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Abstract

We apply the idea of Fourier-Pade approximation for accelerating the
convergence of the truncated Fourier series. The resultant rational lin-
ear approximation of the smooth function f on [—1, 1] is constructed by
the roots of the Laguerre polynomial that depends on the smoothness
of the approximated function. Numerical results outlined the quality of
approximations.
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1. Basic Formulae Denote

N ‘ 1 1 .
Sx(h= 3 fue™ f=3 [ fa)e . (1)

n=—N

For a finite sequence of complex numbers ¢ := {6 };_ ., p > 1 we put

AQL(@) = fns A’II?L(H) = Aﬁ_l(e) + eksgn(n)Ak_l (9)7 k>1,

(In]—1)sgqn(n)
where sgn(n) = 1ifn > 0and sgn(n) = —1ifn < 0.

By Rx(f) denote the approximation error of the truncated Fourier series

Ry(f) = f(z) = Sn(f) = Ry (f) + Ry (f),

where
_N-1

R5(N) = S fad™ Ry(f)= 3 fue™

n=N+1 n=-—oo
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Applying the Abel transformation, we get

p k—1
in - 0, A 0
Ry () = —emvne Y- B O
k=1 Hszl(l"‘ese )

+ Ap /LTl'nx.
2:1(1 + Oe’™) ZN:Jrl

Similar expansion of Ry (f) reduces to the following approximation ([2])

N

p k—1

E i i Z 0. A (9)

Sp,N(f) = fnem’nr _ e“"(N-Fl)z N |
n=-N k=1 Hf:l(l + Ogetme)

k7
_ emim(N+)z Ep: Q*kAle(a)
k=1 Hl;:l(l +0_seim)

with the error

Ry n(f) = f(@) = Spn(f) = R;_,N(f) + R, n(f),

where
1
Ri = i A :tmmc.
ZLN(f) Hi:l(l + eikeimx ¥+1
If 6 is the solution of system
AP(@)=0,n=—-N-1,--- ,—N—p;N+1,--- N +p, (2)

then approximation S, y(f) coincides with the Fourier-Pade approximation
[1].

In this paper we introduce an alternative approach for determining the
parameters 0, when the approximated function is smooth on [—1,1]. The
resultant approximates f by means of rational functions but realizes linear
approximation.

We put

Ap(f) = fP ) = FP(-1).

Further we suppose that
.
ekrzefk:l_ﬁk7 k:17>p (3)

By vk (p), k =0, - -, p we denote the coefficients of the polynomial

p p
H +7e) =Y (p)at.
k=1 k=0

First we need the following Lemma.
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Lemma 1. /2] Suppose f € C*P[—-1,1], ¢ > 0, p > 1, and f9*P) is
absolutely continuous on [—1,1]. Then, if A;(f) =0forj=0,---,¢—1
and 0y, are chosen as in (3), the following asymptotic expansion holds
as N —oo,n>N+1

_1)yntp+l 2 +p—Ek)(-1)F
A%(0) = Ay(f) ;(i ;)qﬂq! > R =L

+o(n=17P71),

In view of Lemma | and system (2) we get the following system for deter-
mining the numbers 7

P
q+p (D ) _
Z )q+p E+1 =0, s=L--,p
=0

Expansion into Taylor series in terms of 1/N leads to the following equations
p
Z Ym+q+p—k)!=0, m=0,---,p—1.

From here we get
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Figure 1: Absolute errors while ap- Figure 2: Absolute errors while ap-
proximating (??) by the truncated proximating (4) by the rational ap-
Fourier series (solid line) and ratio- proximation for p=1 (thick solid line),
nal approximation for p = 1 (dashed p = 2 (dashed line) and p = 3 (thin
line) when N = 16 and ¢ = 2. solid line) when N =16 and ¢=2.

Taking into account the definition of 4 we obtain the equation

p k
p+q'z o =0,
k:o E!'(q+ k)!
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with Laguerre polynomial ([3]) L{(x) in the left hand side that has positive
single roots {x;}_, satisfying the condition z;, = 7. Now S, n(f) with
O defined by (3), where 7 are the roots of the Laguerre polynomial Lf(z),
realizes rational linear approximation of the smooth function f on [—1,1].

[t is easy to check that for p = 1 we have 7 = 1 4 ¢ and for p = 2 we get

m=q+2++vg+2andm =q+2—q+2

2. Numerical Illustrations Consider the following simple function
f(z) = (1 —2*)?sin(z — 0.5). (4)

Figures 1 and 2 compare truncated Fourier series with the rational ap-
proximations at the point x = 1. Figure 3 shows the plots of the absolute
errors on the interval [—0.5,0.5] while approximating (4) by the truncated
Fourier series and rational approximations.
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Figure 3: Absolute errors while approximating (4) by the truncated Fourier
series and rational approximations on the interval [—0.5,0.5] for N = 16 and
q=2.
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