, Sobolev, Bloch, Dirichlet etc., see[1], [2].
If (1 —7r)*My(f;r) = o(1) asr — 17, then it is said that a holomorphic function f belongs to the little
space Hy(p, 00, ).

Everywhere, the symbols C(«, 3, . ..), ¢, etc. will denote some positive constants which can be different
in different formulas and depend only on the mentioned parameters «, 3, . ... The symbol A ~ B means

that there exist some positive constants Cy and Cy (the values of which are not essential), such that
Ci]A[ < |B] < Cof Al

Lemma 1. Let f € H(p,q, ) for some 0 <p < o0, 0 <q<oo, a>0, andlet f,(2) = f(pz) be an
expanded function. Then ||f — follp.ga =0(1)as p — 17.

The proof is rather standard, and it can be found, for example, in [3, Proposition 2.3], see also [4] for
p=q.
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Lemma2. Leta>0,p>0,a; >0, I, = {j e N: 2 < j <2k} k=12 ... Then

1 00 p © 4 P
/ (1—r)*t <Z akrk> dr ~ Z gk Z a; |
0 k=1 k=0 JEI,

where the constants in two-sided estimates C; = Ci(p, ), i = 1,2 depend only on p and c.

Lemma3. Letp > 0,a; >0, N € N. Then

N N p N
min{1, N?~1} <Z ai) < (Z ak> < max{1, NP7} <Z ai) .
k=1 k=1

k=1

Lemma 2 is proved by M. Mateljevi¢c and M. Pavlovi¢ [5], while Lemma 3 is a consequence of Holder’s
inequality.

A sequence of natural numbers {my}°, is called lacunary (in Hadamard’s sense), if there exists a
constant A > 1 such that mﬂ’zzl > Aforall k=0,1,2,... The corresponding power series is called
lacunary. Paley’s classical theorem characterizes the lacunary series in Hardy spaces.

Theorem A (Paley |6, Chapter V, Theorem 8.20]). Let {mk}zozo be an arbitrary lacunary
sequence and let f(z) be a function holomorphic in D, given by the convergent lacunary series
f(z) = > 52y axz™ . Then, for any p, 0 < p < oo, the function f belongs to the Hardy space H? if
and only if {ay} € (2. Moreover, the corresponding norms are equivalent:

00 1/2
1f v = (Z \akf) :

k=0

The lacunary series in classical functional spaces, as Bloch, Besov, Dirichlet spaces, Q-spaces, contem-
porarily are widely studied, see[7]-[17]. The recent work [18] of the author contains the proof of a version
of the following theorem (for higher dimensions, see [19]), which characterizes the lacunary series in the
Hardy-Bloch spaces.

Theorem B ([18], [19]) Let {mk};‘;o be an arbitrary lacunary sequence, let a > 0, and let f(z)

be a holomorphic function in D, given by the convergent lacunary series f(z) = > ayz"™*. Then,
k=0

the following statements are equivalent:

(a) f(z)€ H(oco,00,q),
(b) f(z) € H(p,o00,a) for somep € (0,00),

(c) f(z) € H(p,o0,a) forallp € (0,00),

(d) sup ‘;ﬁ' < +o0.
k>0 Tk

Moreover, the corresponding norms are equivalent:

|ak|

[1flloo,00,0 % [ flp,00,0 = SUD o

The main aim of this paper is to extend Theorem B to all values ¢ € (0,00), i.e. to the case of mixed

norm spaces H(p, q,«). As a corollary, we derive some sharp pointwise estimates for lacunary series
from H(p, q, o).
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260 AVETISYAN
2. THE MAIN RESULTS

Recently, Stevi¢[14, 15] obtained a characterization of lacunary series and their derivatives in H (p, ¢, o),
for finite values of p. In the below Theorems 1 and 2, we generalize and make more exact his results by
application of the fractional integro-differentiation of arbitrary order.

Theorem 1. et 0 < g < o0, a >0, let {mk}zozo be an arbitrary lacunary sequence, and f(z) be
o0

a holomorphic in D function given by the convergent lacunary series f(z) = > apz™*. Then, the
k=0

following statements are equivalent:

() [(z) € H(c0,q, ),
(b) f(2) € H(p,q, ) Jor some p € (0,00),

(c) f(z) € H(p,q,a) Jorallp € (0,00),

(d) z ‘“’a'q < +o0.

Moreover, the corresponding norms are equivalent:

A
1fllsoq0 = 1 £llp.g = (Z maq>
k=0 K

Proof: The implication (a)=-(b) is obvious by the elementary embedding H (0, q,«) C H(p, q, «).

