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Abstract—In this paper continuous embeddings in spaces of harmonic functions with mixed norm
on the unit ball in Rn are established, generalizing some Hardy-Littlewood embeddings for similar
spaces of holomorphic functions in the unit disc. Differences in indices between the spaces of
harmonic and holomorphic spaces are revealed. As a consequence an analogue of classical Fejér-
Riesz inequality is obtained. Embeddings in the special case of Riesz systems are also established.
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1. INTRODUCTION

Let B = Bn (n ≥ 2) be an open unit ball in Rn and S = ∂B be its boundary, that is, the unit sphere.
The integral averages of order p of a harmonic function u(x) = u(rζ) on the sphere |x| = r we denote by

Mp(u; r) =
∥∥u(r·)∥∥

Lp(S;dσ)
, 0 ≤ r < 1, 0 < p ≤ ∞,

where dσ is the (n− 1)-dimensional normed spherical Lebesgue measure on S i.e. σ(S) = 1. The set
of all harmonic functions on the unit ball B we denote by h(B). Observe that the class of harmonic
functions u ∈ h(B) satisfying

∥u∥hp = sup
0<r<1

Mp(u; r) < +∞,

is the classical Hardy space hp(B) on the unit ball B.
We define the mixed norm space h(p, q, α)

(
0 < p, q ≤ ∞, α ∈ R

)
to be the space of those harmonic

functions u ∈ h(B) for which the pre-norm

∥u∥p,q,α =


(∫ 1

0
(1− r)αq−1M q

p (u; r)dr

)1/q

, 0 < q < ∞,

sup
0<r<1

(1− r)αMp(u; r), q = ∞.

is finite. If (1− r)αMp(u; r) = o(1) for r → 1−, then we say that the harmonic function u(x) belongs
to a small space h0(p,∞, α). Notice that for p = q < ∞ the spaces h(p, q, α) coincide with weighted
Bergman classes, while for q = ∞ these spaces are referred as weighted Hardy spaces.

The mixed norm spaces h(p, q, α) and their subspaces consisting of holomorphic, pluriharmonic and
harmonic functions in the disc, and on the ball in Cn or Rn were extensively discussed in the literature.

The mixed norm spaces for holomorphic in the unit disc functions were introduced by Hardy and
Littlewood in [1], [2].

*E-mail: avetkaren@ysu.am
**E-mail: etonoyan@ysu.am

209



210 AVETISYAN, TONOYAN

Embeddings with different indices and relationships with usual Hardy classes Hp(B2) were the first
results for mixed norm spaces. Some of the results in this area can be found in the monograph by Duren
[3]. Flett [4], [5] has considerably extended, strengthened, and suggested simple proofs for a number of
original results by Hardy and Littlewood. Later multidimensional extensions of results by Hardy and
Littlewood, and Flett were obtained for domains in Cn and Rn. The spaces h(p, p, α), h(p, q, α) on the
unit ball in Rn were considered in [6-11] (see also references therein). The spaces h(p, q, α) consisting
of n-harmonic functions on polydisc in Cn, were studied in papers [12], [13]. It is known (see [14]) that
for 0 < p < 1 the Hardy classes hp(Bn) have complicated structure and essentially differ from Hardy
classes hp(Bn) with p ≥ 1. Similar phenomenon we observe for spaces h(p, q, α). If 1 ≤ p, q ≤ ∞, then
h(p, q, α) are Banach spaces with norm ∥ · ∥p,q,α. If either 0 < p < 1 or 0 < q < 1, then h(p, q, α) are

complete metric spaces with invariant metric d(u, v) = ∥u− v∥min{p,q}
p,q,α and pre-norm ∥ · ∥p,q,α.

In this paper we establish Hardy-Littlewood type continuous embeddings for spaces h(p, q, α) on the
ball in Rn. The main result of the paper is the following theorem.

Theorem 1.1. For any α, β ∈ R, 0 < p, q ≤ ∞ the following embeddings are continuous:

(i) h(p, q, α) ⊂ h(p, q, β), β > α,

(ii) h(p, q, α) ⊂ h(p0, q, α), 0 < p0 < p ≤ ∞,

(iii) h(p, q, α) ⊂ h(p, q0, α), 0 < q < q0 ≤ ∞,

(iv) h(p, q, α) ⊂ h(p0, q, β), β ≥ α+
n− 1

p
− n− 1

p0
, p ≤ p0 ≤ ∞,

(v) h(p, q, α) ⊂ h(∞, q0, β), β > α+
n− 1

p
, 0 < q0 ≤ ∞,

(vi) h(p, q, α) ⊂ h(p, q0, β), β > α, 0 < q0 ≤ ∞,

(vii) hp ⊂ h

(
p0,∞,

n− 1

p
− n− 1

p0

)
, 0 < p < p0 ≤ ∞,

(viii) hp ⊂ h

(
p0, q,

n− 1

p
− n− 1

p0

)
, 1 < p < p0 ≤ ∞, p ≤ q ≤ ∞,

(ix) hp ⊂ h(p0, q, β), β >
n− 1

p
− n− 1

p0
, 0 < p < p0 ≤ ∞.

