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Ü²ÊÜ²Î²Ü ¶²Ô²ö²ðÜºð

²ÛÝåÇëÇ Ñ³í³ë³ñáõÙÁ, áñÁ Ï³å ¾ ëï»ÕÍáõÙ x1, x2, ...xn ³ÝÏ³Ë

÷á÷áË³Ï³ÝÝ»ñÇ, u(x1, x2, ..., xn) áñáÝ»ÉÇ ýáõÝÏóÇ³ÛÇ ¨ Ýñ³ Ù³ëÝ³ÏÇ

³Í³ÝóÛ³ÉÝ»ñÇ ÙÇç¨ª ÏáãíáõÙ ¾ Ù³ëÝ³ÏÇ ³Í³ÝóÛ³ÉÝ»ñáí Ñ³í³ë³ñáõÙ,

³ÛëÇÝùÝ, ³ÛÝ Ñ»ï¨Û³É ï»ëùÇ Ñ³í³ë³ñáõÙ ¾

F (x1, · · · , xn, u, ux1 , · · · , uxn , ux1x1 , · · · , uxnxn , · · ·) = 0, (1)

áñï»Õ F -Á Ñ³ÛïÝÇ ýáõÝÏóÇ³ ¾:

(1) Ñ³í³ë³ñÙ³Ý Ù»ç Ù³ëÝ³ÏóáÕ ³Ù»Ý³µ³ñÓñ Ï³ñ·Ç ³Í³ÝóÛ³ÉÇ

Ï³ñ·Áª ÏáãíáõÙ ¾ ³Û¹ Ñ³í³ë³ñÙ³Ý Ï³ñ·: úñÇÝ³Ï, ³é³çÇÝ Ï³ñ·Ç x1 ¨

x2 ³ÝÏ³Ë ÷á÷áË³Ï³ÝÝ»ñáí ³Ù»Ý ÙÇ Ñ³í³ë³ñáõÙ áõÝÇ Ñ»ï¨Û³É ï»ëùÁ

F (x1, x2, u, ux1 , ux2) = 0,

»ñÏñáñ¹ Ï³ñ·ÇÝÁª

F (x1, x2, u, ux1 , ux2 , ux1x1 , ux1x2 , ux2x2) = 0 :

(1) ï»ëùÇ Ñ³í³ë³ñáõÙÁ ÏáãíáõÙ ¾ ùí³½Ç·Í³ÛÇÝ Ñ³í³ë³ñáõÙ, »Ã» ³ÛÝ

·Í³ÛÇÝ ¾ ÙÇ³ÛÝ ³Ù»Ý³µ³ñÓñ Ï³ñ·Ç ³Í³ÝóÛ³ÉÝ»ñÇ ÝÏ³ïÙ³Ùµ: úñÇÝ³Ï,

A(x1,x2, u, ux1 , ux2)ux1x1 +B(x1, x2, u, ux1 , ux2)ux1x2+

+ C(x1, x2, u, ux1 , ux2)ux2x2 = D(x1, x2, u, ux1 , ux2) :

Ø³ëÝ³ÏÇ ³Í³ÝóÛ³ÉÝ»ñáí Ñ³í³ë³ñáõÙÁ ÏáãíáõÙ ¾ ·Í³ÛÇÝ Ñ³í³ë³ñáõÙ,

»Ã» ³ÛÝ ·Í³ÛÇÝ ¾ áñáÝ»ÉÇ ýáõÝÏóÇ³ÛÇ ¨ Ýñ³ µáÉáñ ³Í³ÝóÛ³ÉÝ»ñÇ ÝÏ³ï-

Ù³Ùµ: úñÇÝ³Ï,

A(x, y)uxx+2B(x, y)uxy + C(x, y)uyy+

+D(x, y)ux +E(x, y)uy + F (x, y)u = G(x, y)
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Ñ³í³ë³ñáõÙÁ ·Í³ÛÇÝ »ñÏñáñ¹ Ï³ñ·Ç Ñ³í³ë³ñáõÙ ¾ u(x, y) ³ÝÑ³Ûï

ýáõÝÏóÇ³ÛÇ ÝÏ³ïÙ³Ùµ:

Ø³ëÝ³ÏÇ ³Í³ÝóÛ³ÉÝ»ñáí Ñ³í³ë³ñÙ³Ý ÉáõÍáõÙ ÏáãíáõÙ ¾ ³Ù»Ý ÙÇ

ýáõÝÏóÇ³, áñÁ ¨ Çñ ³Í³ÝóÛ³ÉÝ»ñÁ ï»Õ³¹ñ»Éáí Ñ³Ù³å³ï³ëË³Ý³µ³ñ

áñáÝ»ÉÇ ýáõÝÏóÇ³ÛÇ ¨ Ýñ³ ³Í³ÝóÛ³ÉÝ»ñÇ ÷áË³ñ»Ýª Ñ³í³ë³ñáõÙÁ ¹³é-

ÝáõÙ ¾ ÝáõÛÝáõÃÛáõÝ ³ÝÏ³Ë÷á÷áË³Ï³ÝÝ»ñÇ ÝÏ³ïÙ³Ùµ (³ÛÝ µ³½ÙáõÃÛ³Ý

íñ³, áñï»Õ ïñí³Í ¾ Ñ³í³ë³ñáõÙÁ):

1. ä³ñ½»Éª Ñ³Ý¹Çë³Ýáõ±Ù »Ý ³ñ¹Ûáù ëïáñ¨ µ»ñí³Í Ñ³í³ë³ñáõÙ-

Ý»ñÁ Ù³ëÝ³ÏÇ ³Í³ÝóÛ³ÉÝ»ñáí Ñ³í³ë³ñáõÙÝ»ñ, Ã» áã

³. cos(ux + uy)− cosux cosuy + sinux sinuy = 0 :
µ. u2xx + u

2
yy − (uxx − uyy)2 = 0 :

·. sin2(uxx + uxy) + cos
2(uxx + uxy)− u = 1 :

¹. sin(uxy + ux)− sinuxy cosux − cosuxy sinux + 2u = 0 :
». (tgu)x − uxsec2u− 3u+ 2 = 0 :
½. log|uxuy|− log|ux|− log|uy|+ 5u− 6 = 0 :

2. ä³ñ½»É Ñ³í³ë³ñáõÙÝ»ñÇ Ï³ñ·Á

³. log|uxxuyy|− log|uxx|− log|uyy|+ ux + uy = 0 :
µ. uxu

2
xy + (u

2
xx − 2u2xy + uy)2 − 2xy = 0 :

·. cos2 uxy + sin
2 uxy − 2u2x − 3uy + u = 0 :

¹. 2(ux − 2u)uxy − ((ux − 2u)2)y − xy = 0 :
». (u2yy − uy)x − 2uyy(uxy − ux)y − 2ux + 2 = 0 :
½. 2uxxuxxy − ((uxx − uy)2)y − 2uyuxxy + ux = 0 :

3. ä³ñ½»É, Ã» Ñ»ï¨Û³É Ñ³í³ë³ñáõÙÝ»ñÇó áñáÝù »Ý ·Í³ÛÇÝ

(Ñ³Ù³ë»é Ï³Ù ³ÝÑ³Ù³ë»é) ¨ áñáÝù áã·Í³ÛÇÝ (ùí³½Ç·Í³ÛÇÝ)

³. uxu
2
xy + 2xuuyy − 3xyuy − u = 0 :

µ. uyuxx − 3x2uuxy + 2ux − f(x, y)u = 0 :
·. 2 sin(x+ y)uxx − x cos yuxy + xyux − 3u+ 1 = 0 :
¹. x2yuxxy + 2e

xy2uxy − (x2y2 + 1)uxx − 2u = 0 :
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». 3uxy − 6uxx + 7uy − ux + 8x = 0 :
½. uxyuxx − 3uyy − 6xuy + xyu = 0 :
¾.. a(x, y)uxx + b(x, y)uxy + c(x, y)uyy + d(x, y)ux+

+e(x, y)uy + h(x, y) = 0 :

Á. a(x, y, ux, uxy)uxyy + b(x, y, uyy)uyyy + 2uu
2
xy − f(x, y) = 0 :

Ã. uxy + uy + u
2 − xy = 0 :

Å. uxy + 2(u
2
x + u)x − 6x sin y = 0 :

Ç. 2xuxy − 6(u2 − xy)x + uyy = 0 :
É. (yuy + u

2
x)y − 2uxuxy + ux − 6u = 0 :



¶ È àô Ê I

²è²æÆÜ Î²ð¶Æ Ø²êÜ²ÎÆ ²Ì²ÜòÚ²ÈÜºðàì Ð²ì²ê²ðàôØÜºð:

ºðÎðàð¸ Î²ð¶Æ Ð²ì²ê²ðàôØÜºðÆ ¸²ê²Î²ð¶àôØÀ

ºì Î²ÜàÜ²Î²Ü îºêøÆ ´ºðàôØÀ

§1. ²é³çÇÝ Ï³ñ·Ç Ù³ëÝ³ÏÇ ³Í³ÝóÛ³ÉÝ»ñáí Ñ³í³ë³ñáõÙÝ»ñ:
ÎáßÇÇ ËÝ¹Çñ

1. ²é³çÇÝ Ï³ñ·Ç ·Í³ÛÇÝ Ñ³í³ë³ñÙ³Ý ª

a1
∂z

∂x1
+ · · ·+ an

∂z

∂xn
= b (1)

µáÉáñ ÉáõÍáõÙÝ»ñÁ, áñáß Ù³ëÝ³íáñ ¹»åù»ñáõÙ, Ï³ñ»ÉÇ ¾ ·ïÝ»É Ñ»ï¨Û³É

Ó¨áí: ¸Çóáõù ÑÝ³ñ³íáñ ¾ ·ïÝ»É

dx1
a1

= · · · = dxn
an

=
dz

b

ëáíáñ³Ï³Ý ³Í³ÝóÛ³ÉÝ»ñáí Ñ³í³ë³ñáõÙÝ»ñÇ Ñ³Ù³Ï³ñ·Ç n Ñ³ï ·Íá-

ñ»Ý ³ÝÏ³Ë

ϕ1(x1, · · · , xn, z) = C1, · · · ,ϕn(x1, · · · , xn, z) = Cn (2)

³é³çÇÝ ÇÝï»·ñ³ÉÝ»ñÁ: ²Û¹ ¹»åùáõÙ (1) Ñ³í³ë³ñÙ³Ý µáÉáñ ÉáõÍáõÙÝ»ñÁ

ëï³óíáõÙ »Ý

F (ϕ1, · · · ,ϕn) = 0

Ñ³í³ë³ñáõÙáí, áñï»Õ F -Á Ï³Ù³Û³Ï³Ý ¹Çý»ñ»Ýó»ÉÇ ýáõÝÏóÇ³ ¾:

Ø³ëÝ³íáñ³å»ë, »Ã» z ÷á÷áË³Ï³ÝÁ ÙïÝáõÙ ¾ ³é³çÇÝ ÇÝï»·ñ³É-

Ý»ñÇó ÙÇ³ÛÝ Ù»ÏÇ Ù»çª ³ë»Ýù í»ñçÇÝÇ, ³å³ (1) Ñ³í³ë³ñÙ³Ý ÁÝ¹Ñ³Ýáõñ

ÉáõÍáõÙÁ ·ïÝíáõÙ ¾ Ñ»ï¨Û³É Ñ³í³ë³ñáõÙÇó

ϕn(x1, · · · , xn, z) = f(ϕ1, · · · ,ϕn−1), (3)
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áñï»Õ f -Á Ï³Ù³Û³Ï³Ý ¹Çý»ñ»Ýó»ÉÇ ýáõÝÏóÇ³ ¾:

2. Ø³ëÝ³ÏÇ ³Í³ÝóÛ³ÉÝ»ñáí ¹Çý»ñ»ÝóÇ³É Ñ³í³ë³ñáõÙÝ»ñÇ Ñ³-

Ù³ñ ³Ù»Ý³Ï³ñ¨áñ ËÝ¹ÇñÝ»ñÇó Ù»ÏÁª ÎáßÇÇ ËÝ¹ÇñÝ ¾ª

·ïÝ»É F (x1, · · · , xn, u, ux1 , · · · , uxn) = 0 Ñ³í³ë³ñÙ³Ý ³ÛÝåÇ-
ëÇ ÉáõÍáõÙ, áñÝ ³ÝóÝÇ ïñí³Í l Ïáñáí:

¸Çóáõù å³Ñ³ÝçíáõÙ ¾ ·ïÝ»É ³ÛÝ z = z(x, y) Ù³Ï»ñ¨áõÛÃÁ, Ï³Ù áñ

ÝáõÛÝÝ ¾, ³ÛÝ z(x, y) ýáõÝÏóÇ³Ý, áñÁ µ³í³ñ³ñÇ

a1(x, y, z)
∂z

∂x
+ a2(x, y, z)

∂z

∂y
= b(x, y, z) (4)

Ù³ëÝ³ÏÇ ³Í³ÝóÛ³ÉÝ»ñáí Ñ³í³ë³ñÙ³ÝÁ ¨ ³Û¹ Ù³Ï»ñ¨áõÛÃÝ ³ÝóÝÇ

x = u(t), y = v(t), z = w(t) (5)

