On Good-A Inequalities for Couples of

Measurable Functions

GRIGORI A. KARAGULYAN

ABSTRACT. We give a domination condition implying good-A
and exponential inequalities for couples of measurable functions.
Those inequalities recover several classical and new estimations in-
volving some operators in Harmonic Analysis. Among other corol-
laries we prove a new exponential estimate for Carleson operators.
The main results of the paper are considered in a general setting,
namely, on abstract measure spaces equipped with a ball-basis.

1. INTRODUCTION

A classical problem in the theory of singular operators is the control of a given
operator by a maximal-type operator. A typical result in this study is the well-
known Coifman-Fefferman [5] estimate of a Calderén-Zygmund operator by the
Hardy-Littlewood maximal function.

Theorem A (Coifman-Fefferman, [5]). Let T be a Calderén-Zygmund opera-
tor on R™ and M be the maximal operator. Then, for any weight W satisfying the
Muckenhoupt Ao condition, the inequality

(1.1) IT* fllerwy < clIMfllLew)

holds, where 0 < p < oo, and ¢ > 0 is a constant depending on n, p, and w.

The original proof of this inequality is based on a special technique developed
in the papers of Burkholder-Gundy [2] and Coifman [4]. Specifically, (1.1) can
be easily deduced from the inequality

wix e R": |T*f| > 2A, IMf] < yA} <cySw{|T*f| >A}, A>0,
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where y > 0 is a sufficiently small number, and ¢ and 6 are constants. This kind of
bounds are known as good-A inequalities, and play a significant role in the study of
norm estimates of singular operators. Similar estimations of the Hardy-Littlewood
maximal function by the sharp maximal function were proved by Fefferman and
Stein in [7] (see also [18, Chapter 4]).

In the present paper we give a general approach to good-A inequalities. We
provide domination conditions, which imply good-A and exponential inequalities
for couples of measurable functions. We work in abstract measure spaces equipped
with a ball-basis. The concept of ball-basis was introduced in [12].

Definition 1.1. Let (X, 9, 1) be a measure space. A family of sets B € M is
said to be a ball-basis if it satisfies the following conditions:

(B1) 0 < pu(B) < oo for any ball B € B.

(B2) For any points x,y € X there exists a ball B > x, y.

(B3) If E € M, then for any & > 0 there exists a finite or infinite sequence of
balls By, k = 1,2,..., such that u(E A Uy Bx) < &.

(B4) Forany B € B there is a ball B* € B (called #he hull of B) satisfying the
conditions

U A C B,
AEB:u(A)<2u(B), AnB+0
u(B*) < Ku(B),

where X is a positive constant.

One can check that the Euclidean balls (or cubes) in R" form a ball-basis.
Moreover, it was proved in [12] that if the family of metric balls in spaces of
homogeneous type satisfies the density condition, then it is a ball-basis too. Other
examples of ball-basis are the family of dyadic cubes in R™ and its martingale
extensions (see [12] for other details).

Let (X, 90, u) be a measure space with a ball-basis 8. Given measurable func-
tion f and ball B € 98 we denote

OSCpa(f) = . inf )OSCE(f),

CB:u(E)=xu(B

INFp«(f) = inf lLf L=k,
ECB:u(E)=xu(B)

INFg(f) = essinf | f ()],
YEB

where 0 < @ < 1 and
OSCEe(f) = sup [f(x)— f(x")I.

x,x'€E

Definition 1.2. Let f and g be measurable functions. The function f is
said to be weakly dominated by g if for any 0 < & < 1 there exists a number
B = c(x) > 0 such that the inequality

(1.2) OSCB,(X(f) < B - INFg,1-«(g),
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holds for every ball B € B. If we have
(1.3) OSCp,«(f) < B - INFg(g)

instead of (1.2), then we say f is strongly dominated by g.

Clearly, relation (1.3) yields (1.2). We will see below that if the ball-basis 9B is
doubling, then condition (1.2) yields a good-A inequality for couples of measur-
able functions f and g.

Definition 1.3. We say that a ball-basis B in a measure space (X, D, ) is
doubling if there is a constant n > 2 such that for any ball A € B, u(A) <
H(X) /2, one can find a ball B O A satisfying

2u(A) < u(B) < n - u(A).

Recall the definition of Muckenhoupt’s A, -condition in the setting of general
ball-bases.

Definition 1.4. Let (X,D, ) be a measure space equipped with a ball-
basis B. We say a positive measure w defined on the o-algebra 91 satisfies Ac,-
condition if there are constants &,y > 0 such that

5
w(E) [ uE)
(14) w®) =Y <u(B))

for every choice of a ball B € B and a measurable set E C B.

