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The paper studies convergence acceleration for Fourier series based on Pade approximants. An
application to expansions by eigenfunctions of a boundary value problem for a first order model
differential equation with discontinuous coefficient is considered and numerical results discussed.

§1. INTRODUCTION
It is well known that approximation of a 2-periodic f € C*(R) function by truncated Fourier series

(partial sum)
N

Sn(f) = ZN fa€ ™ fy = ;/11 f(z)e ™% dy (1)
is highly effective. When the approximated function has a discontinuity point, this truncation
procedure leads to the Gibbs phenomena. To counter them, different solutions have been suggested
in the literature (see [2], [12, 13] and the references therein). Thus A. Krylov in 1906 [14] and in
1966 by Lanczos [15] suggested subtracting a polynomial representing the discontinuities of the
function and some of its derivatives. In [15] the correction polynomial was a linear combination of
Bernoulli polynomials. In a series of papers [3, 5 — 8, 10, 11} Gottlieb and Eckhoff developed this
method for practical realizations. Further we refer to this as Polynomial (or P-) method. Another
way suggested in a general form by Cheney [4], is Fourier-Pade approximation which uses Pade
approximants [1]. Other trigonometric-rational investigations were carried out in [9], [16].

In [17, 19] and [20] Pade approximants were applied to asymptotic expansion of Fourier coefficients.

This approach leads to quasipolynomial approximation (QP-method) and actually generalizes the
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P-method.
The present paper applies Fourier-Pade approximants to P and QP approximations for additional
acceleration of convergence and applies that approach to expansions by the eigenfunctions of a

model problem for some differential equation (see [21]) with a non-smooth coefficients.

§2. POLYNOMIAL-PADE (PP-) APPROXIMATIONS

First we describe P-approximation. Suppose f € C[-1,1], ¢ > 0 and denote

According to asymptotic expansion of Fourier coefficients

(=t A 1 U
fn = 2 kZ:O (imn)k+1 + S(imn) /_1 [\ P(x)e de )

the function f can be split into two parts

qg—1

fx) = F(x)+ Y Ap(f)Bi(w), (3)

k=0

where F is a relatively smooth function with Fourier coefficients F,, = o(n=%), n — oo and By(x) are

2-periodic Bernoulli polynomials with Fourier coefficients

0, n=>0
Bk,n — (71)n+1

—_ =41,£2,...
2(imm)k+1’ " T

Approximation of F by Sy(F) leads to Polynomial (P-) approximation

q—1
Sq.n(f) = Sn(F) + ZAk(f)Bk(x)» (4)
k=0

where the Fourier coefficients of F can be found from (3)

g—1
k=0

We will write Sy n(f) = Sn(f).
Now we apply Fourier-Pade approximation for additional acceleration of Sy (F). Following [16] we
consider a finite sequence of complex numbers 6 := {0k} <> » > 1 and denote

AY(0,F) =F,,

Ak (0, F) = AFY(0, F) + 0, Sgn(n)A@;Lll_l)sqn(n)(e,F), k> 1,
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where sgn(n) =1 if n > 0 and sgn(n) = -1 if n < 0.

From (3), (4), we get

RyN(f) = f(z) = Sqn (f) = F(z) = Sn(F) = Ry (F) + Ry (F),
—N-1

(oo}
RL(F):= Y Fpe™, Ry(F):= Y Fne™". (5)
n=N+1 n=-—oo

It is easy to check that

_alFN ei‘n'(N+1)w 1

+ F) =
RN( ) 1+ 0,eim= + 1+ 6eim=

i Al (g, F)eimme.

n=N+1

Reiteration of this transformation p times leads to the expansion

p k—1
. 01 A 0, F
RJJ(,(F):_@W(NH)IZ kk (le <9’ ‘) |
=1 [q (14 Ogerme

) > AR, F)e™. (6)

n=N+1

1
+ .
7+ e

Similar expansion of Ry (F) reduces to the following Polynomial-Pade (PP-) approximation [16]