The implication (b)=-(c) follows form the Paley inequalities of Theorem A, which asserts that M,(f;r) ~
M(f;r)forany s, 0 < s < oo. Let us prove the implication (¢)=-(d). By the condition (¢), particularly
we have f(z) € H(2,q,«). Then, by Lemmas 2 and 3 we obtain

1 T ] 49 q/2
11800 = [ =t ([T 1reenpg) ) ar -

= / (1 —r)2at / Z ajr™ MY dr >
0 —7

2
k=0

1 o) q/2
> C’/ (1 —r)"‘q_l (Z\ak\zrzmk) dr >
0 k=0
1 o) q/2 o) 1 a/2
ag—1 2.m 2
2o [l (;\ak\r ) LT3N Dol I

ijIk

o0
ZOzzzklaq > laylf >OZ > LZJ| Z|aka|qq’
k=0

m; Elk m; Elk

where C' = C(p, q,a, \).
To prove the implication (d)=-(a), we apply Lemmas 2 and 3, taking into account that the quantity of
numbers m; contained in the interval I, does not exceed N = 1 + [log, 2], we obtain

1
17119 o = / (1 — 1) M (f;r)dr
0
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1 q
:/ (1 —r)2rt ( sup > dr
0 de(—m,m) k=0
1 0 4
< C/ (1-— r)o‘q_l (Z \ak\rmk> dr
0 k=0

q
= 1 — 1
< CZ okaq Z |aj| < CZ okaq Z |aj|q
k=0

my eimkﬁ

mj€ly k=0 mj€ly
o
a akl?
ey |y r)=ox
k=0 \m;el

where C' = C(q, a, ). This completes the proof of Theorem 1.
Define the Riemann-Liouville fractional integro-differentiation operator

o0

_ I'(k+1) k
D™« = ) eD, a>0,
/) Zar(k+1+a)0 TETE
o
N'k+1+a)
DYf(z Z Ik +1) akzk, zeD, a>0,
=0

see[2], [20, Section 22, (22.51)].

Theorem 2. [et 0 < g< oo, a>0, R, let {mk}zozo be an arbitrary lacunary sequence, and
f(2) be a holomorphic in D function, given by the convergent lacunary series f(z) = Y apz™*

Then the following statements are equivalent:
(a) D7f(z) € H(co,q, ),
(b) D°f(2) € H(p,q,) for somep € (0, 00),

(c) Dﬁf(z) € H(p,q,«a) forallp € (0,00);
d 3 s, < oo
k=0 "k

Moreover, the corresponding norms are equivalent:

o] 1/q
|ag|?
ID° fllss.gia = 1D fllpg.a = (Z ]
k=0 "'k

Proof: The power expansion of the function D f(z) is also lacunary. Therefore, we can apply Theorem
1 to each of the functions

8 _Z“’ Pmg +148)
D f(Z) _kZO F(mk+1) apz )
_ = T(my +1)

DPf(2) = g F(m::k_1+ﬁ)az

b
Il

0
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262 AVETISYAN

Further, Stirling’s formula asserts that for § > 0

T 1
(my, + +5)~m£ as k — oo.
I(mg+1)

Consequently,
> L(mg+1405) 1 |ak|q \ak\q
HDﬁprqa%Z< L(my +1) > NZ
k=0

Remark 1. /t is easy to see that Theorem 2 remains true if we replace the Riemann-Liouville
operator DP by Hadamard’s fractional operator

o

Fef(z) = Z(l—l—k) apz®, zeD, aeR.
k=0

Remark 2. Substituting 5 — « for a, one can be convinced that Theorem 2 covers all Besov spaces
and generalizes the preceding analogous results from [7,8, 13, 17].

Theorems A and B permit analogous generalizations with fractional derivatives. We omit their proofs.

Theorem 3. Let {mk};‘;o bean arbitrary lacunary sequence, € R, and let f(z) be a holomorphic

in D function given by the convergent lacunary series f(z) = Y. axz™*. Then, for any p, 0 < p <
k=0

o0, the function DPf belongs to the Hardy class HP if and only if {mfak} € (2. Moreover, the
corresponding norms are equivalent:

o0 1/2
2
01 ~ (S

k=0
Theorem 4. et {mk}zozo be an arbitrary lacunary sequence, o >0, B € R, and let f(z) be a

holomorphic in D function given by the convergent lacunary series f(z) = > axz"*. Then, the
k=0
following statements are equivalent:

(a) D7f(2) € H(c0,00,0),
(b) D°f(2) € H(p,00,0) for some p € (0,00),
(c) DPf(z) € H(p,00,a) forall p € (0,00),

|a]
(d) 21;18 e < +o0.

Moreover, the corresponding norms are equivalent:

o—

ag
D fllocoin ~ D7 0 sup
k>0 my

Theorem 5. Let {mk};‘;o be an arbitrary lacunary sequence, o > 0, B € R, and let f(z) be a
[e.e]
holomorphic [unction in D, given by the convergent lacunary series f(z) = > apz™*. Then, the

following statements are equivalent:
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LACUNARY SERIES IN MIXED NORM 263
(a) Df(z) € Ho(oo,00,a),

(b) DPf(z) € Hy(p,o0, ) for somep € (0,00),
(¢c) DPf(z) € Ho(p,o00,) forallp e (0,00),

(d) lim laxl = .

a—p3
my

Remark 3. /t should be mentioned, that Theorem 3 includes the case of the holomorphic Hardy-
Sobolev spaces [21] containing the holomorphic functions with derivatives from HP. Theorems
4 and 5 cover all Bloch weighted spaces and little Bloch spaces, by generalizing the preceding
results from [7,8, 10, 13, 17, 22].