In the sequel, constants depending only on parameters K and n (if the ball-
basis is doubling) will be called admissible constants. The relation a < b (a 2 b)
will stand for the inequality a < ¢ - b (a = ¢ - b), where ¢ > 0 is an admissible
constant. The following statement is one of the main results of the present paper.

Theorem 1.5. Let (X,0M, 1) be a measure space with a doubling ball-basis B
such that P(X) = oo, and let w be an Aw measure. If0 < x < 1, B > 0, and
measurable functions f, g satisfy (1.2), then we have the inequality

(1.5) u{xeX:lf(x)|>2A, Ig(x)ls%}s
sy(l-)ouixeX:|f(x)]>A}, A>0,

where'y and & are the constants from (1.4).

Applying a standard argument, well-known in classical situation, one can de-
duce from (1.5) the following result.

Corollary 1.6. If a function f is weakly dominated by g, then for any measure
w satisfying (1.4) we have the inequality

If ey < cp,y, ONGllrw), 0<p <o,
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where c(p,y,6) > 0 is a constant depending on p and the parameters y, S from
(1.4).

The functional OSCpg «(f) based on the classical Euclidean ball-basis in R"
was used in the definition of the local sharp maximal function given by Jawerth
and Torchinsky in [11]. The original definition of this functional is slightly dif-
ferent, but it is equivalent to the above definition. Recall the definition of median
from [11]. A median my(B) of a measurable function f over a ball B is a real
number (possibly not unique) satisfying

pix € B: f(x) >my(B)} < @
(1.6) B
uix € B: f(x) <mp(B)} < “T

Under the strong domination condition, in addition to (1.5) we also prove the
following exponential estimate.

Theorem 1.7. If the ball-basis B in a measure space is doubling and measurable
functions f and g satisfy strong domination condition (1.3), then for any ball B € B
we have

(1.7) p{x €B:|f(x) —mpB)| > Alg(x)|} S exp(—c-A)u(B), A>0,

where ¢ > 0 is an admissible constant.

The inequality (1.7) in R™ can be deduced from a sparse domination theorem
due to Lerner [15]. A basic idea applied in [15] (dyadic partition of cube) is
not applicable in the case of general ball-basis. Our proof of Theorem 1.7 uses
the technique of an exponential estimate for the Calderén-Zygmund operators
proved in [13]. A bunch of estimates of exponential type, involving different
operators of harmonic analysis, was proved by Ortiz-Caraballo, Pérez, and Rela
[16]. However, the paper [16] still makes use of the dyadic partition technique
along with the sparse domination theorem of Lerner [15]. In this context, one
can also consider the recent paper of Canto and Pérez [6], where authors give two
interesting extensions of the John-Nirenberg theorem in a weighted setting.

Inequalities (1.5) and (1.7) have a number of interesting applications in singu-
lar operators. Let U and V' be operators on L" (X). We will say that the operator
U is (strongly) dominated by V if Uf is (strongly) dominated by V f for every
f € L". In Sections 4 and 5 we will discuss different examples of operators U
and V satisfying the strong domination property. In view of Theorems 1.5 and
1.7, we will derive good-A and exponential inequalities for those couples of oper-
ators. Among other corollaries we prove a new exponential estimate for Carleson
operators.



On Good-A Inequalities for Couples of Measurable Functions 2409

2. SOME PROPERTIES OF BALL-BASES

We will often use property (B4) of a ball-basis as follows. If for two balls A,B € B
we have AN B # 0 and u(A) < 2u(B), then A C B*. The following Besicovitch-
type covering lemma was proved in [12].

Lemma 2.1 (12, Lemma 3.1]). Let (X,0M, 1) be a measure space with an
arbitrary ball-basis B. IfE C X is a bounded measurable set (i.e., E C B for some ball
B) and G is a family of balls so that E C Ugeg G, then there exists a finite or infinite
sequence of pairwise disjoint balls Gy € G such that E C Uy G§,.

Definition 2.2. For a measurable set E C X a point x € E is said to be a
density point if for any 0 < y < 1 there exists a ball B 5 x such that u(BNE) >
YU(B).

Lemma 2.3 ([12, Lemma 3.4]). Almost all points of a measurable set E C X
are density points.

Lemma 2.4. Let (X, 9, 1) be a measure space equipped with a ball-basis. Then,
there exists a sequence of balls Gy C Gy C + -+ C Gy C -+ + such that X = Uy, Gk.