(x) If u ∈ h(p, q, α), 0 < q < ∞, then u ∈ h0(p,∞, α).

2. PRELIMINARY RESULTS

To prove Theorem 1.1 we need a number of lemmas. First we introduce some notation.

The letters C(α, β, . . . ) and cα with or without parameters will stand for positive constants that can
vary from line to line, and will depend only on specified parameters α, β, . . . . The notation A ≈ B for
A,B > 0 means that there are positive absolute constants c1 and c2, such that c1A ≤ B ≤ c2A. For any
p, 1 ≤ p ≤ ∞ by p′ = p/(p− 1) we denote the conjugate index (also, we set 1/∞ = 0 and 1/0 = +∞).

Lemma 2.1. Let

Bx =

{
y = ρξ ∈ Rn : |y − x| < 1− |x|

2

}
⊂ B. (2.1)

be the ball with center at x = rζ ∈ B and radius 1−r
2 . Then

1− |x| < |ξ − ρx| < 3(1− |x|) for all y = ρξ ∈ Bx.
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CONTINUOUS EMBEDDINGS IN HARMONIC MIXED NORM SPACES 211

Proof. The first inequality is obvious. To prove the second inequality, we fix an arbitrary point x = rζ ∈
B. If 0 ≤ r ≤ 1

3 , then the desired inequality is obvious because in this case |ξ − ρx| < 2 and 1− r ≥ 2
3 .

Now let 1
3 < r < 1. Observe that the origin lies outside the ball Bx, and

1

2
(1− r) < 1− |y| < 3

2
(1− r), ρ′′ − ρ′ = 1− r, 0 < ρ′ < |y| < ρ′′, y = ρξ ∈ Bx,

where

ρ′ = r − 1− r

2
=

3r − 1

2
, ρ′′ = r +

1− r

2
=

1 + r

2
. (2.2)

By θ ∈ (0, π/2) we denote the angle between vectors ζ and ξ. It is easy to see that

cos
θ

2
>

√
2

2
, sin2

θ

2
<

sin2 θ

2
, sin θ =

1− r

2r
.

Hence we have

|ξ − ρx|2 = 1 + ρr − 2ρr cos θ = (1− ρr)2 + 4ρr sin2
θ

2
<

< (1− ρ′r)2 + 2ρr

(
1− r

2r

)2

=

(
1− 3r − 1

2
r

)2

+
ρ

2r
(1− r)2 =

= (1− r)2(1 + 3r/2)2 +
ρ

2r
(1− r)2 <

31

4
(1− r)2 < 9(1− r)2,

and the result follows.

Lemma 2.2. Each function u ∈ hp(B) with 0 < p ≤ ∞ admits the estimate

|u(x)| ≤ C(p, n)∥u∥hp(1− |x|)−(n−1)/p, x ∈ B,

or, in terms of embeddings, hp ⊂ h
(
∞,∞, n−1

p

)
.

Proof. For a fixed point x ∈ B and a ball Bx (see (1)), we apply Fefferman-Stein inequality [15]
(0 < p < ∞) and use (2.2) to obtain

|u(x)|p ≤ C(p, n)

(1− r)n

∫
Bx

|u(y)|p dy ≤ C(p, n)

(1− r)n

∫
ρ′<|y|<ρ′′

|u(y)|pρn−1dρdσ(ξ) ≤ C(p, n)

(1− r)n

∫ ρ′′

ρ′
Mp

p (u; ρ)dρ.

If 0 ≤ r ≤ 1
3 , then

|u(x)|p ≤ C(p, n)

(1− r)n

∫ ρ′′

0
Mp

p (u; ρ)dρ ≤ C(p, n) sup
0<ρ<2/3

Mp
p (u; ρ) ≤ C(p, n)∥u∥php ,

yielding the desired inequality.

For 1
3 < r < 1, taking into account 1

2(1− r) < 1− ρ < 3
2(1− r), we can write

|u(x)|p ≤ C(p, n)

(1− r)n

∫ ρ′′

ρ′
Mp

p (u; ρ)dρ ≤ C(p, n)

(1− r)n
(ρ′′ − ρ′) sup

ρ′<ρ<ρ′′
Mp

p (u; ρ) ≤
C(p, n)

(1− r)n−1
∥u∥php .

This completes the proof.