P k—1
’ }: 0 AN (0, F)
Span(f) =Sn(F) — pim(N+1)z h )
" k=1 H,::1(1 + feire)

- -1
_ —im(N+1)z Zp 0k AF (0, F) N K
k —iTT
k=1 Hs:l(]‘ + 9*86 ) k=0

It is natural to put So , n(f) = Sen(f).
There are different ways for determination of the vector 9. One option is Fourier-Pade method

where the vector 6 is found as a solution of the system
AP, F)=0, n=-N-p,---,—-N—-—1,N+1,---,N+p.

. . 1/2
Another option is connected with the following theorem, where || f|| = ( f_ll |f (ac)|2dx) denotes the

Lo-norm.

Theorem 1 [16]. Suppose f € Ci+P[—1,1], for some ¢ >0, p > 1, and f4+P) js absolutely continuous on
—1,1]. If

sze—kzl_%a kzlv"'ap77-k>07 TJ#TM.]#Z’
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then

hm Nq+2Hf( ) = Spa,N (O = [Aq()len(a),

1 00 1/2
cp(q) = i (/1 bp.q ()] dt) )

e—Ti(t=1) p p—k—-1

Gpq(t) = tq+1 _72 —_ —— Z,yk k+1 Z (q+p—k—m—1)!TjTrz
1 7 ] m=0

— ’L

where

and v (p) are defined by the identity
p p
[[0-+na) =3 wips" (7)
k=1 k=0

It can be easily shown that for p = 0 and f € C?[—1,1], for some ¢ > 0, with absolutely continuous

g-th derivative
1
Tt /2q F 1’

In Table 1 we represent some results from [16] on the choice of parameters 7, that minimize the

Jim NT (@) = Son ()] = [4g(Dleola)  cola) =

Ly-error for p = 3. The ratio cy(q)/c3(q) describes effectiveness of Ly,-optimal rational approximation

Sp.a.n(f) compared to S, n(f) for N >> 1.

q 1 2 3 4 5 6

c3(q) 0.00095 | 0.00007 | 9-10° | 1-10°° | 2-10°7 | 4-10°F
co(q)/cs(q) | 61.3 185.1 | 411.6 | 771.8 | 1296.7 | 2017.4
T 0.2510 | 0.6382 | 1.1230 | 1.6730 | 2.2699 | 2.9023
7 1.28553 | 2.2362 | 3.2067 | 4.1868 | 5.1725 | 6.1617
T3 42225 | 5.7813 | 7.2573 | 8.6781 | 10.0589 | 11.4089

Table 1. Numerical values of c3(q) and co(q)/c3(q) for 1 < ¢ < 6 using the numerical optimal

values of parameters 7, k =1,2,3.

§3. QUASIPOLYNOMIAL-PADE (QPP-) APPROXIMATIONS

Following [17 — 20] we consider a finite sequence of complex numbers 7 := {n}7,, m > 1 and denote

So(n. f)=An(f), Oh(n. f)=08""n f)+mdii(n.f), 1<k<q

If n<o0, we put 65(n,f) =0, k=0,1,....
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It can easily be checked that

ZAk o =gt LS A () (5)

1+me 1+mez P

Note that for 7, = 0 the sum in the left side of (8) remains unchanged. Reiteration of this

transformation m times (m < ¢ — 1) leads to the formula

qg—1 m k—1 q—1
Mkdq_1 (1, f)
Ag(f)a* =2t : + 5 (n, fa 9)
kZ:O k=1 [Ti, (1+ ne) [ (1 sz kZ:o

Now suppose f € C?—1,1] for some ¢ > 1. Applying transformation (9) to the first term of (2) with

(imn)~! instead of = we get

where
_ DMt & k01 (n, f)(imn)k
" 2imn) vt Z Hf (imn + 15)
RGN G0N 1 U @) (g it
i 2]Ts, (irn 4 i) k Eq:m (irn)k+1 " 2(imn)4 /_1 [1P(t)e dt. (11)
and