Ïáñáí: êÏ½µáõÙ ·ïÝáõÙ »Ýù

dx

a1
=
dy

a2
=
dz

b

Ñ³Ù³Ï³ñ·Ç »ñÏáõ ³ÝÏ³Ë ³é³çÇÝ ÇÝï»·ñ³ÉÝ»ñª

ϕ1(x, y, z) = C1, ϕ2(x, y, z) = C2 (6)

¨ x, y, z ÷á÷áË³Ï³ÝÝ»ñÇ ÷áË³ñ»Ý ï»Õ³¹ñ»Éáí Ýñ³Ýó (5) ³ñï³Ñ³Û-

ïáõÃÛáõÝÝ»ñÁ, ëï³ÝáõÙ »Ýù Ñ»ï¨Û³É »ñÏáõ Ñ³í³ë³ñáõÃÛáõÝÝ»ñÁ

Ψ1(t) = C1, Ψ2(t) = C2 :

²ÛÝáõÑ»ï¨, Ýñ³ÝóÇó ³ñï³ùë»Éáí t å³ñ³Ù»ïñÁ, ëï³óíáõÙ ¾

F (C1, C2) = 0 ³ñï³Ñ³ÛïáõÃÛáõÝÁ: C1-Ç ¨ C2-Ç ÷áË³ñ»Ý ï»Õ³¹ñ»-

Éáí ³é³çÇÝ ÇÝï»·ñ³ÉÝ»ñÇ Ó³Ë Ù³ë»ñÁª ëï³ÝáõÙ »Ýù (4) Ñ³í³ë³ñÙ³Ý

áñáÝ»ÉÇ ÉáõÍáõÙÁ:
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¸ÇïáÕáõÃÛáõÝ: àñáß ¹»åù»ñáõÙ Ñ³ñÙ³ñ ¾ û·ïí»É Ñ³í³ë³ñ Ïáïáñ³ÏÝ»-

ñÇ Ñ»ï¨Û³É Ñ³ïÏáõÃÛáõÝÇóª »Ã»

a1
b1
=
a1
b2
= · · · = an

bn
= t,

³å³ Ï³Ù³Û³Ï³Ý k1, k2, · · · , kn Ãí»ñÇ Ñ³Ù³ñ ×Çßï ¾ª

k1a1 + k2a2 + · · ·+ knan
k1b1 + k2b2 + · · ·+ knbn

= t :

4. ¶ïÝ»É Ñ»ï¨Û³É Ñ³í³ë³ñáõÙÝ»ñÇ ÁÝ¹Ñ³Ýáõñ ÉáõÍáõÙÝ»ñÁ

³. yzx − xzy = 0 :
µ. (x+ 2y)zx − yzy = 0 :
·. xux + yuy + zuz = 0 :

¹. (x− z)ux + (y − z)uy + 2zuz = 0 :
». yzx + xzy = x− y :
½. exzx + y

2zy = ye
x :

¾. 2xzx + (y − x)zy = x2 :
Á. xyzx − x2zy = yz :
Ã. xzx + 2yzy = x

2y + z :

Å. (x2 + y2)zx + 2xyzy + z
2 = 0 :

Ç. 2y4zx − xyzy = x
√
z2 + 1 :

É. x2zzx + y
2zzy = x+ y :

Ë. yzzx − xzzy = ez :
Í. (z − y)2zx + xzzy = xy :
Ï. xyzx + (x− 2z)zy = yz :
Ñ. yzx + zzy =

y

x
:

Ó. sin2 x zx + tgzzy = cos
2 z :

Õ. (x+ z)zx + (y + z)zy = x+ y :

×. (xz + y)zx + (x+ yz)zy = 1− z2 :
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Ù. (y + z)ux + (z + x)uy + (x+ y)uz = u :

Û. xux + yuy + (z + u)uz = xy :

Ý. (u− x)ux + (u− y)uy − zuz = x+ y :

5. ¶ïÝ»É Ñ³í³ë³ñÙ³Ý ³ÛÝ ÉáõÍáõÙÁ, áñÁ Ïµ³í³ñ³ñÇ Ýßí³Í å³Û-

Ù³ÝÇÝ

³. xzx − yzy = 0, z(x, 1) = 2x :
µ. zx + (2e

x − y)zy = 0, z(0, y) = y :
·. 2
√
xzx − yzy = 0, z(1, y) = y2 :

¹. ux + uy + 2uz = 0, u(1, y, z) = yz :

». xux + yuy + xyuz = 0, u(x, y, 0) = x
2 + y2 :

6. ¶ïÝ»É ³ÛÝ Ù³Ï»ñ¨áõÛÃÁ, áñÁ µ³í³ñ³ñáõÙ ¾ ïñí³Í

Ñ³í³ë³ñÙ³ÝÁ ¨ ³ÝóÝáõÙ ¾ ïñí³Í Ïáñáí

³. y2zx + xyzy = x, x = 0, z = y
2 :

µ. xzx − 2yzy = x2 + y2, y = 1, z = x2 :
·. xzx + yzy = z − xy, x = 2, z = y2 + 1 :
¹. tgxzx + yzy = z, y = x, z = x

3 :

». xzx − yzy = z2(x− 3y), x = 1, yz + 1 = 0 :
½. xzx + yzy = z − x2 − y2, y = −2, z = x− x2 :
¾. yzzx + xzzy = xy, x = a, y

2 + z2 = a2 :

Á. zzx − xyzy = 2zx, x+ y = 2, yz = 1 :
Ã. zzx + (z

2 − x2)zy = −x, y = x2, z = 2x :
Å. (y − z)zx + (z − x)zy = x− y, z = y = −x :
Ç. xzx + (xz + y)zy = z, x+ y = z, xz = 1 :

É. y2zx + yzzy = −z2, x− y = 0, x− yz = 1 :
Ë. xzx + zzy = y, y = 2z, x+ 2y = z :

Í. (y + 2z2)zx − 2x2zzy = x2, x = z, y = x2 :
Ï. (x− z)zx + (y − z)zy = 2z, x− y = 2, z2x = 1 :
Ñ. xy3zx + x

2z2zy = y
3z, x− z3, y = z2 :
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§2. ºñÏñáñ¹ Ï³ñ·Ç Ñ³í³ë³ñáõÙÝ»ñÇ ¹³ë³Ï³ñ·áõÙÁ

ºñÏñáñ¹ Ï³ñ·Ç ùí³½Ç·Í³ÛÇÝ ³Ù»Ý ÙÇ Ñ³í³ë³ñáõÙ áõÝÇ Ñ»ï¨Û³É

ï»ëùÁ

nX
i,j=1

aij(x1, x2, ..., xn)uxixj+

+f(x1, x2, ..., xn, u, ux1 , ..., uxn) = 0,

(1)

áñï»Õ aij ·áñÍ³ÏÇóÝ»ñÁ Rn ï³ñ³ÍáõÃÛ³Ý áñ¨¾ D ïÇñáõÛÃáõÙ ïñí³Í

Çñ³Ï³Ý ýáõÝÏóÇ³Ý»ñ »Ý, Áëï áñáõÙ aij = aji: üÇùë»Ýù

(x01, x
0
2, ..., x

0
n) ∈ D Ï»ïÁ ¨ Ï³½Ù»Ýù Ñ»ï¨Û³É ù³é³Ïáõë³ÛÇÝ Ó¨Áª

Q(t1, t2, ..., tn) =
nX

i,j=1

aij(x
0
1, ..., x

0
n)titj : (2)

Ð³ÛïÝÇ ¾, áñ Ï³ñ»ÉÇ ¾ ·ïÝ»É t1, t2, ..., tn ÷á÷áË³Ï³ÝÝ»ñÇ ³ÛÝåÇëÇ

ti =
nX
k=1

hikτk, i = 1, 2, ..., n

·Í³ÛÇÝ ãí»ñ³ë»ñíáÕ Ó¨³÷áËáõÃÛáõÝ, áñÇ ÙÇçáóáí Q ù³é³Ïáõë³ÛÇÝ Ó¨Á

µ»ñíÇ

Q =
nX
i=1

αiτ
2
i (3)

Ï³ÝáÝ³Ï³Ý ï»ëùÇ, áñï»Õ αi ·áñÍ³ÏÇóÝ»ñÇó Ûáõñ³ù³ÝãÛáõñÁ 1,−1, 0
Ãí»ñÇó áñ¨¾ Ù»ÏÝ ¾: Q-Ç (3) ï»ëùáõÙ µ³ó³ë³Ï³Ý ¨ ½ñá ·áñÍ³ÏÇóÝ»ñÇ

ù³Ý³ÏÁ Ï³Ëí³Í ã¾ Ï³ÝáÝ³Ï³Ý ï»ëùÇ µ»ñáÕ ·Í³ÛÇÝ Ó¨³÷áËáõÃÛáõÝÇó:

²Ûë ÷³ëïÇ íñ³ ¾ ÑÇÙÝí³Í (1) ï»ëùÇ Ñ³í³ë³ñáõÙÝ»ñÇ ¹³ë³Ï³ñ·áõÙÁ:

(1) Ñ³í³ë³ñáõÙÁD µ³½ÙáõÃÛ³Ý íñ³ ³Ýí³ÝáõÙ »Ýª ³. ¾ÉÇåï³Ï³Ý,

µ.ÑÇå»ñµáÉ³Ï³Ý, ¨ ·. å³ñ³µáÉ³Ï³Ý, »Ã» D- Ç Ûáõñ³ù³ÝãÛáõñ Ï»ïáõÙ
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ù³é³Ïáõë³ÛÇÝ Ó¨Ç Ï³ÝáÝ³Ï³Ý ï»ëùÇ ³. µáÉáñ n ·áñÍ³ÏÇóÝ»ñÁ ¹ñ³-

Ï³Ý »Ý, Ï³Ù µáÉáñÁ µ³ó³ë³Ï³Ý »Ý, µ. ·áñÍ³ÏÇóÝ»ñÇó (n − 1) Ñ³ïÁ
ÙÇ Ýß³ÝÇ »Ý, ÇëÏ n-ñ¹Á Ñ³Ï³é³Ï Ýß³ÝÇ ¾, ·. ·áñÍ³ÏÇóÝ»ñÇó ·áÝ» Ù»ÏÁ

½ñá ¾:

7. ä³ñ½»É Ñ»ï¨Û³É Ñ³í³ë³ñáõÙÝ»ñÇ ï»ë³ÏÁ

³. uxx − 2uxy + 3uyy + ux − uy + 3u− xy2 = 0 :
µ. uxx + 2uxy − 3uyy − ux + uy − 2u− x2y = 0 :
·. uxx − 2uxy + uyy + 2ux − u = 0 :
¹. uxx + 2uyy + 3uzz − 2uxy + 2uxz − 4uyz + 3u = 0 :
». uxy + uxz − uyz + 2ux − 3u = 0 :
½. uxx + 2uyy + uzz − 2uxy + 2uyz − ux + 2uy − u = 0 :
¾. uxx + 2uyy + uzz − 4uxy + 2uyz − xyez = 0 :
Á. uxx − 4uxy + 2uxz + 4uyy + uzz − 2xyux + 3xu = 0 :
Ã. uxx + 2uxy + 2uyy − 2uyz + uzz − u+ xz2 cos y = 0 :
Å. 5uxx + uyy + 5uzz + 4uxy − 8uxz − 4uyz − u+ yz sin y = 0 :
Ç. y3uxx + uyy − ux = 0 :
É. xuxx + yuyy − u = 0 :
Ë. (l + x)uxx + 2xyuxy − y2uyy = 0 :
Í. uxx + xuyy = 0 :

Ï. uxx + xyuyy = 0 :

Ñ. uxxsigny + 2uxy + uyy = 0 :

Ó. uxx + 2uxy + (1− signy)uyy = 0 :
Õ. uxxsigny + 2uxy + uyysignx = 0 :

×. x2uxx − y2uyy = 0 :
Ù. y2uxx + 2xyuxy + x

2uyy = 0 :
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§3. Ø³ëÝ³ÏÇ ³Í³ÝóÛ³ÉÝ»ñáí ùí³½Ç·Í³ÛÇÝ
»ñÏáõ ³ÝÏ³Ë ÷á÷áË³Ï³ÝÝ»ñáí »ñÏñáñ¹ Ï³ñ·Ç

Ñ³í³ë³ñáõÙÝ»ñÇ µ»ñáõÙÁ Ï³ÝáÝ³Ï³Ý (ßÇï³Ï) ï»ëùÇ

¸Çóáõù å³Ñ³ÝçíáõÙ ¾

Auxx + 2Buxy + Cuyy + F (x, y, u, ux, uy) = 0 (1)

ùí³½Ç·Í³ÛÇÝ Ñ³í³ë³ñáõÙÁ, áñÇ A, B ¨ C ·áñÍ³ÏÇóÝ»ñÁ Ï³Ëí³Í »Ý

ÙÇ³ÛÝ x ¨ y ³ÝÏ³Ë ÷á÷áË³Ï³ÝÝ»ñÇó, µ»ñ»É Ï³ÝáÝ³Ï³Ý ï»ëùÇ:

Î³½Ù»Ýù (1) Ñ³í³ë³ñÙ³Ý Ñ³Ù³å³ï³ëË³ÝáÕ

Q(t1, t2) = At
2
1 + 2Bt1t2 + Ct

2
2 (2)