Lemma 2.3. If u ∈ hp(B) ш 0 < p < p0 ≤ ∞, then

Mp0(u; r) ≤ C(p, p0, n)∥u∥hp(1− r)
−(n−1)

(
1
p
− 1

p0

)
, 0 ≤ r < 1,

or, in terms of embeddings, hp ⊂ h
(
p0,∞, n−1

p − n−1
p0

)
.
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Proof. First observe that for p0 = ∞ lemma is reduced to Lemma 2.2. Hence we assume that 0 < p <
p0 < ∞. Then by Lemma 2.2

Mp0
p0 (u; r) =

∫
S
|u(rζ)|p0−p|u(rζ)|pdσ(ζ) ≤ Mp0−p

∞ (u; ρ)Mp
p (u; ρ) ≤

≤ C(p, p0, n)
[
∥u∥hp(1− r)−(n−1)/p

]p0−p
Mp

p (u; ρ) ≤

≤ C(p, p0, n)∥u∥p0hp(1− r)
−(n−1)p0

(
1
p
− 1

p0

)
,

and the result follows.

Lemma 2.4. (See [7], [9], [16]) The following integral estimates hold:

∫
S

dσ(ξ)

|ξ − x|α+n−1
≈


1

(1− |x|)α
, α > 0,

1, α < 0,

log
e

1− |x|
, α = 0,

x ∈ B,

∫ 1

0

(1− t)α−1

(1− rt)β
dt ≈


1

(1− r)β−α
, β > α,

1, β < α,

log
e

1− r
, β = α,

0 ≤ r < 1, α > 0.

In all the estimates the implicit constants depend only on parameters α, β, n.

The next lemma shows that the behavior of harmonic function u(x) in a vicinity of origin essentially
does not affect to the value of its pre-norm ∥u∥p,q,α to within equivalence.

Lemma 2.5. For any 0 < p, q ≤ ∞,α ∈ R and for all u ∈ h(B) the inequalities hold:

∥u∥p,q,α ≤ C(p, q, α, n)

(∫ 1

1/2
(1− r)αq−1M q

p (u; r)dr

)1/q

, if 0 < q < ∞,

∥u∥p,∞,α ≤ C(p, α, n) sup
1/2<r<1

(1− r)αMp(u; r), if q = ∞.

Proof. It is enough to prove the truncated inequalities∫ 1/2

0
(1− r)αq−1M q

p (u; r)dr ≤ C(p, q, α, n)

∫ 1

1/2
(1− r)αq−1M q

p (u; r)dr, for 0 < q < ∞,

sup
0<r<1/2

(1− r)αMp(u; r) ≤ C(p, α, n) sup
1/2<r<1

(1− r)αMp(u; r), for q = ∞.

If 1 ≤ p < ∞, then the function |u|p is subharmonic, and the integral averages Mp(u; r) monotonically
increase with respect to r. Hence in this case the proof is evident. Now assume 0 < p < 1 and consider
three subcases.

Case 0 < p < 1, q = ∞. Consider an arbitrary point x, |x| = 3/4 and a ball B1/8(x) with center at x
and radius 1/8. By Fefferman-Stein inequality [15] we have

|u(x)|p ≤ C(p, n)

(1/8)n

∫
B1/8(x)

|u(y)|pdy ≤ C(p, n)

∫
5/8<|y|<7/8

|u(y)|pdy ≤
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CONTINUOUS EMBEDDINGS IN HARMONIC MIXED NORM SPACES 213

≤ C(p, n)

∫ 7/8

5/8
Mp

p (u; ρ) dρ ≤ C(p, n) sup
5/8<ρ<7/8

Mp
p (u; ρ) ≤

≤ C(p, α, n) sup
1/2<ρ<1

(1− ρ)αpMp
p (u; ρ), |x| = 3/4.

Hence, using the maximum principle for subharmonic function |u|, we get

sup
0<ρ<1/2

(1− ρ)αMp(u; ρ) ≤ sup
0<ρ<3/4

Mp(u; ρ) ≤ sup
|x|<3/4

|u(x)| =

= max
|x|=3/4

|u(x)| ≤ C(p, α, n) sup
1/2<ρ<1

(1− ρ)αMp(u; ρ),

yielding the result.

Case 0 < p < 1, 0 < p ≤ q < ∞. We use the inequality, which was proved before

|u(x)|p ≤ C(p, n)

∫ 7/8

5/8
Mp

p (u; ρ) dρ, |x| = 3/4. (2.3)

Then applying Hölder inequality with indices q
p and

(
q
p

)′
, we get

|u(x)|p ≤ C(p, n)

∫ 7/8

5/8
Mp

p (u; ρ) dρ ≤ C(p, q, n)

(∫ 7/8

5/8
M q

p (u; ρ) dρ

)p/q

.

Hence for any point x, |x| = 3/4, we have

|u(x)|q ≤ C(p, q, n)

∫ 7/8

5/8
M q

p (u; ρ) dρ ≤ C(p, q, α, n)

∫ 7/8

5/8
(1− ρ)αq−1M q

p (u; ρ) dρ ≤

≤ C(p, q, α, n)

∫ 1

1/2
(1− ρ)αq−1M q

p (u; ρ) dρ.