- (_1>n+1(iﬂ.n)m g—m—1 6]?(77, f)
@n = 2[1L, (imn + ;) ]; (imn)k+1’

According to (10) the function f can be split into two parts

f(z) = P(x) + Q(2), (12)

where

_ Z ]Dneiwnz7 Py = f07 Z Qn iTn

n—=—oo
n;é()

Approximation of P by the truncated Fourier series leads to the following approximation [17 — 20]

Tym,N(f) = Sn(P) + Q(x), (13)

where the Fourier coefficients of P can be found from (12)

Pn:fn_Qn-
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The unknown vector 5 in (13) we determine from the system

In [17] it was shown that the function Q(z) is a quasipolynomial of the form

Qz) = Z apaPr et
k

where w, € C and {p;} is a set of nonnegative integers. The approximation (13), (14) we call
QP-method or QP-approximation. It is important to note that for n = 7, = --- = 5,, = 0 the
QP-approximation coincides with P-approximation S, x(f).

For additional acceleration of QP-method we proceed as in the previous section. From (13) and
(12), we have, see (5)

Rymn(f) = (@) = Tymn(f) = RN (P) + Ry (P),

where
0 .
RL(P):= Y Ppe™
n=N+1
Al = O ARG, P) 1 > ,
_ _em( + )xz d N ’ - +— — Z A%(Q’P)emnx.
k=1 Hs:1(1 + osemr) kzl(l + Ore ) n=N+1

Similar expansion of Ry (P) reduces to the following Quasipolynomial-Pade (QPP-) approximation:

p k—1
' 0k A 6, P
Tp,q,m,N(f) = Sy(P) — eim(N+1)z Z kAN ( )

k .
k=1 HS:l(l + fse'm)
p
_ e—iTr(N—i—l)at E

0_L AL, P
" D)o,
k=1 [[— (1 +0_se~im)

Now we prove an analog of Theorem 1 for QPP-approximations.

In [16] the following lemma was proved:

Lemma 1 [16]. Suppose that the sequence P, has the following asymptotic expansion for ¢ >0, p > 1:

+q
(*1)n+1 \ Qs —p—g—1
P, = 2 =~ (z'7m)5+1 + O(TL p=a )7 n — 00,

where {a,}214 are some constants. If

T
ekZG—kzl_Nka kzla"'ap7
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then the asymptotic expansion

(=)™ G~ (a+p = B)U(=1) (p)
12(im)at1q! P NFE(n — k)atln — k[p—F

AP(9,P) =

holds as N — oo, |n| > N + 1, where the numbers ~,(p) are defined by (7).

By ur(m),k =0,---,m, we denote the coefficients of the polynomial

H (1 +ma) = Zﬂk(m)xk-
k=1 k=0
Note that the system (14) can be written in the following form:
Z’us A’f s+q—m— 1(f) = _Ak—i-q—m—l(f), k=1,---,m,

and denote

U;n = [Akfs+’r’(f)]a ku §= 17"'7m'

4 O(n—q—p—l)7

(15)

Theorem 2. Suppose f € C9t?[—1,1] for some q > 1, p > 0 and f(@+?) js absolutely continuous on [—1,1].

If det U™, | #0, then with n found from (14) and 6, =6_, =1- %, k=1,---,p, 7 >0, 7; # 71, j # 1,
lim N3 | f—T det Ug"in
2 — -t
N 1f = Tp.qm.n ()] = det U7, p(q),

where c,(q) is defined in theorem 1.