Proof. Fix a point X9 € X and let A be the family of balls containing xy.
Take a sequence Ny, 7 N = sup, 4 U(A), where n can also be infinity. Let us
see by induction that there is an increasing sequence of balls A, € A such that
H(Ap) > Nn. The base of induction is obvious. Suppose we have already chosen
the first elements Ag, k = 1,2,...,¢. There is a ball B € A so that u(B) > ny,;.
Let C be the biggest among two balls B and Ay and define Ay, ; = C*. According
to property (B4) we have BU Ay ¢ C* = Ay, which implies u(Ayp;) = u(B) >
Ngs1 and Ag, 1 D Ag. Once we have determined A, we can take G, = A} as a
desired sequence of balls. Indeed, let x € X be arbitrary. By the (B2) property
there is a ball B containing both x¢ and x. In addition, for some n we have
H(B) < 2u(Ay), and so by property (B4), x € B C A}, = Gp. |

Lemma 2.5. Let (X, M, 1) be a measure space equipped with a ball-basis B. If
H(X) < o0, then X € 9B.

Proof- Applying Lemma 2.4, one can find a ball B such that u(B) > u(X)/2.
Consider the family of balls A = {A € B : An B # 0}. Focusing on (B2) and
(B4), one can see that X = (Jscq A C B*. Thus, we get X = B*. 0

Lemma 2.6. Let B be a doubling ball basis in (X, 9, n). If u(F) < u(X)/4,
then for any density point x € F there exists a ball B > X such that

2.1) (2nXK)'u(B*) < u(B*nF) <
u(B)
=

p(B*)
2 b

2.2) (2n) 'u(B) < u(BNF) <
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Proof. Suppose we are given a measurable set F and a density point x € F.
Consider the family of balls

_ ] H(A)
A—{Ae%.xeA, u(AmF)z—2 }

Since x is a density point, A is nonempty. Besides, we have

r = sup u(A) < 2u(F) < “(ZX).

AeA

Choose an arbitrary Ay € A such that p(Ag) > /2. According to the doubling
property there is a ball B > Ag such that 2u(Ag) < p(B) < nu(Ap). Since we get
H(B) > 7, neither B nor B* are in A, so the righthand sides of inequalities (2.1)
and (2.2) hold. On the other hand, we have

U(B* N F) = p(Ag N F) > @ > %j) > (2nK) " u(B*).

Similarly, one can also show the lefthand inequality in (2.2), so we are done. [

We say a ball B is well balanced with respect to a measurable set F if they
satisfy (2.1) and (2.2). In the sequel the notation A C B almost everywhere for
two measurable sets A,B C X will stand for the relation u(B \ A) = 0. The
following balanced covering lemma is an extension of Lemma 2 from [13] to the
abstract setting.

Lemma 2.7. Let B be a doubling ball-basis in a measure space (X, M, ). If

U(F) < u(X)/4 and a measurable set F' C F is bounded, then there exists a sequence
of balls By such that

(2.3) F' c UBk almost everywhere, F' N By + 0,
k
(2.4) D H(B) < 2nKu(F),
k
2.5) U(BLNF) < @_

Proof. Let D C F be the density points set of F. According to Lemma 2.6, for
any x € D there is a ball Gy > x, which is well balanced with respect to F. So
from the right side of inequality (2.2) we obtain

(2.6) p(GE) < Ku(Gy) < 2nKu(Gx N F).

Applying Lemma 2.1 to the set D N F’ and its covering G = {Gx : x € DN F'},
we find a sequence of pairwise disjoint balls Gy such that D N F" ¢ Uy Gf. By
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Lemma 2.3 we have u(F \ D) = 0, and so the sequence By = Gy satisfies (2.3).
Inequality (2.5) follows from the first balance condition (2.1). Finally, using (2.6),
the second balance condition ((2.2)) for G and the disjointedness of the balls G,
we get

D uB) = > u(GE) < K p(Gy) < 20K Y u(Gy nF) < 2nKpu(F),
k k k k

which gives (2.4). O
3. PROOES OF THE MAIN RESULTS

Proof of Theorem 1.5. We can suppose that % < & < 1, since for the smaller

numbers 0 < & < 1 inequality (1.5) trivially holds with a constant 2 on the right.
Denote

(3.1 Fa={xeX:|f(x)|>A}, A>0.

We can suppose that (Fy) < oo, since otherwise (1.5) is trivial. Thus, we have
H(Fy) < H(X)/4 = . Let G be an arbitrary ball. Apply Lemma 2.7 with F = F,
and F' = G N Fy. We find a sequence of balls By satisfying conditions (2.3), (2.4),
and (2.5). We claim that

(3.2) u{x €Bi: 1f(x)]>2A, lgx)| < %} < (1 = )u(By)

forany k = 1,2,... . We can only focus on the balls By satisfying

A
3.3) IJ{XEBki 1g(x)] SB} > (1 - o)u(By),
since otherwise inequality (3.2) is obvious. Applying (1.2) and (3.3), one can find
a set Ex C Bg so that