Using the maximum principle for subharmonic function |u|, we get∫ 1/2

0
(1− ρ)αq−1M q

p (u; ρ) dρ ≤ C(q, α) sup
0<r<1/2

M q
p (u; ρ) ≤ C(q, α) sup

|x|<1/2
|u(x)|q

≤ C(q, α) sup
|x|<3/4

|u(x)|q = C(q, α) max
|x|=3/4

|u(x)|q ≤ C(p, q, α, n)

∫ 1

1/2
(1− ρ)αq−1M q

p (u; ρ) dρ, (2.4)

and the result follows.

Case 0 < q ≤ p < 1. Again we use the inequality (2.3), but now with q instead of p,

|u(x)|q ≤ C(q, n)

∫ 7/8

5/8
M q

q (u; ρ) dρ, |x| = 3/4.

An application of Hölder inequality with indices p
q and

(
p
q

)′
, yields

|u(x)|q ≤ C(q, n)

∫ 7/8

5/8

∫
S
|u(ρξ)|qdσ(ξ) dρ ≤ C(q, n)

∫ 7/8

5/8

(∫
S
|u(ρξ)|pdσ(ξ)

)q/p

dρ =

= C(q, n)

∫ 7/8

5/8
M q

p (u; ρ) dρ ≤ C(q, α, n)

∫ 1

1/2
(1− ρ)αq−1M q

p (u; ρ) dρ.

The rest of the proof is as in (2.4). This completes the proof.
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3. PROOF OF THEOREM 1.1
First observe that, in view of Lemma 2.5, it is enough to prove all the inequalities with norms and

pre-norms outside some vicinity of the origin.
(i)-(ii). The embeddings (i) and (ii) are evident. Notice only that the embedding (ii) is evident because
the averages Mp(u; r) monotonically increase by p.
(iii) The proof of embedding (iii) we start with the case q0 = ∞, that is, we have to prove that
h(p, q, α) ⊂ h(p,∞, α). Since for 1 ≤ p ≤ ∞ the averages Mp(u; r) increase by r, the proof of embed-
ding h(p, q, α) ⊂ h(p,∞, α) is trivial:

∥u∥qp,q,α ≥
∫ 1

ρ
(1− r)αq−1M q

p (u; r) dr ≥ C(α, q)M q
p (u; ρ)(1− ρ)αq, 0 < ρ < 1.

Now assume 0 < p < 1, and observe that it is enough to prove the inequality

sup
1/3<r<1

(1− r)αMp(u; r) ≤ C(p, q, α, n)∥u∥p,q,α.

Let x, 13 < |x| < 1 be a fixed point. As in the proof of Lemma 2.2, the Fefferman-Stein inequality [15] for
ball Bx (1), and Lemma 2.1 yield

|u(x)|p ≤ C(p, n)

(1− r)n

∫
Bx

|u(y)|pdy ≤ C(p, n)

∫
ρ′<|y|<ρ′′

|u(y)|p

|ξ − ρx|n
dy. (3.1)

Integrating, and using Lemma 2.4 and the identity |ξ − ρrζ| = |ζ − ρrξ|, we obtain

Mp
p (u; r) ≤ C(p, n)

∫
ρ′<|y|<ρ′′

|u(y)|p
(∫

S

dσ(ζ)

|ξ − ρrζ|n

)
dy ≤

≤ C(p, n)

∫
ρ′<|y|<ρ′′

|u(y)|p

1− ρr
dy ≤ C(p, n)

1− r

∫ ρ′′

ρ′
Mp

p (u; ρ) dρ.

Case p < q < ∞. By Hölder inequality with indices q
p and

(
w
e haveqp

)′
= 1

1−p/q ,

(1− r)Mp
p (u; r) ≤ C(p, n)

∫ ρ′′

ρ′
Mp

p (u; ρ) dρ ≤ C(p, n)

(∫ ρ′′

ρ′
M q

p (u; ρ) dρ

)p/q

(ρ′′ − ρ′)1−p/q.

This implies

Mp(u; r) ≤
C(p, n)

(1− r)1/q

(∫ ρ′′

ρ′
M q

p (u; ρ) dρ

)1/q

,
1

3
< r < 1.

Since 1
2(1− r) < 1− ρ < 3

2(1− r), we have

Mp(u; r) ≤
C(p, q, α, n)

(1− r)1/q(1− r)(αq−1)/q

(∫ ρ′′

ρ′
(1− ρ)αq−1M q

p (u; ρ) dρ

)1/q

≤ C∥u∥p,q,α
(1− r)α

,

and the result follows.
Case q ≤ p < 1. We use the inequality (3.1) with q instead of p,

|u(x)|q ≤ C(q, n)

∫
ρ′<|y|<ρ′′

|u(y)|q

|ξ − ρx|n
dy.