ù³é³Ïáõë³ÛÇÝ Ó¨Á: Üß³Ý³Ï»Ýù ³Û¹ Ó¨Ç B2 − AC áñáßÇãÁ ∆-áí: Àëï
§2 -Ç ¹³ë³Ï³ñ·Ù³Ý, (1) Ñ³í³ë³ñáõÙÁ ÏáãíáõÙ ¾ ¾ÉÇåï³Ï³Ý, ÑÇå»ñ-
µáÉ³Ï³Ý Ï³Ù å³ñ³µáÉ³Ï³Ý, »Ã» Ñ³Ù³å³ï³ëË³Ý³µ³ñ (∆ < 0),

(∆ > 0) Ï³Ù (∆ = 0):

¸Çï³ñÏ»Ýù

A(dy)2 − 2Bdydx+ C(dx)2 = 0 (3)

¹Çý»ñ»ÝóÇ³É Ñ³í³ë³ñáõÙÁ Ýßí³Í »ñ»ù ¹»åù»ñáõÙ:

³. ºñµ ∆ = B2 − AC < 0 (¾ÉÇåï³Ï³Ý ¹»åùÁ), (3) ù³é³ÏáõëÇ
Ñ³í³ë³ñáõÙÁ ÉáõÍ»Éáí

dy

dx
-Ç ÝÏ³ïÙ³Ùµ, »Ã» A 6= 0 (ÇëÏ »Ã» C 6= 0

dy

dx
-Ç ÝÏ³ïÙ³Ùµ), ëï³ÝáõÙ »Ýù

dy

dx
=
B + i

√
−∆

A
: (4)

¸Çóáõù ϕ(x, y) + iψ(x, y) = const ³Û¹ Ñ³í³ë³ñÙ³Ý ÁÝ¹Ñ³Ýáõñ

ÇÝï»·ñ³ÉÝ ¾: Î³ï³ñ»Éáí ³ÝÏ³Ë ÷á÷áË³Ï³ÝÝ»ñÇ

ξ = ϕ(x, y), η = ψ(x, y) (5)
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÷áË³ñÇÝáõÙÁ, áñÇ Û³ÏáµÇ³ÝÁ

∂(ϕ,ψ)

∂(x, y)
= ϕxψy − ϕyψx 6= 0,

(1) Ñ³í³ë³ñáõÙÁ µ»ñíáõÙ ¾ Ñ»ï¨Û³É Ï³ÝáÝ³Ï³Ý ï»ëùÇ

vξξ + vηη +G(ξ, η, v, vξ, vη) = 0 (6)

µ. ºñµ ∆ = B2 − AC > 0 (ÑÇå»ñµáÉ³Ï³Ý ¹»åùÁ), (3) Ñ³í³ë³-
ñáõÙÁ

dy

dx
-Ç ÝÏ³ïÙ³Ùµ áõÝ»ÝáõÙ ¾ »ñÏáõ Çñ³Ï³Ý ³ñÙ³ïÝ»ñª

dy

dx
=
B ±

√
∆

A
: (7)

¸Çóáõù ϕ(x, y) = const ¨ ψ(x, y) = const ³Û¹ Ñ³í³ë³ñáõÙÝ»ñÇ

ÁÝ¹Ñ³Ýáõñ ÇÝï»·ñ³ÉÝ»ñÝ »Ý (¹ñ³Ýóáí áñáßíáÕ Ïáñ»ñÁ ÏáãíáõÙ »Ý (1)

Ñ³í³ë³ñÙ³Ý µÝáõÃ³·ñÇãÝ»ñ): ²Ûë ¹»åùáõÙ (5) ÷áË³ñÇÝáõÙÁ (1) Ñ³í³-

ë³ñáõÙÁ µ»ñáõÙ ¾

vξη +H(ξ, η, v, vξ, vη) = 0 (8)

Ï³ÝáÝ³Ï³Ý ï»ëùÇ: ξ = α + β, η = α − β Ýáñ ÷áË³ñÇÝáõÙáí (8)

Ñ³í³ë³ñáõÙÁ µ»ñíáõÙ ¾ Ñ»ï¨Û³É Ï³ÝáÝ³Ï³Ý ï»ëùÇª

wαα − wββ +N(α,β, w,wα, wβ) = 0 (9)

·. ºñµ ∆ = B2 − AC = 0 (å³ñ³µáÉ³Ï³Ý ¹»åùÁ), (3) Ñ³í³ë³-
ñáõÙÁ áõÝ»ÝáõÙ ¾ Ù»Ï ³ñÙ³ïª

dy

dx
=
B

A
: (10)

¸Çóáõù ϕ(x, y) = const ³Û¹ Ñ³í³ë³ñÙ³Ý ÁÝ¹Ñ³Ýáõñ ÇÝï»·ñ³ÉÝ ¾,

ÇëÏ ψ(x, y) Ï³Ù³Û³Ï³Ý áÕáñÏ ýáõÝÏóÇ³ ¾ áñÇ ¨ ϕ(x, y)-Ç Û³ÏáµÇ³ÝÁ
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Ñ³í³ë³ñ ã¾ ½ñáÛÇ: Î³ï³ñ»Éáí (5) ÷áË³ñÇÝáõÙÁ, (1) Ñ³í³ë³ñáõÙÁ ³Ûë

¹»åùáõÙ Ïµ»ñíÇ

vηη + P (ξ, η, v, vξ, vη) = 0 (11)

Ï³ÝáÝ³Ï³Ý ï»ëùÇ:

ÜÏ³ï»Ýù, áñ, »ñµ (1) Ñ³í³ë³ñáõÙÁ Ñ³ëï³ïáõÝ ·áñÍ³ÏÇóÝ»ñáí

·Í³ÛÇÝ Ñ³í³ë³ñáõÙ ¾, Ï³ÝáÝ³Ï³Ý ï»ëùÇ µ»ñ»Éáõó Ñ»ïá Ï³ñ»ÉÇ ¾ ³ÛÝ

³í»ÉÇ å³ñ½»óÝ»É: ²Ûëå»ë, ûñÇÝ³Ï, Ï³ï³ñ»Éáí ³ÝÑ³Ûï ýáõÝÏóÇ³ÛÇ

v = eλξ+µηw

÷áË³ñÇÝáõÙÁ, ³ÛÝáõÑ»ï¨ Ñ³ñÙ³ñ Ó¨áí ÁÝïñ»Éáí λ ¨ µ Ñ³ëï³ïáõÝ-

Ý»ñÁ, Ï³ñ»ÉÇ ¾ ÑÇå»ñµáÉ³Ï³Ý ¨ ¾ÉÇåï³Ï³Ý ¹»åù»ñáõÙ ³½³ïí»É w-Ç

³é³çÇÝ Ï³ñ·Ç ³Í³ÝóÛ³ÉÝ»ñÇó, ÇëÏ å³ñ³µáÉ³Ï³Ý ¹»åùáõÙªw-Çó ¨ Ýñ³

³é³çÇÝ Ï³ñ·Ç áñ¨¾ ÙÇ ³Í³ÝóÛ³ÉÇó:

8. Ð»ï¨Û³É Ñ³í³ë³ñáõÙÝ»ñÁ µ»ñ»É Ï³ÝáÝ³Ï³Ý ï»ëùÇ ³ÛÝåÇëÇ

ïÇñáõÛÃÝ»ñáõÙ, áõñ å³Ñå³Ýí³Í ¾ ¹Çï³ñÏíáÕ Ñ³í³ë³ñÙ³Ý ï»ë³ÏÁ

³. (1 + x2)2uxx + uyy + 2x(1 + x
2)ux = 0 :

µ. y2uxx + 2xyuxy + x
2uyy = 0 :

·. uxx − (1 + y2)2uyy − 2y(1 + y2)uy = 0 :
¹. (1 + x2)uxx + (1 + y

2)uyy + xux + yuy − 2u = 0 :
». x2uxx + 2xyuxy + y

2uyy − 2yux + ye
y
x = 0 :

½. xy2uxx − 2x2yuxy + x3uyy − y2ux = 0 :
¾. uxx − 2 sinxuxy − cos2 xuyy − cosxuy = 0 :
Á. e2xuxx + 2e

x+yuxy + e
2yuyy − xu = 0 :

Ã. uxx − 2xuxy = 0 :
Å. xuxx + 2xuxy + (x− 1)uyy = 0 :
Ç. yuxx + uyy = 0 :

É. uxx + xyuyy = 0 :

Ë. 9uxx − 6uxy + uyy + 10ux − 15uy − 50u+ x− 2y = 0 :
Í. uxx − 2uxy + uyy + 9ux + 9uy − 9u = 0 :
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9. ´»ñ»É Ï³ÝáÝ³Ï³Ý ï»ëùÇ (¨ ³ÛÝáõÑ»ï¨ å³ñ½»óÝ»É) Ñ»ï¨Û³É

Ñ³í³ë³ñáõÙÝ»ñÁ

³. uxx − 4uxy + 5uyy − 3ux + uy + u = 0 :
µ. uxx − 6uxy + 9uyy − ux + 2uy = 0 :
·. 2uxy − 4uyy + ux − 2uy + u+ x = 0 :
¹. uxy + 2uyy − ux + 4uy + u = 0 :
». 2uxx + 2uxy + uyy + 4ux + 4uy + u = 0 :

½. uxx + 2uxy + uyy + 3ux − 5uy + 4u = 0 :
¾. uxx − uyy + ux + uy − 4u = 0 :
Á. uxy + uxx − uy − 10u+ 4x = 0 :
Ã. 3uxx + uxy + 3ux + uy − u+ y = 0 :
Å. uxx + 4uxy + 5uyy − 2ux − 2uy + u = 0 :
Ç. 5uxx + 16uxy + 16uyy + 24ux + 32uy + 64u = 0 :

É. uxx − 2uxy + uyy − 3ux + 12uy + 27u = 0 :
Ë. uxx − 4uxy + 4uyy + 3ux = 0 :
Í. uxx − 4uxy + 3uyy + ux − 2uy + u = 0 :

10. ´»ñ»É Ï³ÝáÝ³Ï³Ý ï»ëùÇ

³. uxx + 2uxy + 2uyy + 4uyz + 5uzz = 0 :

µ. uxx + 4uxy + 4uyy + 9uzz + 6uxz + 12uyz − 2ux−
−4uy − 6uz = 0 :

·. uxx + 4uxy + 4uyy + 4uyz + uzz + 2uxz + 2u = 0 :

¹. 3uyy − 2uxy − 2uyz + 4u = 0 :
». uxy + uxz + uyz − ux + uy = 0 :
½. uxx − 4uxy + 2uxz + 4uyy + uzz + 3ux = 0 :
¾. uxx + 2uyy + uzz − 4uxy = 0 :
Á. uxx + 2uxy + 2uyy − 2uyz + uzz = 0 :
Ã. 5uxx + 4uxy + uyy − 4uyz + 5uzz − 8uxz = 0 :
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ÐÆäºð´àÈ²Î²Ü îºê²ÎÆ Ð²ì²ê²ðàôØÜºð

§1. ÐÇå»ñµáÉ³Ï³Ý ï»ë³ÏÇ Ñ³í³ë³ñáõÙÝ»ñÇ µ»ñíáÕ ËÝ¹ÇñÝ»ñ

üÇ½ÇÏ³ÛÇ ¨ Ù»Ë³ÝÇÏ³ÛÇ ß³ï ËÝ¹ÇñÝ»ñ µ»ñíáõÙ »Ý »ñÏñáñ¹ Ï³ñ·Ç

Ù³ëÝ³ÏÇ ³Í³ÝóÛ³ÉÝ»ñáí Ñ³í³ë³ñáõÙÝ»ñÇ áõëáõÙÝ³ëÇñÙ³Ý: úñÇÝ³Ï,

ï³ï³ÝáÕ³Ï³Ý »ñ¨áõÛÃÝ»ñÇ áõëáõÙÝ³ëÇñáõÙÁ ( ¹³ ÉÇÝÇ ³é³Ó·³Ï³Ý,

Ó³ÛÝ³ÛÇÝ, ¾É»Ïïñ³Ù³·ÝÇë³Ï³Ý ¨ ³ÛÉ) µ»ñíáõÙ »Ý, ³Ûëå»ë Ïáãí³Í,

ï³ï³ÝáõÙÝ»ñÇ Ñ³í³ë³ñÙ³Ý

ρ
∂2u

∂t2
= div(p grad u)− qu+ F (x, t), (1)

áñï»Õ ρ, p, q ·áñÍ³ÏÇóÝ»ñÁ ÝÏ³ñ³·ñáõÙ »Ý ÙÇç³í³ÛñÇ Ñ³ïÏáõÃÛáõÝ-

Ý»ñÁ, ÇëÏ F (x, t)-Ý ³ñï³ùÇÝ ·ñ·éÙ³Ý ÇÝï»ÝëÇíáõÃÛáõÝÝ ¾:

Ø³ëÝ³íáñ³å»ë

ρ
∂2u

∂t2
= T

∂2u

∂x2
u+ F (2)

Ñ³í³ë³ñáõÙÁ ÝÏ³ñ³·ñáõÙ ¾ É³ñÇ ÷áùñ É³ÛÝ³Ï³Ý ï³ï³ÝáõÙÝ»ñÁ: ºÃ»