(3.4) H(Ex) = axp(By) > @,

3.5 OSCg, (f) < B - INFp 1-«(f) = B inf
ECBy:u(E)=(1-0)u(By

<B sup lg(x)| < A.
XEBy:1g(x)|<A/B

)||.g||L°°(E)

From (2.5) it follows that p(Bx \ FA) = u(Bk)/2. Combining it with (3.4), we
obtain Ex \ FA # 0, so there is a point xx € Ex \ FA. From (3.1) and (3.5) we
conclude

If (i)l <A, 1 f(x) = f(xa)l < OSCg (f) <A, x € Ek.
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This implies | f(x)| < 2A for all x € Ex and, once again using (3.4), we obtain

A
u{x € Br:1f(x)] >2A, |gx)| =< E}
< p(Br \ Ex) < (1 — x)u(By).
Once the validity of (3.2) is established, from the A« condition of w we immedi-
ately get

w {x €Br: |f(x)]>2A, [gx)] < %} <y-(1-00%w(By)

then, using also (2.3), (2.4), we obtain the inequality
A
w {x EG:If(x)]>2A, |gx)| < E}

<Qw {x € Bt [f(x)] > 24, |g(x)] < %}
k
<y(1-)wB) s y(l—)w(Fy),

which holds for any ball G. Choosing G to be one of the balls G, from Lemma 2.7,
and letting 1 to go to infinity, we will get (1.5). O
To prove Theorem 1.7 we need the following simple lemma.

Lemma 3.1. Let B be a ball and let a measurable set E C B satisfy p(E) >
U(B) /2. Then, for any measurable function f on B we have INFg(f) < m¢(B) <
SUPE(f).

Proof. Suppose to the contrary we have m¢(B) < INFg(f). Then, by the
definition of m (B) (see (1.6)) we get
p(E) < pi{x € B: INFe(f) < f(x) < SUPe(f)}

u(B)

<spuf{x €B: f(x)=2myp(B)} < >

which is a contradiction. The case of m ¢(B) > SUPg(f) may be excluded simi-
larly. O

Proof of Theorem 1.7. Given a ball A and a number % < o < 1 we describe
the following method.

Procedure. We first fix a “good” set Ea C A* such that

(3.6) U(Eq) = apt(A*),  OSCg, (f) <20SCa+,«(f).
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For the “bad” set F = A* \ Ex we have u(F) < u(X) /4. Thus, applying Lemma 2.7
to F and its subset F' = A\ Ea, we find a countable family of balls ch(A) (children
of A) such that

(3.7) A\Es C U G almost everywhere, AN G # 0, G € ch(G),
Gech(A)

(3.8) > H(G) <2nKpu(A* \ Ex) < 20K (1 — c)u(A*),
Gech(A)

(3.9 H(G N (A®\Ey)) < G € ch(A).

u(G)
2 ’
We first apply the procedure to the original ball B. We get Eg and a child balls
collection 4. Then, we do the same with each ball A € &l;, getting the second
generation of B denoted by 4l;. Continuing this procedure to infinity we will get a
ball family {x (kth generations of B) such that, for any ball A € & = Uy~ Lk, one
has an attached set E4 C A*, satisfying the relations (3.6)—(3.9) (where ty = {B}).

For an admissible o closer to 1 the collection 4l has two crucial properties. First,

(A)
(3.10) S o) <E2 acy,
Gech(A) 4K

which immediately follows from (3.8). Second,
(3.11) EanEg+0, A€, Gech(A).

To show (3.11), observe that (3.10) implies u(G) < p(A), and so by (3.7) we
have G ¢ A*. Hence, inequality (3.9) can be written in the form

(3.12) (G NEy) > “(2G).

Thus, using (3.6) and (3.12), we get

H(ExNEg) 2 u((EANG) N (EgNG))
=U(EANG)+U(EcNG) —u((EaNG) U (EgNG))

. @ 4 u(G) - u(G* \ Eg) — u(G)
. @ ~ (1 - u(G*)

1
> u(G) (E - XK(1- 0()) > 0,
and so (3.11) follows. Denote

A= U 6 k=0,1,....
Gerzknj
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Observe that {Ar} forms a decreasing sequence of measurable sets. Moreover,
from (3.10) and the structure of {1, it follows that

(3.13)  u(Ay) s4%-uB), k=1,2,...,BcC U Ak almost everywhere.
k>0

Thus, for almost all x € B we have x € A,,—1 \ Ay, for some n = 1, so one can
find a chain of balls By = B, By, ..., Byu_1 such that B; € ch(Bj_1) and x € Eg,.
According to (3.11) there are §; € Ep,_ ,NEp,,j=1,2,...,n—1. Set also &, = x.
Since &j,&j+1 € Ep;, we have

(3.14) LF(Ej) = f(&§j+1) =208Cp o(f), j=1,2,...,n-1.