Replacing x by Qx, where Q is a linear orthogonal transformation Q : ρn ≪ ρn, that is, |Qx| = |x| for
all x ∈ ρn, and taking into account that the spherical measure σ is invariant under rotations, meaning
that σ

(
Q(G)

)
= σ(G) for each Borel set G ⊂ S and each orthogonal transformation Q, we obtain

|u
(
Qx
)
|q ≤ C(q, n)

∫ ρ′′

ρ′

∫
S

|u(ρξ)|q

|ξ − ρQx|n
ρn−1dρdσ(ξ).
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The change of variable ξ 7→ Qξ in the integral yields

|u
(
Qx
)
|q ≤ C(q, n)

∫ ρ′′

ρ′

∫
S

|u(ρQξ)|q

|ξ − ρx|n
ρn−1dρdσ(ξ).

Applying Minkowski inequality with index p
q ≥ 1 and the identity with an integral over orthogonal group

Mp(F ; |z|) =
(∫

|F (Qz)|pdQ
)1/p

, z ∈ B,

in view of Lemma 2.4, we find

M q
p (u; r) ≤ C(q, n)

∫ ρ′′

ρ′
M q

p (u; ρ)

∫
S

dσ(ξ)

|ξ − ρx|n
dρ

≤ C(q, n)

∫ ρ′′

ρ′

M q
p (u; ρ)

1− ρr
dρ ≤ C(q, n)

1− r

∫ ρ′′

ρ′
M q

p (u; ρ) dρ,
1

3
< r < 1.

Since 1
2(1− r) < 1− ρ < 3

2(1− r), the arguments of the previous case yield

(1− r)αMp(u; r) ≤ C

(∫ ρ′′

ρ′
(1− ρ)αq−1M q

p (u; ρ) dρ

)1/q

≤ C∥u∥p,q,α. (3.2)

This completes the proof of the embedding h(p, q, α) ⊂ h(p,∞, α). Now observe that the general case
0 < q < q0 < ∞ with a finite q0 can be reduced to the discussed case via the simple chain of inequalities:

∥u∥q0p,q0,α ≤ ∥u∥q0−q
p,∞,α∥u∥qp,q,α ≤ C∥u∥q0−q

p,q,α∥u∥qp,q,α = C∥u∥q0p,q,α.

(iv) First we prove the embedding (iv) for p0 = ∞, that is, the embedding h(p, q, α) ⊂ h
(
∞, q, α+ n−1

p

)
.

For 0 < p < q < ∞, as in Lemma 2.2 and (iii) we have

Mp
∞(u; r) ≤ C(p, n)

(1− r)n

∫ ρ′′

ρ′
Mp

p (u; ρ) dρ ≤ C(p, n)

(1− r)n−1

∫ ρ′′

ρ′
Mp

p (u; ρ)
dρ

1− ρ
,

By Hölder inequality with indices q/p and (q/p)′ we get

M q
∞(u; r) ≤ C(p, q, n)

(1− r)(n−1)q/p

(∫ ρ′′

ρ′
Mp

p (u; ρ)
dρ

1− ρ

)q/p

≤ C(p, q, n)

(1− r)(n−1)q/p

∫ ρ′′

ρ′
M q

p (u; ρ)
dρ

1− ρ
.

Integrating with a weight and then applying Fubini’s theorem we obtain

∥u∥q∞,q,α+(n−1)/p =

∫ 1

0
(1− r)

(α+n−1
p

)q−1
M q

∞(u; r) dr

≤ C(p, q, n)

∫ 1

0
(1− r)αq−1

(∫ ρ′′

ρ′
M q

p (u; ρ)
dρ

1− ρ

)
dr

= C(p, q, n)

∫ 1

0
M q

p (u; ρ)

(∫ (2ρ+1)/3

2ρ−1
(1− r)αq−1dr

)
dρ

1− ρ
= C(p, q, α, n)∥u∥qp,q,α.

We omit the proof in the case where 0 < p < q = ∞ because it is simple and can be carried out
as in Lemma 2.2. The case 0 < q ≤ p ≤ ∞ can be proved similarly. The embedding h(p, q, α) ⊂
h
(
∞, q, α+ n−1

p

)
is proved. Thus, the desired embedding

h(p, q, α) ⊂ h

(
p0, q, α+

n− 1

p
− n− 1

p0

)
, 0 < p ≤ p0 ≤ ∞,

JOURNAL OF CONTEMPORARY MATHEMATICAL ANALYSIS Vol. 47 No. 5 2012



216 AVETISYAN, TONOYAN

is proved for the boundary case p0 = ∞, and for p0 = p it is evident. According to a version of Riesz-
Thorin interpolation theorem for quasinormed spaces (see [17] – [19]), we obtain the desired embedding
for all 0 < p ≤ p0 ≤ ∞.
(v) The embedding h(p, q, α) ⊂ h(∞, q0, β), β > α+ n−1

p , 0 < q0 ≤ ∞, follows from the embedding

h(p, q, α) ⊂ h(∞,∞, α+ n−1
p ) and the inequality

|u(x)| ≤ C(p, q, α, n)
∥u∥p,q,α

(1− r)
α+n−1

p

, x = rζ ∈ B.