ρ = const, ³å³

∂2u

∂t2
= a2

∂2u

∂x2
+ f, f =

F

ρ
, a2 =

T

ρ
(3)

Ñ³í³ë³ñáõÙÝ ³Ýí³ÝáõÙ »Ý ÙÇ³ã³÷ ³ÉÇù³ÛÇÝ Ñ³í³ë³ñáõÙ:

(1) ï»ëùÇ Ñ³í³ë³ñáõÙáí ¾ ÝÏ³ñ³·ñíáõÙ Ý³¨ ³é³Ó·³Ï³Ý ÓáÕÇ

÷áùñ »ñÏ³ÛÝ³Ï³Ý ï³ï³ÝáõÙÝ»ñÁ

ρS
∂2u

∂t2
=

∂

∂x

µ
ES

∂u

∂x

¶
+ F (x, t), (4)

áñï»Õ S(x)-Á ÓáÕÇ É³ÛÝ³Ï³Ý Ñ³ïáõÛÃÇ Ù³Ï»ñ»ëÝ ¾, ÇëÏ E(x)-Á ÚáõÝ·Ç

Ùá¹áõÉÁ:
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Â³Õ³ÝÃÇ ÷áùñ É³ÛÝ³Ï³Ý ï³ï³ÝáõÙÝ»ñÁ ÝÏ³ñ³·ñíáõÙ »Ý

ρ
∂2u

∂t2
= T

µ
∂2u

∂x2
+

∂2u

∂y2

¶
+ F (5)

Ñ³í³ë³ñáõÙáí: ºÃ» ρ = const, ³å³ (5)-Ý ³Ýí³ÝáõÙ »Ý »ñÏã³÷ ³ÉÇ-

ù³ÛÇÝ Ñ³í³ë³ñáõÙ:

ºé³ã³÷ ³ÉÇù³ÛÇÝ Ñ³í³ë³ñáõÙÁ

∂2u

∂t2
= a2

µ
∂2u

∂x2
+

∂2u

∂y2
+

∂2u

∂z2

¶
+ F (6)

ÝÏ³ñ³·ñáõÙ ¾, ûñÇÝ³Ï, Ó³ÛÝÇ ï³ñ³ÍáõÙÁ Ñ³Ù³ë»é ÙÇç³í³ÛñáõÙ ¨

¾É»Ïïñ³Ù³·ÝÇë³Ï³Ý ³ÉÇùÝ»ñÇ ï³ñ³ÍáõÙÁ Ñ³Ù³ë»é áãÑ³Õáñ¹Çã ÙÇç³-

í³ÛñáõÙ:

ºÝÃ³¹ñ»Ýù ÙÇç³í³ÛñáõÙ ·áÛáõÃÛáõÝ áõÝÇ ÷á÷áË³Ï³Ý ¾É»Ïïñ³Ù³·-

ÝÇë³Ï³Ý ¹³ßï: Üß³Ý³Ï»Ýù E(x,t)-áí ¾É»Ïïñ³Ï³Ý ¹³ßïÇ É³ñí³ÍáõÃ-

ÛáõÝÁ, H(x,t)-áí Ù³·ÝÇë³Ï³Ý ¹³ßïÇ É³ñí³ÍáõÃÛáõÝÁ, ε-áí ¨ µ-áí

¹Ç¾É»ÏïñÇÏ ¨ Ù³·ÝÇë³Ï³Ý Ã³÷³Ýó»ÉÇáõÃÛáõÝÝ»ñÁ, ρ(x)-áí ÉÇóù»ñÇ

ËïáõÃÛáõÝÁ, I(x,t)-áí Ñ³Õáñ¹³Ï³ÝáõÃÛ³Ý Ñáë³ÝùÝ»ñÁ: ²Ûë Ù»ÍáõÃÛáõÝÝ»-

ñÁ µ³í³ñ³ñáõÙ »Ý Ø³ùëí»ÉÇ ·Í³ÛÇÝ Ñ³í³ë³ñáõÙÝ»ñÇ Ñ³Ù³Ï³ñ·ÇÝ

div(ε E ) = 4πρ, div(µH ) = 0,

rot E = −1
c

∂

∂t
(µH ),

rotH =
1

c

∂

∂t
(ε E ) +

4π

c
I,

áñï»Õ c-Ý ÉáõÛëÇ ³ñ³·áõÃÛáõÝÝ ¾ í³ÏáõáõÙáõÙ:

m0 ½³Ý·í³Íáí ³½³ï é»ÉÛ³ïÇíÇëï³Ï³Ý Ù³ëÝÇÏÇ ϕ(x, t) ³ÉÇ-

ù³ÛÇÝ ýáõÝÏóÇ³Ý µ³í³ñ³ñáõÙ ¾ øÉ»ÛÝÇ-¶áñ¹áÝÇ Ñ³í³ë³ñÙ³ÝÁµ
∂2

∂t2
−∆+m2

0

¶
ϕ = 0 :

Ñ³í³ë³ñÙ³ÝÁ:
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î³ï³ÝáÕ³Ï³Ý »ñ¨áõÛÃÝ»ñÇ ÉñÇí ÝÏ³ñ³·ñáõÃÛ³Ý Ñ³Ù³ñ ³ÝÑñ³-

Å»ßï ¾ ·Çï»Ý³É ëÏ½µÝ³Ï³Ý ß»ÕáõÙÁ ¨ ³ñ³·áõÃÛáõÝÁ (ëÏ½µÝ³Ï³Ý å³Û-

Ù³ÝÝ»ñ), ÇëÏ »Ã» ï³ï³ÝíáÕ ÙÇç³í³ÛñÁ ë³ÑÙ³Ý³÷³Ï ¾, Ý³¨ »½ñ³ÛÇÝ

ïíÛ³ÉÝ»ñ:

üÇ½ÇÏ³ÛÇ áñ¨¾ ËÝ¹Çñ Ù³Ã»Ù³ïÇÏáñ»Ý Ó¨³Ï»ñå»Éáõ Ñ³Ù³ñ ³Ý-

Ññ³Å»ßï ¾

³. ÁÝïñ»É ýÇ½ÇÏ³Ï³Ý »ñ¨áõÛÃÁ ÝÏ³ñ³·ñáÕ ýáõÝÏóÇ³Ý,

µ. ·ñ»É ³ÛÝ ¹Çý»ñ»ÝóÇ³É Ñ³í³ë³ñáõÙÁ, áñÇÝ µ³í³ñ³ñáõÙ ¾ Ýßí³Í

ýáõÝÏóÇ³Ý,

·. Ó¨³Ï»ñå»É ëÏ½µÝ³Ï³Ý ¨ »½ñ³ÛÇÝ å³ÛÙ³ÝÝ»ñÁ:

ÈáõÍ»É Ñ»ï¨Û³É ËÝ¹ÇñÝ»ñÁ

11. Ø³Ã»Ù³ïÇÏáñ»Ý Ó¨³Ï»ñå»É S Ñ³ëï³ïáõÝ Ïïñí³Íùáí ¨ l

»ñÏ³ñáõÃÛ³Ùµ Ñ³Ù³ë»é ³é³Ó·³Ï³Ý ÓáÕÇ »ñÏ³ÛÝ³Ï³Ý ï³ï³ÝÙ³Ý

ËÝ¹ÇñÁª Ï³Ù³Û³Ï³Ý ëÏ½µÝ³Ï³Ý ß»ÕáõÙÝ»ñÇ ¨ ³ñ³·áõÃÛáõÝÝ»ñÇ ¹»å-

ùáõÙ, »ñµ

³. ÓáÕÇ Í³Ûñ»ñÁ Ïáßï ³Ùñ³óí³Í »Ý,

µ. ÓáÕÇ Í³Ûñ»ñÁ ³½³ï »Ý,

·. ÓáÕÇ x = 0 ¨ x = l Í³Ûñ»ñÇÝ ëÏë³Í t = 0 å³ÑÇó ÏÇñ³éí³Í

»Ý x ³é³Ýóùáí áõÕÕí³Í Ñ³Ù³å³ï³ëË³Ý³µ³ñ F (t) ¨ Ψ(t) áõÅ»ñÁ,

¹. ÓáÕÇ Í³Ûñ»ñÁ ³é³Ó·³Ï³Ý Ó¨áí ³Ùñ³óí³Í »Ý, ³ÛëÇÝùÝª Çñ»Ýó

ß»ÕáõÙÝ»ñÇÝ Ñ³Ù»Ù³ï³Ï³Ý ¹ÇÙ³¹ñáõÃÛáõÝÝ»ñ »Ý ÏñáõÙ,

». ÓáÕÇ x = 0 Í³ÛñÁ Ïáßï ³Ùñ³óí³Í ¾, ÇëÏ x = l Í³ÛñÁ ÏñáõÙ ¾

³ñ³·áõÃÛ³ÝÁ Ñ³Ù»Ù³ï³Ï³Ý ¹ÇÙ³¹ñáõÃÛáõÝ:

12. Ð³Ù³ë»é ¨ ³é³Ó·³Ï³Ý Í³Ýñ ÓáÕÇ ÙÇ Í³ÛñÁ Ïáßï ³Ùñ³óí³Í

¾ª ³½³ï ³ÝÏáõÙ Ï³ï³ñáÕ í»ñ»É³ÏáõÙ, áñÁ Ñ³ëÝ»Éáí v0 ³ñ³·áõÃÛ³Ý

ÙÇ³Ý·³ÙÇó Ï³Ý· ¾ ³éÝáõÙ: Ò¨³Ï»ñå»É ÓáÕÇ ÷áùñ »ñÏ³ÛÝ³Ï³Ý ï³ï³-

ÝáõÙÝ»ñÇ ËÝ¹ÇñÁ:

13. Ò¨³Ï»ñå»É Ñ³Ù³ë»é ¨ ³é³Ó·³Ï³Ý ÓáÕÇ »ñÏ³ÛÝ³Ï³Ý ï³ï³-

ÝáõÙÝ»ñÇ ËÝ¹ÇñÁ, »Ã» ÓáÕÁ Ñ³Ý¹ÇåáõÙ ¾ ³ñ³·áõÃÛ³ÝÁ Ñ³Ù»Ù³ï³Ï³Ý



§1 ÐÇå»ñµáÉ³Ï³Ý ï»ë³ÏÇ Ñ³í³ë³ñáõÙÝ»ñÇ µ»ñíáÕ ËÝ¹ÇñÝ»ñ 19

¹ÇÙ³¹ñáõÃÛ³Ý: ÒáÕÇ Í³Ûñ»ñÁ Ïáßï ³Ùñ³óí³Í »Ý, ÇëÏ ëÏ½µÝ³Ï³Ý ß»-

ÕáõÙÝ»ñÝ áõ ³ñ³·áõÃÛáõÝÝ»ñÁ Ï³Ù³Û³Ï³Ý »Ý:

14. Ò¨³Ï»ñå»É S = S(x) ÷á÷áË³Ï³Ý É³ÛÝ³Ï³Ý Ñ³ïáõÛÃáí ¨ l

»ñÏ³ñáõÃÛ³Ùµ Ñ³Ù³ë»é ³é³Ó·³Ï³Ý ÓáÕÇ »ñÏ³ÛÝ³Ï³Ý ï³ï³ÝáõÙÝ»ñÇ

ËÝ¹ÇñÁ, »Ã» ëÏ½µÝ³Ï³Ý å³ÛÙ³ÝÝ»ñÁ Ï³Ù³Û³Ï³Ý »Ý: ¸Çï³ñÏ»É Ñ»ï»í-

Û³É ¹»åù»ñÁ

³. ÓáÕÝ áõÝÇ Ñ³ï³Í ÏáÝÇ Ó¨ª Ïáßï ³Ùñ³óí³Í ÑÇÙù»ñáí,

µ. ÓáÕÇ x = 0 Í³ÛñÁ ³é³Ó·³Ï³Ý ³Ùñ³óí³Í ¾, ÇëÏ x = l Í³ÛñÇ

ÙÇ³íáñ Ù³Ï»ñ»ëÇÝ ÏÇñ³éí³Í ¾ F (t) áõÅ, áñÁ áõÕÕí³Í ¾ ÓáÕÇ »ñÏ³ÛÝùáí:

15. ØÇ¨ÝáõÛÝ S É³ÛÝ³Ï³Ý Ñ³ïáõÛÃáí »ñÏáõ Ñ³Ù³ë»é ³é³Ó·³Ï³Ý

ÏÇë³³Ýí»ñç ÓáÕ»ñ ³ÝÙÇç³Ï³Ýáñ»Ý ÙÇ³óí³Í »Ý ¨ Ï³½ÙáõÙ »Ý »ñÏáõ

ÏáÕÙÇó ³Ýí»ñç ÓáÕ: Ò¨³Ï»ñå»É ³Û¹ ÓáÕÇ »ñÏ³ÛÝ³Ï³Ý ï³ï³ÝáõÙÝ»ñÇ

ËÝ¹ÇñÁ, »Ã» ρ1, E1, ρ2, E2 ÓáÕ»ñÇ ËïáõÃÛáõÝÝ»ñÝ áõ ÚáõÝ·Ç Ùá¹áõÉÝ»ñÝ

»Ý: ÒáÕ»ñÇ É³ÛÝ³Ï³Ý Ñ³ïáõÛÃÝ»ñÇ ëÏ½µÝ³Ï³Ý ß»ÕáõÙÝ»ñÝ áõ ³ñ³·áõÃ-

ÛáõÝÝ»ñÁ Ñ³Ù³ñ»É Ï³Ù³Û³Ï³Ý:

16. l »ñÏ³ñáõÃÛ³Ùµ, Ñ³Ù³ë»é, ·É³Ý³ÛÇÝ ÓáÕÇ x = 0 Í³ÛñÁ ³Ù-

ñ³óí³Í ¾, ÇëÏ x = l Í³ÛñÁ ³½³ï ¾ ÃáÕÝí³Í: t = 0 å³ÑÇÝ M

½³Ý·í³Íáí ¨ v ³ñ³·áõÃÛ³Ùµ ß³ñÅíáÕ µ»éÁ Ñ³ñí³ÍáõÙ ¾ ÓáÕÇ ³½³ï

Í³ÛñÇÝ ¨ ÏåÝáõÙ ¾ Ýñ³Ý: Ò¨³Ï»ñå»É ÓáÕÇ »ñÏ³ÛÝ³Ï³Ý ï³ï³ÝáõÙÝ»ñÇ

ËÝ¹ÇñÁ t > 0 å³ÑÇÝ:

17. Ò¨³Ï»ñå»É l »ñÏ³ñáõÃÛ³Ùµ, ρ = ρ(x) ·Í³ÛÇÝ ËïáõÃÛ³Ùµ ¨ T

É³ñáõÙáí É³ñÇ ÷áùñ, É³ÛÝ³Ï³Ý ï³ï³ÝáõÙÝ»ñÇ ËÝ¹ÇñÁ: ²Ýï»ë»É Í³Ý-

ñáõÃÛ³Ý ¨ ¹ÇÙ³¹ñáõÃÛ³Ý áõÅ»ñÁ: êÏ½µÝ³Ï³Ý ß»ÕáõÙÝ»ñÁ ¨ ³ñ³·áõÃÛáõÝ-

Ý»ñÁ Ñ³Ù³ñ»É Ï³Ù³Û³Ï³Ý: ¸Çï³ñÏ»É Ñ»ï¨Û³É ¹»åù»ñÁ

³. É³ñÇ Í³Ûñ»ñÁ ³é³Ó·³Ï³Ýáñ»Ý ³Ùñ³óí³Í »Ý,

µ. É³ñÇ Í³Ûñ»ñÁ ³½³ï »Ý ÃáÕÝí³Í,

·. É³ñÇ Í³Ûñ»ñÇÝ ÏÇñ³éí³Í »Ý F (t) ¨ Φ(t) É³ÛÝ³Ï³Ý áõÅ»ñ:

18. l »ñÏ³ñáõÃÛ³Ùµ ¨ ρ Ñ³ëï³ïáõÝ ËïáõÃÛ³Ùµ ³é³Ó·³Ï³Ý É³ñÇ

Í³Ûñ»ñÁ Ïáßï ³Ùñ³óí³Í »Ý: êÏë³Í t = 0 å³ÑÇó É³ñÇ íñ³ ³½¹áõÙ »Ý

Ñ³í³ë³ñ³ã³÷ µ³ßËí³Í F (x, t) ·Í³ÛÇÝ ËïáõÃÛ³Ùµ É³ÛÝ³Ï³Ý áõÅ»ñ:
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Ò¨³Ï»ñå»É u(x, t) É³ÛÝ³Ï³Ý ß»ÕáõÙÝ»ñÇ áñáßÙ³Ý »½ñ³ÛÇÝ ËÝ¹ÇñÁ t >

0 å³ÑÇÝ:

19. Ò¨³Ï»ñå»É É³ñÇ ÷áùñ É³ÛÝ³Ï³Ý ï³ï³ÝáõÙÝ»ñÇ »½ñ³ÛÇÝ

ËÝ¹ÇñÁ, »Ã» ï³ï³ÝáõÙÝ»ñÁ Ï³ï³ñíáõÙ »Ý ³ñ³·áõÃÛ³ÝÁ Ñ³Ù»Ù³ï³-

Ï³Ý ¹ÇÙ³¹ñáõÃÛáõÝ áõÝ»óáÕ ÙÇç³í³ÛñáõÙ: È³ñÇ Í³Ûñ»ñÁ Ïáßï ³Ùñ³ó-

í³Í »Ý:

20. Ò¨³Ï»ñå»É l »ñÏ³ñáõÃÛ³Ùµ Ñ³Ù³ë»é, µ³ñ³Ï Ñ³Õáñ¹³É³ñÇ

÷á÷áË³Ï³Ý Ñáë³ÝùÇ áõÅÁ ¨ É³ñáõÙÁ áñáß»Éáõ »½ñ³ÛÇÝ ËÝ¹ÇñÁª ³ÝÁÝ¹-

Ñ³ï µ³ßËí³Í R ûÑÙ³Ï³Ý ¹ÇÙ³¹ñáõÃÛ³Ùµ, C áõÝ³ÏáõÃÛ³Ùµ, L ÇÝùÝÇÝ-

¹áõÏóÇ³Ûáí ¨ G ³ñï³Ñáëùáí, »Ã» É³ñÇ ÙÇ Í³ÛñÁ ÑáÕ³Ïóí³Í ¾, ÇëÏ

ÙÛáõëÇÝ ÏÇñ³éí³Í ¾ F (t) ¾É»Ïïñ³ß³ñÅÇã áõÅ: îñí³Í »Ý Ý³¨ i(x, 0) =

f(x) ¨ v(x, 0) = F (x) ëÏ½µÝ³Ï³Ý Ñáë³ÝùÁ ¨ É³ñáõÙÁ:

21. l »ñÏ³ñáõÃÛ³Ùµ, ³é³Ó·³Ï³Ý, Ñ³Ù³ë»é ·É³ÝÇ É³ÛÝ³Ï³Ý Ñ³-

ïáõÛÃÝ»ñÁ t = 0 å³ÑÇÝ ëï³ó»É »Ý ÷áùñ åïáõÛïÝ»ñ: È³ÛÝ³Ï³Ý Ñ³-

ïáõÛÃÝ»ñÁ ÙÝáõÙ »Ý Ñ³ñÃ ¨ ã»Ý ¹»ýáñÙ³óíáõÙª åïïí»Éáí ·É³ÝÇ ³é³Ýó-

ùÇ ßáõñç: Ò¨³Ï»ñå»É É³ÛÝ³Ï³Ý Ñ³ïáõÛÃÝ»ñÇ åïáõÛïÇ ³ÝÏÛ³Ý áñáßÙ³Ý

»½ñ³ÛÇÝ ËÝ¹ÇñÁ t > 0 å³ÑÇÝ: ¸Çï³ñÏ»É

³. ³½³ï ÃáÕÝí³Í,

µ. Ïáßï ³Ùñ³óí³Í,

·. ³é³Ó·³Ï³Ý ³Ùñ³óí³Í

Í³Ûñ»ñÇ ¹»åù»ñÁ:

22. Ð³Ù³ë»é Ã³Õ³ÝÃÁ ¹³¹³ñÇ íÇ×³ÏáõÙ Ñ³ÙÁÝÏÝáõÙ ¾ (x, y)

Ñ³ñÃáõÃÛ³Ý D ïÇñáõÛÃÇ Ñ»ï, áñÇ »½ñÁ L-Ý ¾, ρ-Ý Ýñ³ Ù³Ï»ñ¨áõÛÃ³ÛÇÝ

ËïáõÃÛáõÝÝ ¾, T -Ý É³ñáõÙÁ, ϕ(x, y)-Á ¨ ψ(x, y)-Á Ã³Õ³ÝÃÇ (x, y) Ï»ïÇ

ëÏ½µÝ³Ï³Ý ß»ÕáõÙÁ ¨ ³ñ³·áõÃÛáõÝÝ »Ý: Ò¨³Ï»ñå»É ³Û¹åÇëÇ Ã³Õ³ÝÃÇ

÷áùñ, É³ÛÝ³Ï³Ý ï³ï³ÝáõÙÝ»ñÇ »½ñ³ÛÇÝ ËÝ¹ÇñÁ: ²Ýï»ë»É Í³ÝñáõÃÛ³Ý

áõÅÁ: ¸Çï³ñÏ»É Ñ»ï¨Û³É ¹»åù»ñÁ

³. Ã³Õ³ÝÃÇ »½ñÁ Ïáßï ³Ùñ³óí³Í ¾,

µ. Ã³Õ³ÝÃÇ »½ñÁ ³½³ï ¾ ÃáÕÝí³Í,

·. Ã³Õ³ÝÃÇ »½ñÇÝ ÏÇñ³éí³Í ¾ F (x, y, t) ((x, y) ∈ L) É³ÛÝ³Ï³Ý
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áõÅÁ,

¹. Ã³Õ³ÝÃÇ »½ñÁ ³é³Ó·³Ï³Ýáñ»Ý ³Ùñ³óí³Í ¾,

». Ã³Õ³ÝÃÇ »½ñÁ Ïáßï ³Ùñ³óí³Í ¾, ÇëÏ Ã³Õ³ÝÃÇ íñ³ ³½¹áõÙ ¾

F (x, y, t) É³ÛÝ³Ï³Ý áõÅÁ,

½. Ã³Õ³ÝÃÇ »½ñÁ Ïáßï ³Ùñ³óí³Í ¾, ÇëÏ ï³ï³ÝáõÙÝ»ñÁ Ï³ï³ñ-

íáõÙ »Ý ³ÛÝåÇëÇ ÙÇç³í³ÛñáõÙ, áñÁ ß»ÕÙ³ÝÁ Ñ³Ù»Ù³ï³Ï³Ý ¹ÇÙ³¹ñáõÃ-

ÛáõÝ ¾ óáõÛó ï³ÉÇë:

§2. º½ñ³ÛÇÝ ¨ ÎáßÇÇ ËÝ¹ÇñÝ»ñ

î³ï³ÝáÕ³Ï³Ý åñáó»ëÝ»ñÁ, áñáß ë³ÑÙ³Ý³÷³ÏáõÙÝ»ñÇ ¹»åùáõÙ,

ÝÏ³ñ³·ñíáõÙ »Ý
nX
i=1

uxixi − utt = 0 (1)

Ñ³í³ë³ñáõÙáí: (1) Ñ³í³ë³ñÙ³Ý ÉáõÍáõÙÁ ÁÝ¹áõÝí³Í ¾ ³Ýí³Ý»É ³ÉÇù,

ÇëÏ ÇÝùÁ Ñ³í³ë³ñáõÙÁª ³ÉÇù³ÛÇÝ:

ø³ÝÇ áñ (1) Ñ³í³ë³ñÙ³ÝÁ Ñ³Ù³å³ï³ëË³ÝáÕQ(λ) ù³é³Ïáõë³-

ÛÇÝ Ó¨Ý áõÝÇ

Q(λ) =
nX
i=1

λ2i − λ2n+1

ï»ëùÁ, ³å³ ³ÛÝ ÑÇå»ñµáÉ³Ï³Ý ï»ë³ÏÇ Ñ³í³ë³ñáõÙ ¾:

²ÉÇù³ÛÇÝ ï»ëáõÃÛ³Ý Ù»ç ³Ù»Ý³Ï³ñ¨áñ ËÝ¹ÇñÝ»ñÇó Ù»ÏÁ ÎáßÇÇ ËÝ¹ÇñÝ

¾ : ²ÛÝ Ï³Û³ÝáõÙ ¾ Ñ»ï¨Û³ÉáõÙ.