In addition, we have p(Ep,) = ou(Bg) = p(B)/2 and & € Ep,, and so by
Lemma 3.1 we get

(3.15) |f(&1) —my(Bo)| < OSCg, (f) = 208Cg; o(f)-
Observe that B}, | C By, since according to (3.10) we have

H(Bk) _
7=

U(BE, 1) < Ku(Bis1) < H(By).

Hence, applying (1.3), (3.14), and (3.15), we obtain
If(x) —mgB)| = |f(En) — my(Bo)l

n-1
= 1f (&) —mypBo)| + X 1f(E) — f(Ej1)]

Jj=1

n-1
<2 D, OSCp: o(f) = 2nB(e0) - [g(x)|.
j=0

Finally, using (3.13), we get
pix € B:[f(x) —myg(B)| > 2nB(e)g(x)|} < u(An) 47 "u(B),

which completes the proof of the theorem. O

4. ESTIMATES OF SHARP MAXIMAL OPERATORS
Let 1 <7 < o be fixed. For any function f € L"(X) and a ball B € B we set

1 . 1/v .
(f)B=<mJB|f| ) ) <f>B: sup (f)a.

AeB:A2B
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We will consider also the #-analogues of this quantities defined by

1

1/v
EJB |f_fB|y> ’ <f>;:,B: sup (x4,

AeB:A2B

(4.1) (flep = (

where fp = (1/ /J(B))J f. Recall the definitions of maximal and (#)-maximal
B
functions

(4.2) Mf(x)= sup (f)p, Msf(x)= sup {(f)sp.

Be®B:B>x Be®B:B>x

Observe the following standard properties of quantities (4.1). If f € L"(X) and
B is an arbitrary ball, then

(4.3) (flep=<{f-cp+Ifp—cl<2(f—-cp, cER,

1/r
(G4 (Ples<20f —fr)p <2 (ﬁ | 1= e V) < (e,
(4.5) |fe = Sl < (f = fB*)B = (f)ep~

One can also check that My f (x) < 2Mf(x). The following theorem shows that
this bound is somewhat convertible.

Theorem 4.1. If (X, M, n) is a measure space with an arbitrary ball-basis B,
then forany 1 < v < oo the maximal operator M is strongly dominated by the operator
My. Moreover, we have a bound

(4.6) OSCpa(Mf) = (1 - ) V" (f)ip, BeEDB,

valid for any 0 < x < 1.
The following proposition shows that on the right side of (4.6) we can equiv-
alently use the quantity INFg(My(f)).

Proposition 4.2. Let B be a ball-basis in a measure space (X, M, u). For any
ball B € B and a function f € L (X)), it holds that

(4.7) (f)ip < INFg(M4(f)) S (f)ip.

Proof. The proof of the lefthand side of the inequality is straightforward. Let
us prove the righthand side. For any x € B there exists a ball B(x) > x such that

INFj(Ms (f)) _

A.
2

(4.8) (freB0x) >
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Applying Lemma 2.1, we find a sequence of pairwise disjoint balls {Bx} C {B(x) :
x € B} such that Uy Bf D B. If some By satisfies u(Bx) > p(B), then we have
B C By and, using (4.4), we get

* A
(fep = (Fapr 2 (Flep > 5

If u(Bx) < u(B) for every k, then Uy Bk C B*. Therefore by (4.3), (4.8), and the
pairwise disjointness of B, we obtain

(D= Do = (g [, 1~ fo o

> %(ﬁ%hk lf = ka|T>W

1
~ 2\ u(B*)
A 1 1/r
ST
2(u(B*) . )

>A( ! > (B*)>W>A O
= Muen 100 =4

(s %u(3k>(<f>#,3k>y)w

Proof of Theorem 4.1. Let f € L"(X) be a nontrivial function and B be an
arbitrary ball. Set g = (f — fp) - lg= and Egp = {y € B : Mg(y) < A}.
According to the weak-L" bound of the maximal function M (see [12]), we have

1
H(B\Esp) =y € B: Mg(y) > A} = 17 - j gl
B*

Thus, for an appropriate number A ~ (1 — &)~1/"(g)p+, we have u(B \ Egp) <
(1 — )u(B), and therefore, u(Eg ) > axp(B). Hence, applying (4.5), for the set
E = Ega C B we get the relations

(4.9) U(E) > au(B),

(4.10) Mg(y) = (1—0) V" (g)ps = (1 — )"V (f — f)p
<(1-) V" {(Frep + | fp— fo:])
s (-0 (f)ip ¥ €E

Take arbitrary points x,x" € E. Without loss of generality we can suppose that
Mf(x)=Mf(x"). Forany 6 > 0 there is a ball A 3 x such that

lef(X) < (f)A+5.
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If u(A) > u(B), then x’ € B C A*, and we have

(4.11) Mf(x) = Mf(x") ={(fla—(flax+0
<A{f = fada+ 1fas| +{f = fas)ar — [fas| + 0
SA(f—fadas +(f = fasdax + 6
S(flig+0.