Indeed, for 0 < q0 < ∞ we have by Lemma 2.4

∥u∥q0∞,q0,β
=

∫ 1

0
(1− r)βq0−1M q0

∞(u; r)dr ≤

≤ C∥u∥q0p,q,α
∫ 1

0

(1− r)βq0−1

(1− r)αq0+(n−1)q0/p
dr ≤ C(p, q, α, β, q0, n)∥u∥q0p,q,α.

(vi) It is enough to prove the embedding (vi) for the most broader class h(p,∞, α), that is, the
embedding:

h(p,∞, α) ⊂ h(p, q0, β), β > α, 0 < q0 ≤ ∞,

Assume 0 < q0 < ∞, and use the embedding (iii) and Lemma 2.4 to obtain

∥u∥q0p,q0,β =

∫ 1

0
(1− r)βq0−1M q0

p (u; r)dr ≤ C∥u∥q0p,∞,α

∫ 1

0

(1− r)βq0−1

(1− r)αq0
dr ≤ C(p, α, β, q0, n)∥u∥q0p,∞,α.

(vii) The embedding (vii) is proved in Lemma 2.3.
(viii) In view of embedding (iii) it is enough to prove the embedding (viii) for q = p, that is, for the most
narrower class. So we have to prove the embedding

hp ⊂ h

(
p0, p,

n− 1

p
− n− 1

p0

)
, 1 < p < p0 ≤ ∞. (3.3)

Observe also that the case p0 = ∞ follows from the other cases with finite p0 < ∞, because by
embedding (iv)

hp ⊂ h

(
p0, p,

n− 1

p
− n− 1

p0

)
⊂ h

(
∞, p,

n− 1

p

)
.

Thus, it remains to prove the embedding (3.3) for finite 1 < p < p0 < ∞.
We use the method developed in [5]. Consider an operator T and a measure ν defined by

Tu(r) := (1− r)−(n−1)/p0Mp0(u; r), dν(r) := (n− 1)(1− r)n−2dr.

Since T (u1 + u2)(r) ≤ T (u1)(r) + T (u2)(r), the operator T is sublinear. By Lemma 2.3 a positive
constant C0 = C0(p, p0, n) can be found to satisfy

Tu(r) = (1− r)−(n−1)/p0Mp0(u; r) ≤ C0(1− r)−(n−1)/p∥u∥hp , 0 < r < 1.

Hence for any fixed s > 0 we have{
0 < r < 1; Tu(r) > s

}
⊂
{
0 < r < 1; C0(1− r)−(n−1)/p∥u∥hp > s

}
=

=

{
0 < r < 1; 1−

(
C0 s

−1∥u∥hp

)p/(n−1)
< r

}
⊂ (λ, 1),

where λ = max
{
0; 1−

(
C0 s

−1∥u∥hp

)p/(n−1)
}

. It is clear that for small s > 0 we have λ = 0, and for all

sufficiently large s > 0

ν
({

0 < r < 1; Tu(r) > s
})

≤ ν(λ, 1) = Cp
0 s

−p∥u∥php .
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This means that the function Tu(r) belongs to the weak space Lp
weak(dν), that is, the operator T is of

weak type (p, p) for all 1 < p < ∞. By Marcinkevich interpolation theorem (see, e.g., [18], [19]) T is an
operator of strong type (p, p) for all 1 < p < ∞,

C∥u∥php ≥ ∥Tu∥pLp(dν) = (n− 1)

∫ 1

0
|Tu(r)|p(1− r)n−2dr =

= (n− 1)

∫ 1

0
(1− r)p(n−1)(1/p−1/p0)−1Mp

p0(u; r)dr = (n− 1)∥u∥pp0,p,(n−1)(1/p−1/p0)
,

which completes the proof of embedding (viii). As an addendum notice that in the limiting case
p = 1 the embedding (viii) h1 ⊂ h

(
p0, 1, (n− 1)(1− 1/p0)

)
, 1 < p0 ≤ ∞, is invalid. The corresponding

counterexample is Poisson kernel.

(ix) The embedding (ix) is a combination of the embeddings (vi) and (iv). Indeed, for any α > 0 we have

hp ⊂ h(p, q, α) ⊂ h

(
p0, q, α+

n− 1

p
− n− 1

p0

)
.

(x) The statement (x) can be obtained as a limiting case of inequality (3.2), as r → 1−. This completes
the proof of Theorem 1.1.

4. APPLICATIONS OF THEOREM 1.1

Consider the harmonic vectors U = (u1, . . . , un) on the ball B, where uj(x) ∈ h(B) are the gradients
of some harmonic function. Denote by H(B) the set of Riesz systems on the ball B, that is, the class of
harmonic vectors U = (u1, . . . , un) on B for each of which some function h(x) ∈ h(B) can be found to
satisfy U = ∇h on B.

The Hardy classes consisting of vector-functions U ∈ H(B) we denote by Hp(B). In the case where
for a vector-function U ∈ H(B) the mixed “norm” ∥U∥p,q,α < +∞ is finite, we will write U ∈ H(p, q, α).