Proof: From (12), (13) and (6) we have

f(x) - Tp,q,m,N(f) = R;:g,m,N(P) + R;;(Lm,N(P)?

where

R:I: . (P) _ A iiwnw.
p,q,m,N 2_1( + Hikei“” §+1

After simple calculations we obtain from (11)

+q

_ (_1)”+1 X Qy —p—q—1

P = 2 (irn)ttt +o(n ), =00,
=q
where

m k— 1 Z q.l—q

= A+ mdt i 3" mt
- HJ#l(n = ;)
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Now we can apply Lemma 1 to the sequence P, taking into account that

+an5k L0, ) = 65 (n, f),

which follows from the relation

571, f) = 60" (0, F) A 1Sy 3 (0, F) = 67720, ) + 1672 (0, f) + 61 (0, )

=00, /) + > _ mori(n, f +an6q Y, f

By Cramer’s rule, from (15) we get

M,
det U™ ’

qg—m—1

ws(m) = s=1,---,m,

where {M,} are the corresponding minors. Consequently,

m

1
g (n, f) = +Z,us —s(f) = Aq(f) + W;MSAq_S(f)
i det Um+1
= (=D det U"

q—m—1

To get the proof it remains to proceed as in the proof of Theorem 1 with A,(f) replaced by

det Ut
(=™ det U™

qg—m—1

Note that for p =0 Theorem 2 was proved in [20].

4. NUMERICAL RESULTS

For any given f, ¢ and m we put

_ det (UM,,_1)
agm(f) = Aq(f)m .

The constant a,.,(f) describes the effectiveness of QPP-approximation compared to PP-approxim-
ation (with the same value of parameter p), assuming N >> 1 and Theorems 1,2 valid. Calculations
show that this constant in fact describes the convergence acceleration in broader situations. Note
that a,,, is independent of the parameter p.

Let us investigate the example
sin(bx — 0.2)

fla) = 1.1—=2
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Figure 1 represents the graphs of a,,.(f) for (16) for ¢ = 5,6,7 and 1 <m < ¢ — 1. For this function
the QPP-method proves to be more precise than PP-method (for the same value of parameter p)
almost 15 times for ¢ = 5;m = 3 and 50 times when ¢ = 7;m = 3.
13cm3cmpicl.bmp
Figure 1: Graphics of a,.,(f) for (16) for ¢ =5,6,7 and 1 <m < ¢ — 1.
The relative effectiveness of QPP-method against PP-method can be described by the fraction
max | f — Spq.n(f)]

lz]<1

\rﬁz)i |f - Tp,q,nL,N(f)‘ .

aN,q,m,p(f) =

Table 1 shows approximate values of ay 733 for (16). Calculations are carried out with 64 digits

of precision by MATHEMATICA package.

N 32 64 128
101.17 64.36 50.91

256 512
48.58  48.57

anN,7,3,3

Table 1: Approximate values of ay 733 for different N.
Comparison with theoretical value a7 5 = 49.4408 shows that experimental and theoretical estimates

are rather close for N > 64.

SO,q,N Sl,q,N SQ,q,N SS,q,N
128118 x 1079 | 21 x 10719 [ 45x 10711 [ 1.3 x 10711
256 | 7.3x 10712 [ 83x1071 [ 1.7 x107 183 | 47x 10"

TO,q,m,N Tl,q,m,N T2,q,m,N TS,q,m,N
128 [ 35 x 1071 [ 41 x10712 | 88 x 1078 | 25x 10713
256 | 1.52x 1078 [ 1.7x107¥ [ 35x 10715 [ 9.7 x 10716

Table 2: Uniform errors by QPP and PP methods for different values of N,p and ¢ =7,m = 3.
Figure 1 shows also the optimal values of m when parameter ¢ is fixed. Thus we see that for ¢ =7
the optimal is m = 3. Table 2 presents uniform errors in approximation of (16) by QPP and PP
methods for different values of N,p and ¢ = 7,m = 3. Comparison shows that S, x has the same
precision as T 73 While Ty 75 x is 3 times more precise than S3 7 .

All calculations are carried out by the package MATHEMATICA with 64 digits of precision.

§ 5. A MODEL PROBLEM
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The approach of previous sections was generalized in [18] for expansions by eigenfunctions for one-
dimensional boundary problems in the case where the coefficients of the equations are smooth.
Here we consider a simple first order model differential equation with non-smooth coefficient. Some
preliminary results were obtained in [21].