·ïÝ»É (1) Ñ³í³ë³ñÙ³Ý u(x, t) ³ÛÝåÇëÇ ÉáõÍáõÙ, áñÁ µ³í³ñ³ñÇ Ñ»ï»í-

Û³É ëÏ½µÝ³Ï³Ý å³ÛÙ³ÝÝ»ñÇÝ

u(x, 0) = ϕ(x), ut(x, 0) = ψ(x), (2)

áñï»Õ ϕ ¨ ψ-Ý Ý³Ë³å»ë ïñí³Í ýáõÝÏóÇ³Ý»ñ »Ý x1, x2, · · · , xn
÷á÷áË³Ï³ÝÝ»ñÇó:
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¸Çï³ñÏ»Ýù ÎáßÇÇ ËÝ¹ñÇ Ñ»ï¨Û³É å³ñ½³·áõÛÝ ¹»åùÁ (n = 1)

utt = a
2uxx + f(x, t), t > 0, −∞ < x <∞,

u(x, 0) = ϕ(x), ut(x, 0) = ψ(x), −∞ < x <∞ :
(3)

f(x, t) ≡ 0 ¹»åùáõÙ (3) ËÝ¹ñÇ ÉáõÍáõÙÁ ïñíáõÙ ¾ ¸³É³Ùµ»ñÇ µ³Ý³Ó¨áí

u(x, t) =
ϕ(x− at) + ϕ(x+ at)

2
+
1

2a

Z x+at

x−at
ψ(z)dz : (4)

ÀÝ¹Ñ³Ýáõñ ¹»åùáõÙ (f(x, t) 6= 0) (3) ËÝ¹ñÇ ÉáõÍáõÙÁ Ï³ñ»ÉÇ ¾

Ï³éáõó»É ¸Ûáõ³Ù»ÉÇ »Õ³Ý³Ïáí: Ð³Ù³éáï ÝÏ³ñ³·ñ»Ýù ³ÛÝ: ¸Çóáõù

v(x, t, τ) ýáõÝÏóÇ³Ý Ñ»ï¨Û³É ËÝ¹ñÇ ÉáõÍáõÙÝ ¾

vtt = a
2vxx, t > 0, −∞ < x <∞,

v(x, τ, τ) = 0, vt(x, τ, τ) = f(x, τ), −∞ < x <∞,
(5)

áñï»Õ τ -Ý áñ¨¾ ¹ñ³Ï³Ý å³ñ³Ù»ïñ ¾: ²Û¹ ¹»åùáõÙ

u(x, t) =

Z t

0

v(x, t, τ)dτ (6)

ýáõÝÏóÇ³Ý (3) ËÝ¹ñÇ ÉáõÍáõÙÝ ¾: v(x, t, τ) ýáõÝÏóÇ³Ý Ï³ñ»ÉÇ ¾ Ï³éáõó»É

¸³É³Ùµ»ñÇ µ³Ý³Ó¨Ç û·ÝáõÃÛ³Ùµ:

ÎáßÇÇ ËÝ¹ñÇ ÉáõÍáõÙÁ n = 2 ¹»åùáõÙ ïñíáõÙ ¾ äáõ³ëáÝÇ µ³Ý³Ó¨áí

u(x1, x2, t) =
1

2π

Z
Kt

ψ(y1, y2)dy1dy2p
t2 − (y1 − x1)2 − (y2 − x2)2

+

+
1

2π

∂

∂t

Z
Kt

ϕ(y1, y2)dy1dy2p
t2 − (y1 − x1)2 − (y2 − x2)2

,

áñï»Õ Kt-Ý (y1 − x1)2 + (y2 − x2)2 ≤ t2 ßñç³ÝÝ ¾:
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ÎáßÇÇ ËÝ¹ñÇ ÉáõÍáõÙÁ n = 3 ¹»åùáõÙ ïñíáõÙ ¾ ÎÇñËÑáýÇ µ³Ý³Ó¨áí

u(x1, x2, x3, t) =
1

4π

Z
St

ψ(y1, y2, y3)

t
dσ+

+
1

4π

∂

∂t

Z
St

ϕ(y1, y2, y3)

t
dσ,

áñï»Õ St-Ý (y1 − x1)2 + (y2 − x2)2 + (y3 − x3)2 = t2 ëý»ñ³Ý ¾ :

23. ÈáõÍ»É ÎáßÇÇ ËÝ¹ÇñÝ»ñÁ

³. uxx + 2uxy − 3uyy = 0, u(x, 0) = 3x2, uy(x, 0) = 0 :
µ. uxx − uyy + 5ux + 3uy + 4u = 0,
u(x, 0) = xe−

5
2x−x

2

, uy(x, 0) = e
− 5
2x :

·. uxx − 6uxy + 5uyy = 0, u(x, x) = sinx, uy(x, x) = cosx :
¹. uxx − 2 cosxuxy − sin2 xuyy + ux + (1 + cosx− sinx)uy = 0,
u(x, sinx) = cosx, uy(x, sinx) = sinx :

». 4y2uxx + 2(1− y2)uxy − uyy −
2y

1 + y2
(2ux − uy) = 0,

u(x, 0) = x2, uy(x, 0) = x sinx :

½. uxx − 2uxy + 4ey = 0, u(0, y) = 2yey, ux(0, y) = 2ey :
¾. uxx + 2 cosxuxy − sin2 xuyy − sinxuy = 0,
u(x, sinx) = x+ cosx, uy(x, sinx) = sinx :

Á. uxx + 2 sinxuxy − cos2 xuyy + ux + (sinx+ cosx+ 1)uy = 0,
u(x,− cosx) = 1 + 2 sinx, uy(x,− cosx) = sinx :

Ã. 3uxx − 4uxy + uyy − 3ux + uy = 0,
u(x, 0) = x+ xe−

x
2 , uy(x, 0) = e

− x
2 :

Å. uxx−2 cosxuxy−(3+sin2 x)uyy+ux+(sinx−cosx−2)uy = 0,
u(x,− sinx) = 0, uy(x,− sinx) = e−

x
2 sinx :

Ç. e−2xuxx − e−2yuyy − e−2xux + e−2yuy + 8ey = 0,
u(x, 0) = 1− e2x, uy(x, 0) = 3 :
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É. eyuxy − uyy + uy = 0, u(x, 0) = −
x2

2
, uy(x, 0) = − sinx :

Ë. uxx − 2 sinxuxy − (3 + cos2 x)uyy − cosxuy = 0,
u(x, cosx) = sinx, uy(x, cosx) = e

x
2 :

Í. 2uxx − 5uxy + 3uyy = 0, u(x, 0) = 0, uy(x, 0) = −e3x :
Ï. 2uxx + 6uxy + 4uyy + ux + uy = 0,

u(0, y) = 0, ux(0, y) = −e−
y
2 :

24. òáõÛó ï³É, áñ

u(x, t) =
∞X
k=0

µ
t2k

(2k)!
∆kµ(x1, · · · , xn)+

+
t2k+1

(2k + 1)!
∆kν(x1, · · · , xn)

¶ (7)

ýáõÝÏóÇ³Ý Ñ³Ý¹Çë³ÝáõÙ ¾ (1) Ñ³í³ë³ñÙ³Ý ÉáõÍáõÙ, »Ã»µ ¨ ν ýáõÝÏóÇ³-

Ý»ñÁ ³Ýí»ñç ¹Çý»ñ»Ýó»ÉÇ »Ý, ÇëÏ (7) ß³ñùÁ Ï³ñ»ÉÇ ¾ »ñÏáõ ³Ý·³Ù ³Ý-

¹³Ù-³é-³Ý¹³Ù ³Í³Ýó»É: ∆-Ý È³åÉ³ëÇ ûå»ñ³ïáñÝ ¾ x1, · · · , xn÷á÷á-
Ë³Ï³ÝÝ»ñÇó:

25. ú·ïí»Éáí (7) µ³Ý³Ó¨Çó ÉáõÍ»É ÎáßÇÇ ËÝ¹ÇñÝ»ñÁª (1) Ñ³í³ë³ñ-

Ù³Ý Ñ³Ù³ñ, »Ã»

³. u(x, 0) = x31x
2
2, ut(x, 0) = x

2
1x
4
2 − 3x31 :

µ. u(x, 0) = x1x2x3, ut(x, 0) = x
2
1x
2
2x
2
3 :

·. u(x, 0) = x21 + x
2
2 + x

2
3, ut(x, 0) = x1x2 :

¹. u(x, 0) = ex1 cosx2, ut(x, 0) = x
2
1 − x22 :

». u(x, 0) = x21 + x
2
2, ut(x, 0) = 1 :

½. u(x, 0) = ex1 , ut(x, 0) = e
−x1 :

¾. u(x, 0) = 1
x1
, ut(x, 0) = 0, x1 6= 0, x21 6= t2 :
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26. òáõÛó ï³É, áñ

u(x, t, τ) =
∞X
k=0

µ
(t− τ)2k

(2k)!
∆kµ(x1, · · · , xn, τ)+

+
(t− τ)2k+1

(2k + 1)!
∆kν(x1, · · · , xn, τ)

¶ (8)

ýáõÝÏóÇ³Ý, áñï»Õ ∆-Ý È³åÉ³ëÇ ûå»ñ³ïáñÝ ¾ x1, · · · , xn ÷á÷áË³-
Ï³ÝÝ»ñÇó, ÇëÏ µ ¨ ν ýáõÝÏóÇ³Ý»ñÁ ³Ýí»ñç ¹Çý»ñ»Ýó»ÉÇ »Ý, Ñ³Ý¹Çë³-

ÝáõÙ ¾

utt = ∆u

u(x, τ, τ) = µ(x, τ), ut(x, τ, τ) = ν(x, τ)

ËÝ¹ñÇ ÉáõÍáõÙ, »Ã» (8) ß³ñùÁ Ï³ñ»ÉÇ ¾ »ñÏáõ ³Ý·³Ù ³Ý¹³Ù-³é-³Ý¹³Ù

³Í³Ýó»É:

27. ú·ïí»Éáí (7) ¨ (8) µ³Ý³Ó¨»ñÇó ÉáõÍ»É ÎáßÇÇ ËÝ¹ÇñÝ»ñÁ

³. utt = ∆u+ax+bt, u(x, y, z, 0) = xyz, ut(x, y, z, 0) = xy+z :

µ. utt = ∆u+
x

1 + t2
ey cos z,

u(x, y, z, 0) = z sin(
√
2(x+ y)), ut(x, y, z, 0) = 0 :

·. utt = ∆u+
xt

1 + t2
,

u(x, y, z, 0) = x sin y, ut(x, y, z, 0) = y cos z :

¹. utt = ∆u+ txy sin az,

u(x, y, z, 0) = az + bxy, ut(x, y, z, 0) = 0 :

». utt = ∆u+ axyze
−bt, u(x, y, z, 0) = 2xy,

ut(x, y, z, 0) = x sin(
√
2y) cos(

√
2z) :

½. utt = ∆u+ axyz sin bt, u(x, y, z, 0) = x
2yz2,

ut(x, y, z, 0) = y sinωxe
ωz :

¾. utt = ∆u+ xyzln(1 + t
2),

u(x, y, z, 0) = yex sin z, ut(x, y, z, 0) = xz sin y :
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Á. utt = ∆u+
ayzt3

1 + t2
, u(x, y, z, 0) = xey, ut(x, y, z, 0) = ye

z :

Ã. utt = uxx + uyy − xyt, u(x, y, 0) = 0, ut(x, y, 0) = xy :
Å. utt = ∆u− xyt,
u(x, y, z, 0) = ϕ(x, y, z), ut(x, y, z, 0) = ψ(x, y, z) :

Ç. utt = ∆u+ f(x, y, z), u(x, y, z, 0) = ϕ(x, y, z, ),

ut(x, y, 0) = ψ(x, y, z), ∆ϕ = 0, ∆ψ = 0 :

É. utt = ∆u+ f(x, y, z)g(t), u(x, y, z, 0) = ϕ(x, y, z),

ut(x, y, 0) = ψ(x, y, z), ∆f = 0,

∆ϕ = 0, ∆ψ = 0, g ∈ C1(t ≥ 0) :

28. ú·ïí»Éáí ¸³É³Ùµ»ñÇ µ³Ý³Ó¨Çó ¨ ¸Ûáõ³Ù»ÉÇ »Õ³Ý³ÏÇó, ÉáõÍ»É

ÎáßÇÇ ËÝ¹ÇñÝ»ñÁ

³. utt = uxx + bx
2, u(x, 0) = e−x, ut(x, 0) = c cosx :

µ. utt = uxx + axt, u(x, 0) = x, ut(x, 0) = sinx :

·. utt = uxx + ae
−t, u(x, 0) = b sinx, ut(x, 0) = c cosx :

¹. utt = uxx + a sin bt, u(x, 0) = cosx, ut(x, 0) = sinx :

». utt = uxx + x sin t, u(x, 0) = sinx, ut(x, 0) = cosx :

29. ú·ïí»Éáí

utt = a
2uxx, −∞ < x <∞, t > 0,

u(x, 0) = ϕ(x), ut(x, 0) = ψ(x), −∞ < x <∞
ËÝ¹ñÇ u(x, t) ÉáõÍÙ³Ý ¸³É³Ùµ»ñÇ µ³Ý³Ó¨Çóª óáõÛó ï³É, áñ

³. »Ã» ϕ(x) ¨ ψ(x) ýáõÝÏóÇ³Ý»ñÁ Ï»Ýï »Ý, ³å³ u(0, t) = 0,

µ. »Ã» ϕ(x) ¨ ψ(x) ýáõÝÏóÇ³Ý»ñÁ ½áõÛ· »Ý, ³å³ ux(0, t) = 0 :

30. êïáõ·»É, áñ

utt = a
2uxx + f(x, t), −∞ < x <∞, t > 0,

u(x, 0) = 0, ut(x, 0) = 0, −∞ < x <∞
ÎáßÇÇ ËÝ¹ñÇ ÉáõÍáõÙÁ µ³í³ñ³ñáõÙ ¾ Ñ»ï¨Û³É Ñ³ïÏáõÃÛáõÝÝ»ñÇÝª

³. u(0, t) = 0, »Ã» f(x, t) ýáõÝÏóÇ³Ý Ï»Ýï ¾ x ÷á÷áË³Ï³ÝÇ ÝÏ³ï-

Ù³Ùµ,
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µ. ux(0, t) = 0, »Ã» f(x, t) ýáõÝÏóÇ³Ý ½áõÛ· ¾ x ÷á÷áË³Ï³ÝÇ ÝÏ³ï-

Ù³Ùµ:

31. ú·ïí»Éáí 29 ¨ 30 ËÝ¹ÇñÝ»ñÇ åÝ¹áõÙÝ»ñÇó, ÉáõÍ»É Ñ»ï¨Û³É

»½ñ³ÛÇÝ ËÝ¹ÇñÝ»ñÁª ïíÛ³ÉÝ»ñÁ Ñ³Ù³å³ï³ëË³Ý Ó¨áí ß³ñáõÝ³Ï»Éáí

³ÙµáÕç Ãí³ÛÇÝ ³é³ÝóùÇ íñ³

³. utt = a
2uxx, x > 0, t > 0,

u(0, t) = 0, t > 0,

u(x, 0) = sinx, ut(x, 0) = x
2, x > 0 :

µ. utt = a
2uxx, x > 0, t > 0,

u(0, t) = 0, t > 0,

u(x, 0) = 1− ex, ut(x, 0) = shx, x > 0 :
·. utt = a

2uxx, x > 0, t > 0,

ux(0, t) = 0, t > 0,

u(x, 0) = x− ex, ut(x, 0) = x2, x > 0 :
¹. utt = a

2uxx, x > 0, t > 0,

ux(0, t) = 0, t > 0,

u(x, 0) = 1 + x3, ut(x, 0) = x
2e6x, x > 0 :

». utt = a
2uxx + e

x cos t, x > 0, t > 0,

u(0, t) = u(x, 0) = ut(x, 0) = 0, t > 0, x > 0,

½. utt = a
2uxx + t cosx, x > 0, t > 0,

u(0, t) = u(x, 0) = ut(x, 0) = 0, x > 0, t > 0 :

¾. utt = a
2uxx + sinx sin t, x > 0, t > 0,

ux(0, t) = u(x, 0) = ut(x, 0) = 0, x > 0, t > 0 :

Á. utt = a
2uxx + te

x, x > 0, t > 0,

ux(0, t) = u(x, 0) = ut(x, 0) = 0, x > 0, t > 0 :

Ã. utt = a
2uxx + chxcht, x > 0, t > 0,

u(0, t) = 0, t > 0,

u(x, 0) = shx, ut(x, 0) = chx, x > 0 :

Å. utt = a
2uxx + t cosx, x > 0, t > 0,
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u(0, t) = 0, t > 0,

u(x, 0) = x, ut(x, 0) = x
2, x > 0 :

Ç. utt = a
2uxx + sinx sin t, x > 0, t > 0,

ux(0, t) = 0, t > 0,

u(x, 0) = cosx, ut(x, 0) = x
2, x > 0 :

É. utt = a
2uxx + xe

t, x > 0, t > 0,

ux(0, t) = 0, t > 0,

u(x, 0) = cosx, ut(x, 0) = x− ex, x > 0 :

32.Ð»ï¨Û³É ËÝ¹ÇñÝ»ñáõÙ ÉáõÍáõÙÁ ÷Ýïñ»É u(x, t) = f(x − at)
ï»ëùáí

³. utt = a
2uxx, x > 0, t > 0,

u(0, t) = µ(t), t > 0,

u(x, 0) = ut(x, 0) = 0, x > 0 :

µ. utt = a
2uxx, x > 0, t > 0,

ux(0, t) = 0, t > 0,

u(x, 0) = 0, x > 0,

ut(x, 0) =

⎧⎪⎨⎪⎩
0, 0 < x < c

v0, c < x < 2c

0, 2c < x

:

·. utt = a
2uxx, x > 0, t > 0,

ux(0, t) = ν(t), t > 0,

u(x, 0) = ut(x, 0) = 0, x > 0:

¹. utt = a
2uxx, x > 0, t > 0,

ux(0, t)− hu(0, t) = χ(t), t > 0, h > 0

u(x, 0) = ut(x, 0) = 0, x > 0:

». utt = a
2uxx, x > 0, t > 0,

ux(0, t) + hut(0, t) = 0, t > 0,

u(x, 0) = ut(x, 0) = ω, x > 0:

½. utt = a
2uxx, x > 0, t > 0,
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u(0, t) = 0, t > 0,

u(x, 0) = f(x), ut(x, 0) = af
0
(x), x > 0:

¾. utt = a
2uxx, x > 0, t > 0,

ux(0, t) = 0, t > 0,

u(x, 0) = f(x), ut(x, 0) = af
0
(x), x > 0:

Á. utt = a
2uxx, x > 0, t > 0,

ux(0, t)− hu(0, t) = 0, t > 0,
u(x, 0) = f(x), ut(x, 0) = af

0
(x), x > 0:

Ã. utt = a
2uxx, x > 0, t > 0,

ux(0, t) + hut(0, t) = 0, t > 0,

u(x, 0) = f(x), ut(x, 0) = af
0
(x), x > 0:

Å. utt = a
2uxx, x > 0, t > 0,

ux(0, t)− hu(0, t) = 0, t > 0,
ut(x, 0) = 0, x > 0,

u(x, 0) =

½
sin πx

l , 0 < x < l

0, l < x
:

Ç. utt = a
2uxx, 0 ≤ x ≤ l, t > 0,

u(0, t) = u(l, t) = 0, t > 0,

u(x, 0) = A sin πx
l , ut(x, 0) = 0, 0 ≤ x ≤ l:

É. utt = a
2uxx, 0 ≤ x ≤ l, t > 0,

u(0, t) = ux(l, t) = 0, t > 0,

u(x, 0) = Ax, ut(x, 0) = 0, 0 ≤ x ≤ l:
Ë. utt = a

2uxx, 0 ≤ x ≤ l, t > 0,
ux(0, t) = ux(l, t) = 0, t > 0,

u(x, 0) = cos πxl , ut(x, 0) = 0, 0 ≤ x ≤ l:
Í. utt = a

2uxx, 0 ≤ x ≤ l, t > 0,
u(0, t) = 0, mlutt(l, t) = −a2ux(l, t), t > 0,
u(x, 0) = ut(x, 0) = 0, 0 ≤ x ≤ l, ut(l, 0) = −v:

33. ÈáõÍ»É »½ñ³ÛÇÝ ËÝ¹ÇñÝ»ñÁ

³. utt = a
2uxx + x cos t, x > 0, t > 0,
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u(0, t) = sin t, t > 0,

u(x, 0) = sin 2x, ut(x, 0) = e
x, x > 0:

µ. utt = a
2uxx + xt, x > 0, t > 0,

u(0, t) = t, t > 0,

u(x, 0) = shx, ut(x, 0) = chx, x > 0:

·. utt = a
2uxx + t cosx, x > 0, t > 0,

ux(0, t) = sht, t > 0,

u(x, 0) = cosx, ut(x, 0) = sinx, x > 0:

34. ¶ïÝ»É uxx + uyy + uzz = utt Ñ³í³ë³ñÙ³Ý ÁÝ¹Ñ³Ýáõñ

ÉáõÍáõÙÁ, »Ã» u ýáõÝÏóÇ³Ý Ï³Ëí³Í ¾ ÙÇ³ÛÝ r (r2 = x2 + y2 + z2)

¨ t ÷á÷áË³Ï³ÝÝ»ñÇó:

35. ÈáõÍ»É Ñ»ï¨Û³É ËÝ¹ÇñÁ

utt = a
2∆u, −∞ < x, y, z < +∞, t > 0,

u(r, 0) = ϕ(r), ut(r, 0) = ψ(r), r2 = x2 + y2 + z2, 0 ≤ r,
¨ ·ïÝ»É lim

x,y,z→0
u(x, y, z, t):

36. ÈáõÍ»É

utt = a
2∆u+ f(r, t), 0 ≤ r < +∞, t > 0,

u(r, 0) = 0, ut(r, 0) = 0, r
2 = x2 + y2 + z2, 0 ≤ r,

ËÝ¹ÇñÁ:

37. ÈáõÍ»É

utt = a
2∆u, −∞ < x, y, z < +∞, t > 0,

ËÝ¹ÇñÁ, Ñ»ï¨Û³É ëÏ½µÝ³Ï³Ý å³ÛÙ³ÝÝ»ñÇ ¹»åùáõÙ

³. u(r, 0) =

½
u0, r ≤ r0
0, r > r0

,

ut(r, 0) = 0:

µ. ut(r, 0) =

½
u0, r ≤ r0
0, r > r0

,

u(r, 0) = 0 :
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§3. ¶áõñë³ÛÇ ËÝ¹ÇñÁ ¨ Ýñ³ ÉáõÍáõÙÁ: èÇÙ³ÝÇ ýáõÝÏóÇ³Ý:
ÎáßÇÇ ËÝ¹ñÇ ÁÝ¹Ñ³Ýáõñ ¹ñí³ÍùÁ ¨ Ýñ³ ÉáõÍáõÙÁ

èÇÙ³ÝÇ »Õ³Ý³Ïáí

¸Çï³ñÏ»Ýù Ï³ÝáÝ³Ï³Ý ï»ëùÇ µ»ñí³Í »ñÏáõ ³ÝÏ³Ë ÷á÷áË³-

Ï³ÝÝ»ñáí ·Í³ÛÇÝ ÑÇå»ñµáÉ³Ï³Ý ï»ë³ÏÇ Ñ»ï¨Û³É Ñ³í³ë³ñáõÙÁ

uxy + a(x, y)ux + b(x, y)uy + c(x, y)u = f(x, y), (1)

áñï»Õ a, b, c ¨ f -ÁD = (0, x0)×(0, y0) áõÕÕ³ÝÏÛ³ÝD ÷³ÏÙ³Ý íñ³
ïñí³Í ³ÝÁÝ¹Ñ³ï ýáõÝÏóÇ³Ý»ñ »Ý:

¶áõñë³ÛÇ ËÝ¹ÇñÁ. ä³Ñ³ÝçíáõÙ ¾ C2(D) ∩ C1(D) ¹³ëáõÙ ·ïÝ»É
³ÛÝ u(x, y) ýáõÝÏóÇ³Ý, áñÁ µ³í³ñ³ñÇ (1) Ñ³í³ë³ñÙ³ÝÁD áõÕÕ³ÝÏÛ³Ý

Ù»ç ¨ ÁÝ¹áõÝÇ Ýñ³ y = 0, 0 ≤ x ≤ x0 ¨ x = 0, 0 ≤ y ≤ y0 ÏáÕÙ»ñÇ
íñ³ ïñí³Í ³ñÅ»ùÝ»ñÁª

u(x, 0) = ϕ1(x), u(0, y) = ϕ2(y) : (2)

ºÝÃ³¹ñ»Ýù Ý³¨, áñ ϕ1 ∈ C1[0, x0], ϕ2 ∈ C[0, y0] ¨ ϕ1(0) = ϕ2(0):

Â»áñ»Ù: ºÃ» a, b, c ¨ f ýáõÝÏóÇ³Ý»ñÝ ³ÝÁÝ¹Ñ³ï »ÝD-Ç ÷³ÏÙ³Ý

íñ³, ϕ1 ∈ C1[0, x0], ϕ2 ∈ C[0, y0] ¨ ϕ1(0) = ϕ2(0), ³å³ (1)-(2)

¶áõñë³ÛÇ ËÝ¹ÇñÁ ßÇï³Ï ¾ ¹ñí³Í:

²ÛÅÙ ¹Çï³ñÏ»Ýù Ñ»ï¨Û³É ¹Çý»ñ»ÝóÇ³É ³ñï³Ñ³ÛïáõÃÛáõÝÁ

L(u) = uxy + aux + buy + cu : (3)

²Ûë ³ñï³Ñ³ÛïáõÃÛ³Ý Ñ³Ù³ÉáõÍ ¹Çý»ñ»ÝóÇ³É ³ñï³Ñ³ÛïáõÃÛáõÝ ³Ýí³-

ÝáõÙ »Ý

L∗(v) = vxy − (av)x − (bv)y + cv : (4)
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ê³ÑÙ³ÝáõÙ: R(x, y; ξ, η) ýáõÝÏóÇ³Ý ÏáãíáõÙ ¾ L ¹Çý»ñ»ÝóÇ³É ³ñ-

ï³Ñ³ÛïáõÃÛ³Ý èÇÙ³ÝÇ ýáõÝÏóÇ³, »Ã» ³ÛÝ µ³í³ñ³ñáõÙ ¾

L∗(R) = 0 (5)

Ñ³í³ë³ñÙ³ÝÁ ¨ x = ξ áõ y = η µÝáõÃ³·ñÇãÝ»ñÇ íñ³

R(ξ, y; ξ, η) = e

R y

η
a(ξ,y

0
)dy

0

, R(x, η; ξ, η) = e

R x

ξ
a(x

0
,η)dx

0

(6)

− å³ÛÙ³ÝÝ»ñÇÝ:

R(x, y; ξ, η)-Ç Ù»ç (x, y) Ï»ïÁ ³ñ·áõÙ»ÝïÇ ¹»ñ ¾ Ï³ï³ñáõÙ, ÇëÏ

(ξ, η) Ï»ïÁª å³ñ³Ù»ïñÇ: (6) å³ÛÙ³ÝÝ»ñÇó ³ÝÙÇç³å»ë ëï³ÝáõÙ »Ýù ª

R(ξ, y; ξ, η) = 1,

Ry(ξ, y; ξ, η) = a(ξ, y)R(ξ, y; ξ, η),

Rx(x, η; ξ, η) = b(x, η)R(x, η; ξ, η) :