Denote by Sp = Sp(B) the class of subharmonic functions w(x) on the ball B satisfying Hardy
condition:

∥w∥Sp = sup
0<r<1

(∫
S
|w(rζ)|pdσ(ζ)

)1/p

< +∞, 0 < p < ∞.

As it was mentioned in the proof of Theorem 1.1, the Poisson kernel provides a counterexample
showing that the embedding (viii) in Theorem 1.1 for harmonic functions is not valid for p = 1.
Meanwhile, the embedding (viii) in Theorem 1.1 is true for all 0 < p < ∞ for holomorphic functions
in the unit disc (see [1], [3, Theorem 5.11]), and for holomorphic functions on the polydisc in Cn (see
[13]). The introduced above Riesz systems U ∈ H(B) in ρn in some way replace holomorphic functions
on ρ2, and for these systems the embeddings stated in Theorem 1.1 in some cases have broader fields of
admissible values of the parameters.

Corollary 4.1. For n−2
n−1 < p < p0 ≤ ∞, p ≤ q ≤ ∞ the continuous embedding holds:

Hp ⊂ H
(
p0, q,

n− 1

p
− n− 1

p0

)
.

Proof. The case p > 1 follows from the similar embedding (viii) for scalar-valued harmonic functions.
Let n−2

n−1 < p = q ≤ 1 and U = (u1, . . . , un) ∈ Hp(B). Denote λ = λn := n−2
n−1 . Then, according to a

result by Stein and Weiss (see [18], [19]), W := |U |λ and W p/λ = |U |p are subharmonic functions.
Therefore

M
p/λ
p/λ (W ; r) = Mp

p (U ; r), M
1/λ
p0/λ

(W ; r) = Mp0(U ; r), p0 > λ.
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Since W is a subharmonic function from Hardy class Sp/λ, W possesses a harmonic majorant v(x) ∈
hp/λ on B with equivalent Hardy norms (see [4]):

W (x) ≤ v(x), x ∈ B, ∥v∥hp/λ ≤ ∥W∥Sp/λ .

Hence, denoting p1 =
p
λ > 1, p01 =

p0
λ > 1, and using the already proved case, we can write

∥U∥pp0,p,(n−1)/p−(n−1)/p0
=

∫ 1

0
(1− r)p(n−1)(1/p−1/p0)−1Mp

p0(U ; r)dr =

=

∫ 1

0
(1− r)p1(n−1)(1/p1−1/p01)−1Mp1

p01(W ; r)dr = ∥W∥p1p01,p1,(n−1)/p−(n−1)/p0

≤ ∥v∥p1p01,p1,(n−1)/p−(n−1)/p0
≤ ∥v∥p1hp1 ≤ C∥W∥p1Sp1 = C∥U∥pHp .

The Riesz systems can be generalized as follows. The gradient of order m ∈ N for a sufficiently smooth
function v(x), denoted by ∇mv, is defined to be a vector-function the components of which are the partial
derivatives ∂γv, γ = (γ1, . . . , γn) of order |γ| = m, arranged in some fixed order. Denote by Hm(B),
m ∈ N, the class of harmonic vectors U = (u1, . . . , un) on the ball B, for each of which a function
h(x) ∈ h(B) can be found to satisfy U = ∇mh on B. The Hardy space and the mixed norm space
consisting of functions U ∈ Hm(B) we denote by Hp

m and Hm(p, q, α), respectively.

Corollary 4.2. For m ∈ N, n−2
m+n−2 < p < p0 ≤ ∞, p ≤ q ≤ ∞ the continuous embedding holds:

Hp
m ⊂ Hm

(
p0, q,

n− 1

p
− n− 1

p0

)
.

Proof is similar to that of Corollary 4.1. We need only define λ = λm,n := n−2
m+n−2 (instead of λn), and

use the fact that |U |λ, U ∈ Hm(B) is a subharmonic function, according to a result by Calderon and
Zygmund [20].

In the special case where p0 = ∞, 1 < p = q < ∞, the embedding (viii) leads to a strengthened
version of Fejér-Riesz inequality.

Corollary 4.3. If 1 < p < ∞, then for all u(x) ∈ h(B)∫ 1

0
(1− r)n−2 sup

ζ∈S
|u(rζ)|p dr ≤ C(p, n)∥u∥php , (4.1)

or, in terms of embeddings, hp ⊂ h
(
∞, p, n−1

p

)
.

The classical Fejér-Riesz inequality can be found, for instance, in monograph [3]. For some, different
from (4.1), versions of Fejér-Riesz inequality on the ball B, we refer the papers [21], [22], [8], [9]. Notice
also that the result of Corollary 3 contains an answer to question by Stević posed in [9, p.209].

Although the result of Corollary 4.3 is invalid in the limiting case p = 1 (according to the example of
Poisson kernel), nevertheless, as it follows from Corollaries 4.1 and 4.2, for Riesz system and for some
other special harmonic vectors the inequality (4.1) remains valid also for some p ≤ 1.