If u(A) < p(B), then A C B*. Thus, using (4.10), we obtain

(4.12) Mf(x) —Mf(x") < {(fla—(flg+0O
s{f—fola+|fel+{f—fo)p—Ifel +0

=(@a+(f - Sfolp+d
< Mg(x) +(f)ig+5

S =) (fhip+(flap+ 6
S -V (f)ip+ 6.

Since 6 can be arbitrary small, from (4.11) and (4.12) we conclude

|Mf(x) = MF(X) < (1= V" (f)sp x,x €E.

This implies
(4.13) OSCE(Mf) = (1 - )"V (f)}
Combining (4.9) and (4.13) we deduce (4.6), so the theorem is proved. O

Corollary 4.3. Let (X,0M, 1) be a measure space with a doubling ball-basis B
and W(X) = oo. Then, for any functions f € L (X), 1 <v < oo, and € > 0 we have

(4.14) pu{x € X : Mf(x) > 2A, Mxf(x) < €A} S
e -u{x e X : Mf(x)>A}, A>0.

Proof. From (4.6) and (4.7) it follows that

OSCpa(Mf) s (1 — )"1/" - INFp(My(f))
< (1- ) V" - INFg - o(Ms(f)),
and so we can apply Theorem 1.5 with B ~ (1 — «)~!/". Then, the notation
€ = 1/B will give us the inequality (4.14). O

Combining Theorem 1.7 and Theorem 4.1, we can prove the following result.
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Corollary 4.4. Let (X, M, 1) be a measure space with a doubling ball-basis. For
any f € L (X) and a ball B, it holds that

(4.15) p{x € B: IMf(x)—cpyl > tIMsf (x)|} < exp(—c-t)-u(B), t>0,

where cp ¢ is a median of function Mf over B.

Along with operators (4.2) we will consider another maximal operator that
was introduced by Jawerth and Torchinsky [11]. That is the local maximal sharp
function operator

Myof(x)= sup OSCpu(f), 0<a<l.
BeB:Box

The obvious inequality
OSCp,a(f) = INFp(My,o(f))

yields a strong domination of any function f € L" (X) by My «(f). Thus, apply-
ing Theorem 1.7, we immediately get the following exponential estimate, which
is an extension of John-Nirenberg’s inequality.

Corollary 4.5. Let (X, 0, 1) be a measure space with a doubling ball-basis. For
any f € L"(X) and a ball B, it holds that

pix € B:[f(x) —mg(B)| >t Myof(x)}
sexp(—c-t)-u(B), t>0.

This inequality is the extension of analogous inequalities of papers [16], [13]
to general ball-bases. Specifically, Ortiz-Caraballo, Pérez, and Rela [16] proved
the same inequality (4.16) in R™ equipped with Euclidean balls. Observe that

& - My f (X) = Mef (x) < 2Mf (x),
If(x)] < Mf(x) almost everywhere,

where the last inequality follows from the density property. Focusing on these
bounds, one can see a difference between inequalities (4.15) and (4.16).

5. BOUNDED OSCILLATION OPERATORS

Let 1 <7 < oo, (X,M, u) be a measure space and L9(X) be the linear space of
real functions on X. An operator T : L" (X) — L9(X) is said to be subadditive if

ITA- ) =I1Al-ITf(x), AER,
IT(f+9)(x)| <|Tf(x)|+|Tg(x)|.

Recall the definition of bounded oscillation (BO) operators from [12].
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Definition 5.1. Let (X, M, u) be a measure space with a doubling ball-basis
%B. We say that a subadditive operator T : L" (X) — L°(X) is a bounded oscillation
operator with respect to 9B if we have the bound

5.1) sup OSCp(T(f - Ix\g+)) _ £(T) < oo,

feL"(X),BeB <f>l>’3<

called the localization property. The family of all bounded oscillation operators
with respect to a ball-basis B will be denoted by BOg or simply BO.

In fact, the paper [12] gives the definition of BO operators in the setting of
general ball-bases without the doubling condition. In such a general definition,
along with (5.1), the so-called connectivity property was assumed. It was proved
in [12] that if a ball-basis is doubling, then the localization property implies the
connectivity. It was also established that the class of BO operators involves the
Calder6n-Zygmund operators on general homogeneous spaces and their trunca-
tions, the maximal function, martingale transforms (nondoubling case), and the
Carleson-type operators. Finally, the above paper recovers many standard esti-
mates of classical operators for general BO operators. Those include some sharp
weighted-norm estimates that were recently investigated in series of papers.