We pose the eigenvalue problem

i— = de(x)u(z), =€ (-1,1), (17)

u(—1) = u(1), (18)

where e(x) > § > 0, £t is a piecewise-continuous function in [~1,1] with potential points of
discontinuity among a = {ax}i_;, 1 =ap < a1 < az < ... < ayu_1 < a, = 1. We denote this class of
functions by Ct1[-1,1].

It is easy to calculate the eigenvalues {\,} and eigenfunctions {¢,} of the problem (17), (18)
Pn(x) = e % E(t)dt, Ap = —Tn, N EZ,

where
27

[Heyar

The system {¢,(z))}>> _ is orthogonal in the weighted space Ly[(—1,1),¢].

77:

We consider now the formal series

f@)= 30 fubal@). fu= 3= [ @) @aGade (19)

and the approximation formula:

N
WN(f)= Y fatn(@). (20)
n=—N

Lemma 2. If f € C4+1[-1,1] then the following asymptotic expansion holds

anﬂ Zwemnfjs(t)dt, a — n (=1)at! /115(x)gq+1($)¢n(x)dx7

(inn) 1 "= 2 (ign)e
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where

Ar(f,=1) = gx(1) — gr(=1),  Ax(f,2) = gr(z — 0) — gr(z + 0).
Proof: We divide the integral in (19) into parts by the jump points

o= L /_1 e(z) f(2)pn(z)dt = % Z /Oél+l () f(2)pn(z)dz.

2m = Ja

Integration by parts yields

[T g1 i » 6 J
o £(2) () (@) = - ()™ Ot gy
inn [ e(t)dt N )
_ 90($)e i f,1 Q41 B 1 / 141 ”}nfils(t)dt
- 2imn o Zimm ), el dz. (22)
From (22) we get
1 p—1 1
A x> Ao(fy ) ann [MTewyar L/ -
o |, e(x) f(x)pn(v)dt = 2imm ¢ Simm ), e(x)g1(x)pp(x)dx.

=0
Integration by parts ¢ — 1 times leads to (21). The proof is complete.

For convergence acceleration of (20) we use the idea of P-approximation. According to Lemma 2

we split the function f into two parts
f(2) = H(z) + G(z)
where G(x) is smooth as compared with H(z), and consider the following analog of P-method:
N
Wq,N(f) = H(x) + Z Gn¢n<m)
n=—N

Theorem 3. If f € Ca*1[—1,1], then

f=Wan(f) =0o(N"%), N —occ.
Proof: immediately follows from the formulas

f- Wq,N(f) =G~ WN(G) = Z Gnd)n(x)a

[n|>N

—1)n ! inn [© e(t)dt
.= 27r((in71)‘1+1 / g ()e(e)e” [ oy, o
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and from the fact that integral in the right hand side of (23) is o(1), n — oo, according to the
Riemann—Lebesgue Theorem.

The analogs of PP and QPP approximations can be constructed similarly. By W,, ~(f) and
W, p.m.n(f) we denote the analogs of PP and correspondingly QPP approximations for (20).

Consider the function

1

f@) = ———. (24)

12cmb.5cmpic2.bmp
Figure 2: Uniform errors in logarithm scale while approximating (24) by W, , ~(f) and
Wypmn(f) for g=7, m=3,p=0,2 and ¢ as in (25).

In Figure 2, the uniform errors in logarithm scale are shown while approximating (24) by W, , x(f)

and W, ,.mn(f) for ¢=7, m=3, p=0,2 and

1, z<1/3
ele) = {4, z>1/3. (25)

We see that Wy n(f) and Wro3 v(f) are 4 to 10 times more precise (the difference is higher for
greater values of the parameter N) compared to approximations Wy n(f) and Wy n(f) corre-
spondingly. Approximations Wy 3 n(f) and Wy n(f) show the same precision (see also remarks to

Table 2).
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