Corollary 4.4. If n−2
n−1 < p < ∞, then for all U ∈ H(B)∫ 1

0
(1− r)n−2 sup

ζ∈S

∣∣U(rζ)
∣∣p dr ≤ C(p, n)

∥∥U∥∥pHp , (4.2)

or, in terms of embeddings, Hp ⊂ H
(
∞, p, n−1

p

)
.

Corollary 4.5. If m ∈ N, n−2
m+n−2 < p < ∞, then for all U ∈ Hm(B) we have (4.2) and the corre-

sponding embedding: Hp
m ⊂ Hm

(
∞, p, n−1

p

)
.
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The most significant difference between the spaces h(p, q, α) in ρn and similar spaces of holomorphic
functions in the unit disc is the fact that for some α ≤ 0, 0 < p < 1 the harmonic spaces h(p, q, α) are
non-trivial, that is, they contain non-zero functions. This phenomenon was discussed in [14], [13].

Now we are going to find conditions in terms of indices under which the spaces h(p, q, α) are trivial.
Notice that an appropriate example of non-trivial function of the space h(p, q, α) for suitable α ≤ 0, 0 <

p < 1 is the Poisson kernel: P (x) = P (x, ξ) = 1−|x|2
|ξ−x|n , x ∈ B, ξ ∈ S. The next lemma contains exact

conditions under which the Poisson kernel belongs to the spaces h(p, q, α).

Lemma 4.1. For 0 < p ≤ ∞, 0 < q < ∞, α ∈ R the following assertions hold:

(a) If 0 < p <
n− 1

n
, then P (x) ∈ h(p, q, α) ⇐⇒ α > −1;

P (x) ∈ h(p,∞, α) ⇐⇒ α ≥ −1;

P (x) ∈ h0(p,∞, α) ⇐⇒ α > −1;

(b) If
n− 1

n
< p ≤ ∞, then P (x) ∈ h(p, q, α) ⇐⇒ α > (n− 1)(1− 1/p);

P (x) ∈ h(p,∞, α) ⇐⇒ α ≥ (n− 1)(1− 1/p);

P (x) ∈ h0(p,∞, α) ⇐⇒ α > (n− 1)(1− 1/p);

(c) If p =
n− 1

n
, then P (x) ∈ h(p, q, α) ⇐⇒ α > −1;

P (x) ∈ h(p,∞, α) ⇐⇒ α > −1;

P (x) ∈ h0(p,∞, α) ⇐⇒ α > −1.

Proof follows from Lemma 2.4 and the sharp estimates of Poisson kernel

Mp(P ; r) ≈



1− r, for 0 < p <
n− 1

n
,

(1− r)−(n−1)(1−1/p), for
n− 1

n
< p ≤ ∞,

(1− r)

(
log

e

1− r

)1/p

, for p =
n− 1

n
,

0 ≤ r < 1.

The next theorem contains exact conditions under which the spaces h(p, q, α) are trivial, that is, they
contain only zero function.

Theorem 4.1. The following assertions hold:

• If 1 ≤ p ≤ ∞, 0 < q < ∞, then h(p, q, α) = {0} ⇐⇒ α ≤ 0;

• If 1 ≤ p ≤ ∞, then h(p,∞, α) = {0} ⇐⇒ α < 0;

• If 1 ≤ p ≤ ∞, then h0(p,∞, α) = {0} ⇐⇒ α ≤ 0;

• If 0 < p <
n− 1

n
, 0 < q < ∞, then h(p, q, α) = {0} ⇐⇒ α ≤ −1;

• If 0 < p <
n− 1

n
, then h(p,∞, α) = {0} ⇐⇒ α < −1;

• If 0 < p <
n− 1

n
, then h0(p,∞, α) = {0} ⇐⇒ α ≤ −1;

• If
n− 1

n
≤ p < 1, 0 < q < ∞, then h(p, q, α) = {0} ⇐⇒ α ≤ (n− 1)(1− 1/p);

• If
n− 1

n
< p < 1, then h(p,∞, α) = {0} ⇐⇒ α < (n− 1)(1− 1/p);

• If
n− 1

n
≤ p < 1, then h0(p,∞, α) = {0} ⇐⇒ α ≤ (n− 1)(1− 1/p);
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• If p =
n− 1

n
, then h(p,∞, α) = {0} ⇐⇒ α ≤ −1.

Proof. For 1 ≤ p ≤ ∞ the result follows from monotonicity by r of the integral averages Mp(u; r).
The assertions for classes h0(p,∞, α) were proved in Theorem 2.11 from [14]. In the remaining cases
0 < p < 1, and using the embeddings (iii), (vi), (x) from Theorem 1.1 h(p, q, α) ⊂ h0(p,∞, α), the proof
can be reduced to [14] and Lemma 2.6.

The main results of this paper were reported on the international conference Harmonic Analysis
and Approximations, V, 2011, Tsaghkadzor, Armenia, dedicated to the 75 anniversary of academician
N.H.Arakelyan.
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