Proposition 5.2. Let B be a ball-basis satisfying the doubling property. If a
BOwy operator T satisfies the weak-L" inequality, then

(5.2) OSCyo(ITF) S c - {f)3,

wherec = L(T) + (1 — o)~V | T\l pr—pre.

Proof- Let T be a BO operator. Given function f € L" (X) and ball B, denote
Epa={x €B:|T(f -lIp+)(x)] < A}.
The weak-L" inequality of T implies

Tl g

M\ Egy) < s g

Thus, for an appropriate number
A~ (L=) ™" Tl prs - (f) g
and for E = Eg », we have pu(E) > opt(B) and

IT(f -l )V) < (1 =0 V" Tllpr—pre - (f)p+, ¥ €E.
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Take x,x" € E C B and suppose that [Tf(x)| = |[Tf(x")|. By the definition of
BO operators we have

ITF ) = ITLXD)] < IT(f - Uxpe) ()| + [T - Dge) ()]
— T (f - Dxyg) (X)) |+ IT(f - Tge) (x)]
SIT(f - Txyge) (X) = T(f - Txyps) (X))
+ (1= V" Tl - (f)p+
< L(D{fYp + (1 =) V" Tllprepre - (f)pe
< (L(T) + (1= )™V |Tllpr~rr=) (f) -

Clearly, this all implies (5.2). O

Proposition 5.3. Let B be a ball-basis in a measure space (X, M, n). For any
ball B € B and a function f € L (X)), it holds that

(5.3) (f)E <INFgM(f) < (f)5.

Proof. The lefthand side of (5.3) is clear. To prove the righthand side, we
denote A = inf,,cp Mf(y)/2. For any x € B there exists a ball B(x) > x such
that (f)p(x) > A. Applying Lemma 2.1, we find a sequence of pairwise disjoint
balls {Bx} C {B(x) : x € B} such that Uy By D> B. If some ball By satisfies
U(By) > u(B), then we have B C By, and then

()5 = (Flgr = (Flp > A

This implies (5.3). Hence, we can suppose that pu(Bx) < p(B), and so Bx € B*
for any k. Therefore,

1/r 1/v
<f>BZ(f>B*Z(u(B*)ZJ Ifly) zA( B*)ZH(Bk))

1/r
1 *
ZA<M(B*)%;J(B,<)) > A O

Corollary 5.4. Let (X, M, 1) be a measure space equipped with a doubling ball-
basis, and let T be a BO operator on X satisfying the weak-L" bound, 1 < v < oo.
Then, for any function f € L" (X) and ball B such that supp f C B, we have
(5.4) wpixeB:|Tf(x)| >t -Mf(x)|} Scr-exp(—c-t)u(B), t>0,

where ct > 0 is a constant depending on T.
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Proof. Applying Theorem 1.7 along with (5.2) and (5.3), we will get a slightly
different inequality
(5.5)
puix € B: |ITf(x) —mr)(B)| >t - Mf(x)|} S exp(—c-t)u(B), t>0.

Then, we denote
E={x€B:|ITfX) <A (g}, A=2[T|[}_p-.
From a weak-L" estimate we get t(E) > p(B)/2. By Lemma 3.1 we have
INFe(T(f)) < mr(s)(B) < SUPE(T(f)),
which implies
(5.6) Imrp (B <A+ (f)p < 2||T||[r-pre - MF(X), x € B.

From (5.5) and (5.6) one can easily obtain (5.4). O

Corollary 5.4 implies the following good-A inequality.

Corollary 5.5. Let (X, 9, 1) be a measure space with a doubling ball-basis B,
and let T be a BO operator on X. Then, for any function f € L"(X), 1 < ¥ < oo,
and for any 0 < € < €r, we have

(5.7) u{x € X |Tf(x)| > A, Mf(x) <eA} s
< crexp (—%) pu{x e X Tf(x)| > A}, A>0,

where et is a number depending on the operator T.
Proof: We can suppose that the set
FaA={xeX:|Tf(x)|>A}, A>0
has a finite measure. We have either u(Fy) = pu(X)/4 or u(Fy) < u(X)/4. In
the first case, we get H(X) < o0, and so by Lemma 2.5 we have X € B. Applying
Corollary 5.4 with B = X, we obtain
uf{x € X |Tf(x)| > 2A, Mf(x) < €A}

su{xeX: ITf(x)| > %}

< CTexp <—§> u(Xx)

< crexp <—§> spu{x e X ITf(x)| > A}.
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Now let us suppose that p(Fy) < p(X)/4, and let G be an arbitrary ball. Apply
Lemma 2.7 to F = F and F' = G n Fi. We find balls By satisfying conditions
(2.3), (2.4), and (2.5). We claim that

C

(5.8) pix € By : [Tf(x)] >2A, Mf(x) < €A} < crexp (_E

) - U (By).