3. POINTWISE ESTIMATES OF LACUNARY SERIES

[t is well-known, that any function f(z) € H(p, ¢, o) satisfies the pointwise estimate

[1f1lp.g.0

£ (2)] SC(p,q,a)(1_|z|)a+1/p, z€D. (3.1)

The inequality (3.1) follows from the Hardy-Littlewood estimate
My (fip) < CA—p) VP My(f;p), 0<p<1,

which can be found in |1, Theorem 5.9] or |3, Proposition 2.1]. Indeed, it suffices to raise to degree ¢ < oo
of the last inequality and integrate it along the interval (r, 1) with weight (1 — p)®~1:

1 1
aq—1 . aq—1 .
/T (1 — p)a/rteq Mgo(f,p)dng/r (1= p)* " MI(f;p)dp, 0<r <1

By monotonicity of the quantity M. (f; p), we obtain

1
ML (f;7) / (1= py/rreaiqy < C|fI2, .

which immediately implies (3.1).

In (3.1), the degree o+ 1/p is the best possible for arbitrary functions. Indeed, the embedding
H(p,q,a) C H(co,00,a0 + 1/p — €) is not true for any small € > 0. One can verify that the function

—2/q
g(z) = (1—z)_(a+1/p) <IOgliz> , z€D,

belongs to H(p, q, «), but not to H(co, 00, + 1/p — ¢).

The next theorem shows that the lacunary series from H (p, g, «) have slower growth near the boundary,
than any functions from H(p, ¢, ).

Theorem 6. et 0 < p,q < oo, a > 0, let {mk}zozo be an arbitrary lacunary sequence, and f(z) be

o0
a function of H(p, q, ), given by the convergent lacunary series f(z) = > axz™*. Then,
k=0

[1f1lp.g.0

f(2)] < C\p,q,) , zeD, (3.2)
(1 —lz)
where the degree o can not be decreased.
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264 AVETISYAN

Proof: By theorem 1, for any function f € H(p, ¢, o) with 0 < ¢ < oo

o0
e [ |ax|?
kZ:O mzq S C”f”g,%a and mch S CHfH;(IZan? k Z 0,
or
lar| < C|fllpgami Torall k>0, (3.3)

where C' = C(A,p,q,«) is independent of f. For ¢ = o0 and a function f € H(p,o0,«), the last
inequality immediately follows from Theorem B. Thus, the lacunary expansion of f € H(p, ¢, «) with
0 < g < oo satisfies the estimate (3.3). Consequently,

o0 o0
£ < larllz™ < Cllflpga Y mglel™
k=0

k=0

= Cllfllpga Y > m12™, (3.4)

k=0 mjely

where [}, = {i € N : 2% < < 281} The number of integers m; in I, does not exceed N = 1 + [log,, 2].
Therefore, the inner sum of (3.4) can be estimated as follows:
5 gl < Na
ijIk

This means that by (3.4)

1/ llp.q.0

S < ON|flpgad 2D~ (Tlras

k=0
The last estimate can be found, for instance, in[1, p. 66].

Now, let us show that in (3.2) the degree « is the best possible. Suppose there is a degree 3, 0 < 8 < «,
such that for any lacunary series f € H(p, ¢, ) there exists a constant C' > 0 such that

C|l fllp,q.a
f(z)] < Ve, z€D, (3.5)
|f(2)] (1-|2)?
i.e. f € H(oo,00, ). Choosing v such that 5 < v < «, we define the counterexample
folz) = Z 25712 2 eD.
k=0

By Theorems B and 1, the function fy(z) belongs to H(p, q, ). On the other hand, fy(z) ¢ H (o0, 00, 3).
This contradicts (3.5) and completes the proof.

Though we can not decrease the degree a in (3.2), we can refine the estimates (3.2) in the following
sense.

Theorem 7. Let 0 <p <00, 0< g < o0, >0, let {mk}zozo be an arbitrary lacunary sequence,
o0

and f(z) be a function of H(p,q,«), given by the convergent lacunary series f(z) = Y. apz"*.
k=0

Then,

1 -
fz)=o0 <(1 3 |Z|)O‘> as |z —1". (3.6)
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LACUNARY SERIES IN MIXED NORM 265
Proof: By Lemma 1, for any ¢ > 0 we can choose pg € (0, 1) close enough to 1, so that

I f = follpga <& forall pe (po,1),

besides, (1 —7)* < ¢ for all 7 € (po,1). By Theorem 6, the function f — f, € H(p,q,a) admits the
estimate

If = follp.ga

D.
(1o * 7€

1f(2) = fo(2)| < C(\,p,q, @)

For a fixed p € (po, 1), we obtain

(1= 2Df G < (X =7)f(2) = Fo(2) + (L =7)%[fp(2)] <
< CO|f = follpga + Co(l —1)* < Ce

forall € (pp,1). The proof of Theorem 7 is complete.
Note that by Theorem 6 the degree o can not be decreased in (3.6).
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