We can suppose that Mf (k) < €A for some E € Bk, since otherwise (5.8) is
trivial. This implies (f)3, < Ae. Given ball By consider the functions

Se=f-lgs, ge=J—fe=S"Ix-

From Corollary 5.4 it follows that

(5.9 wu {x € By : | Tfr(x)| > % Mf(x) < s?\}

< u{x € B ITfi(x)| > % Mfir(x) < 52\}

<pu {x € B ITfi(x)| > %} S crexp <—§> - u(By).
Since T is a BO operator, for 0 < € < L(T)/3 we have
(5.10) OSCp, (T (gr)) < L(T) - (f)p, < AeL(T) < %
Applying weak-L" inequality with t = 3A&[| T||1r—pr, we have

T Y[V,
uix € Be: ITfuo] > 1) < =L JB* f]
k

T\lpr—pre
< et ()2 )

t
AT lpr—pre _ KB
t 2

S—— " HuBy)

Combining this bound with (2.5), we now find a point ng € Bi \ Fa such that
ITfx(nk)!l < tand |[Tf(Nk)| < A. Hence, by the additivity of T for 0 < ¢ <
ONTllzr~1re) ", we get

4A
Tgrnk) <1 Tfm) |+ Tfn)] <t+A< 5

Thus, applying (5.10), we get

A
ITgr(x)] = [Tge(x) — Tar(mol + I Tae(mo)| = 57 for all x € By,
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and so by (5.9) we conclude that
u{x € By : |ITf(x)| >2A, Mf(x) < &A}

su{xeBk:lek(x)l > % Mf(x) ss?\}

S crexp <—§> - U(Bg).
Once we have (5.8), applying (2.3) and (2.4), we obtain the bound

u{x € G: |Tf(x)| > 2A, Mf(x) < €A}

< D ufx € Be: ITF(x)| > 27, Mf(x) < €A}
k

[

< Crexp <_E> . Zu(Bk) < cTexp( ¢
k

&

) mE,

valid for an arbitrary ball G. Choosing G to be one of the balls G, in Lemma 2.7,
and letting 1 go to infinity, we will get (5.7). O

Note that exponential inequality (5.4) for the classical Calderén-Zygmund
operators on R™ was proved in [13]. The partial sums operators in Walsh and re-
arranged Haar systems was established in [14]. The Calder6n-Zygmund operator
version of inequality (5.7) was proved by Buckley [1]. The Hilbert transform case
of this inequality goes back to the work of Hunt [9].

Now suppose we are given a family of functions

= {Pa € L”(R") : [@allw < 1}aea

and a Calderén-Zygmund operator T acting from L (R") to L"*(R"). Let us
consider the Carleson-type maximal modulated singular operator defined by

(5.11) T®f(x) = sup |T(@Qq - f)(x)].

acA

It was proved in [13] that T?® is a BO operator. Thus, from Corollary 5.4 we
obtain the following result.

Corollary 5.6. Ler T® be an operator of the form (5.11) acting from L" (R™)
into L™ (R™), and let M be the maximal function on R™. Then, for any function
f € L"(R™) and ball B the inequalities

(5.12) pix € B:|T*f(x)| > A - Mf(x)|} < cr - exp(—c - M)u(B), A>0
and
(5.13) uix e X |IT°f(x)| > A, Mf(x) < €A}

S crexp <—§> cpuix e X T f(x)| >A}, A>0

hold, where ct > 0 is a constant depending on T.
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As we saw above, (5.12) implies (5.13). Note that inequality (5.13) with
a rate of decay £°" instead of exp(—c/€) was proved by Grafakos, Martell, and
Soria in [8]. The classical example of maximal modulated singular operators is the
Carleson operator

e2‘rriat
p.v.J —_f(t)dt|.
T

Cf(x) = sup 2tan(x —t)/2

acR

It is well known that C is bounded on L” forall 1 < ¥ < o ([3], [10]). Thus, the
inequalities (5.12) and (5.13) hold also for the Carleson operator. Specifically, we
have the following result.

Corollary 5.7. If C is the Carleson operator and M is the maximal function on
unit circle T, then for any function f € L' (T) we have

(5.14) H{x eT:ICFxX)>A-MfF(x)} <cp-exp(—c-A), A>0,
and
(5.15) u{x e T:|Cf(x)] > A, Mf(x) < eA}

< crexp (—%) cpix €T |TF(x)| >A}, A>0.

In the particular case of f € L*(T) we have the inequality

u{xe'[f:ICf(x)|>t}Sexp<—c- ”ft” ), t>0,

because of Sj6lin [17]. Estimates analogous to (5.14), (5.15) are also valid for the
Walsh-Carleson operator.
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