ì»ñÁ Ýßí³Í Ã»áñ»ÙÇó Ñ»ï¨áõÙ ¾ª èÇÙ³ÝÇ ýáõÝÏóÇ³ÛÇ ·áÛáõÃÛáõÝÁ ¨ ÙÇ³-

ÏáõÃÛáõÝÁ, áñå»ë (5)-(6) ¶áõñë³ÛÇ ËÝ¹ñÇ ÉáõÍáõÙ: ºÃ» L ûå»ñ³ïáñÝ

ÇÝùÝ³Ñ³Ù³ÉáõÍ ûå»ñ³ïáñ ¾, ³å³ èÇÙ³ÝÇ ýáõÝÏóÇ³Ý ëÇÙ»ïñÇÏ ¾ª

R(x, y; ξ, η) = R(ξ, η;x, y) :

¸Çóáõù `-Á (x, y) Ñ³ñÃáõÃÛ³Ý Ù»ç áÕáñÏ ÏáñÇ ÙÇ ³Õ»Õ ¾, áñÝ áõÝÇ

Ñ»ï¨Û³É Ñ³ïÏáõÃÛáõÝÝ»ñÁª

³. `-Á (1) Ñ³í³ë³ñÙ³Ý³Ù»Ý ÙÇ x = const, y = const µÝáõÃ³·ñÇãÝ»ñÇ

Ñ»ï Ñ³ïíáõÙ ¾ ÙÇ³ÛÝ Ù»Ï Ï»ïáõÙ:

µ. `-Ç ó³ÝÏ³ó³Í Ï»ïáõÙ ï³ñ³Í ßáß³÷áÕÁ ãáõÝÇ (1) Ñ³í³ë³ñÙ³Ý µÝáõ-

Ã³·ñÇãÇ áõÕÕáõÃÛáõÝ:

²ÛëåÇëÇ ÏáñÇ Ñ³í³ë³ñáõÙÁ Ï³ñ»ÉÇ ¾ ·ñ»É ¨ y = g(x) ¨ x = h(y)

ï»ëù»ñáí:
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ÎáßÇÇ ËÝ¹ÇñÁ ¹ñíáõÙ ¾ Ñ»ï¨Û³É Ï»ñå. å³Ñ³ÝçíáõÙ ¾ ·ïÝ»É (1)

Ñ³í³ë³ñÙ³Ý ³ÛÝåÇëÇ u(x, y) ÉáõÍáõÙ ( ` ÏáñÇ ßñç³Ï³ÛùáõÙ), áñÁ µ³-

í³ñ³ñÇ ` ÏáñÇ íñ³ Ñ»ï¨Û³É å³ÛÙ³ÝÝ»ñÇÝ

u|` = ϕ0, uy|` = ϕ1, (7)

áñï»Õ ϕ0 ¨ ϕ1-Á ` ÏáñÇ íñ³ ïñí³Í ýáõÝÏóÇ³Ý»ñ »Ý, Ñ³Ù³å³ï³ëË³-

Ý³µ³ñ C2 ¨ C1 ¹³ë»ñÇó:

(7) å³ÛÙ³ÝÝ»ñÁ ÑÝ³ñ³íáñáõÃÛáõÝ »Ý ï³ÉÇë ·ïÝ»Éáõ ux ³Í³Ýó-

Û³ÉÁ ` ÏáñÇ Ï»ï»ñáõÙ: Ð»ï¨³å»ë, uy ³Í³ÝóÛ³ÉÇ ÷áË³ñ»Ý ` ÏáñÇ íñ³

Ï³ñ»ÉÇ ¾ ï³É ux ³Í³ÝóÛ³ÉÁ: ºí ÁÝ¹Ñ³Ýñ³å»ë, (7)-Ç »ñÏñáñ¹ å³ÛÙ³ÝÇ

÷áË³ñ»Ý Ï³ñ»ÉÇ ¾ ` ÏáñÇ Ï»ï»ñáõÙ ï³É u-Ç ³Í³ÝóÛ³ÉÁ Áëï áñ¨¾ áõÕ-

ÕáõÃÛ³Ý, áñÁ ãÇ Ñ³ÙÁÝÏÝáõÙ ßáß³÷áÕÇ áõÕÕáõÃÛ³Ý Ñ»ï:

ÎáßÇÇ ËÝ¹ñÇ ÉáõÍÙ³Ý èÇÙ³ÝÇ »Õ³Ý³ÏÁ Ï³Û³ÝáõÙ ¾ Ñ»ï¨Û³ÉáõÙ.

Â»áñ»Ù: ºÃ» a, b, c, ax, by, f ýáõÝÏóÇ³Ý»ñÝ ³ÝÁÝ¹Ñ³ï »Ý D :

x1 ≤ ξ ≤ x2, y1 ≤ η ≤ y2 áõÕÕ³ÝÏÛ³Ý íñ³, ϕ0 ∈ C2[x1, x2] ¨
ϕ1 ∈ C1[x1, x2], ³å³ (1) ¨ (7) ÎáßÇÇ ËÝ¹ñÇ ÉáõÍáõÙÁ C1(D) ¹³ëáõÙ
·áÛáõÃÛáõÝ áõÝÇ, ÙÇ³ÏÝ ¾ ¨ ³ñï³Ñ³ÛïíáõÙ ¾ èÇÙ³ÝÇ Ñ»ï¨Û³É µ³Ý³Ó¨áí

u(x, y) =
1

2
ϕ0(h(y))R(h(y), y;x, y) +

1

2
ϕ0(x)R(x, g(x);x, y)+

+

Z
lxy

∙µ
R

2
ω − ϕ0

2
Rξ + bϕ0R

¶
dξ−

−
µ
R

2
ϕ1 −

ϕ0
2
Rη + aϕ0R

¶
dη

¸
+

Z
Gxy

Rfdξdη,

áñï»Õ Gxy-Á ¨ lxy-Á ξ = x, η = y; ξ = x
0
= h(y), η = y

0
=

g(x) µÝáõÃ³·ñÇãÝ»ñÇ ÙÇç¨ ÁÝÏ³ÍGïÇñáõÛÃÇ ¨ ` ÏáñÇ Ñ³Ù³å³ï³ëË³Ý

Ù³ë»ñÝ »Ý, ÇëÏ ω(x) = ϕ
0

0(x)− ϕ1(x)g
0
(x) :
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38. ¶ïÝ»É

L(u) = utt − a2uxx, a = const

ûå»ñ³ïáñÇ èÇÙ³ÝÇ ýáõÝÏóÇ³Ý ¨ Ýñ³ û·ÝáõÃÛ³Ùµ ÉáõÍ»É

utt = a
2uxx + f(x, t), −∞ < x <∞, t > 0,

u(x, 0) = ϕ(x), ut(x, 0) = ψ(x)

ËÝ¹ÇñÁ:

39. ¶ïÝ»É

L(u) = utt − a2uxx ± c2u, a = const

ûå»ñ³ïáñÇ èÇÙ³ÝÇ ýáõÝÏóÇ³Ý ¨ Ýñ³ û·ÝáõÃÛ³Ùµ ÉáõÍ»É

utt = a
2uxx ± c2u+ f(x, t), −∞ < x <, t > 0,

u(x, 0) = ϕ(x), ut(x, 0) = ψ(x)

ËÝ¹ÇñÁ:

40. ÈáõÍ»É

x2uxx − y2uyy = 0, −∞ < x <∞, 1 < y <∞,

u(x, 1) = ϕ(x), uy(x, 1) = ψ(x)

ËÝ¹ÇñÁ:

41. Ð»ï¨Û³É Ñ³í³ë³ñáõÙÝ»ñÇ Ñ³Ù³ñ ÉáõÍ»É ÎáßÇÇ

u(0, t) = ϕ(t), ux(0, t) = ψ(t)

¨ ¶áõñë³ÛÇ

u(x, x) = ϕ(x), u(x,−x)ψ(x), x ≥ 0, ϕ(0) = ψ(0)
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ËÝ¹ÇñÝ»ñÁ:

³. uxx − utt + aux +
a2

4
u = 0, a = const :

µ. uxx − utt + but −
b2

4
u = 0, b = const :

·. uxx − utt + aux + but +
a2

4
u− b

2

4
u = 0,

a = const, b = const :

42. ÈáõÍ»É 41 ËÝ¹ñÇ ³,µ,· Ñ³í³ë³ñáõÙÝ»ñÁ

u(x, 0) = ϕ(x), u(x, x) = ψ(x), ϕ(0) = ψ(0)

å³ÛÙ³ÝÝ»ñáí:

43. ¶ïÝ»É½
ux − vy = 0,
uy − vx = 0,

Ñ³í³ë³ñáõÙÝ»ñÇ Ñ³Ù³Ï³ñ·Ç ³ÛÝ ÉáõÍáõÙÁ, áñÇ Ñ³Ù³ñª

³. u(x, 0) = ϕ(x), v(x, 0) = ψ(x) :

µ. u(x, x) = ϕ(x), v(x,−x) = ψ(x), x ≥ 0 :
·. u(x, 0) = ϕ(x), v(x,−x) = ψ(x), x ≥ 0 :
¹. u(x, 0) = ϕ(x), v(x, x) = ψ(x), x ≥ 0 :
». u(x, 0) = ϕ(x),

v(x,−x2 ) = ψ(x), x ≥ 0, ϕ(0) = 0, ψ(0) = 0 :

44. òáõÛó ï³É, áñ

aux + vy = 0, uy + vx = 0

Ñ³Ù³Ï³ñ·Á ÏÉÇÝÇ ÑÇå»ñµáÉ³Ï³Ý ï»ë³ÏÇ, ³ÛÝ ¨ ÙÇ³ÛÝ ³ÛÝ ¹»åùáõÙ »Ã»

a > 0 ¨ ÉáõÍ»É ³ÛÝ

u

µ
x,

x√
a

¶
= ϕ(x), v

µ
x,− x√

a

¶
= ψ(x)

å³ÛÙ³ÝÝ»ñÇ ¹»åùáõÙ:



¶ È àô Ê III

ä²ð²´àÈ²Î²Ü îºê²ÎÆ Ð²ì²ê²ðàôØÜºð

§1. ä³ñ³µáÉ³Ï³Ý ï»ë³ÏÇ Ñ³í³ë³ñáõÙÝ»ñÇ µ»ñíáÕ ËÝ¹ÇñÝ»ñ

ØÇç³í³ÛñáõÙ ç»ñÙáõÃÛ³Ý ï³ñ³ÍáõÙÁ Ï³Ù ¹Çýáõ½Ç³Ý ÝÏ³ñ³·ñíáõÙ

»Ý ÁÝ¹Ñ³Ýáõñ ¹Çýáõ½Ç³ÛÇ Ñ³í³ë³ñáõÙáí

ρ
∂u

∂t
= div(p grad u)− qu+ F (x, t) : (1)

Ø³ëÝ³íáñ³å»ë, »Ã» u(x, t) ýáõÝÏóÇ³Ý ÝÏ³ñ³·ñáõÙ ¾ ÙÇç³í³ÛñÇ ç»ñ-

Ù³ëïÇ×³ÝÁ x = (x1, x2, x3) Ï»ïáõÙ Å³Ù³Ý³ÏÇ t å³ÑÇÝ, ³å³ ³ÛÝ

µ³í³ñ³ñáõÙ ¾

cρ
∂u

∂t
= div(k grad u) + F (x, t) (2)

ç»ñÙáõÃÛ³Ý ï³ñ³ÍÙ³Ý Ñ³í³ë³ñÙ³ÝÁ, áñï»Õ c(x), ρ(x), k(x) ýáõÝÏ-

óÇ³Ý»ñÁ Ñ³Ù³å³ï³ëË³Ý³µ³ñ ÙÇç³í³ÛñÇ ËïáõÃÛáõÝÁ, ï»ë³Ï³ñ³ñ

ç»ñÙáõÝ³ÏáõÃÛáõÝÁ ¨ ç»ñÙ³Ñ³Õáñ¹³Ï³ÝáõÃÛ³Ý ·áñÍ³ÏÇóÝ »Ý ÙÇç³í³ÛñÇ

x Ï»ïáõÙ: F (x, t)-Ý ç»ñÙáõÃÛ³Ý ³ÕµÛáõñÇ ÇÝï»ÝëÇíáõÃÛáõÝÝ ¾:

ºÃ» ÙÇç³í³ÛñÁ Ñ³Ù³ë»é ¾, ³ÛëÇÝùÝª c, ρ ¨ k ýáõÝÏóÇ³Ý»ñÁ ÝáõÛÝ³-

µ³ñ Ñ³ëï³ïáõÝÝ»ñ »Ý, ³å³ (2)-Ý ÁÝ¹áõÝáõÙ ¾

∂u

∂t
= a2∆u+ f, a2 =

k

cρ
, f =

F

cρ
(3)

ï»ëùÁ, áñï»Õ ∆u = ux1x1 + ux2x2 + ux3x3 : (3) Ñ³í³ë³ñáõÙÝ ³Ýí³-

ÝáõÙ »Ý ç»ñÙ³Ñ³Õáñ¹³Ï³ÝáõÃÛ³Ý Ñ³í³ë³ñáõÙ:

æ»ñÙáõÃÛ³Ý ï³ñ³ÍáõÙÁ ÉÇáíÇÝ ÝÏ³³ñ³·ñ»Éáõ Ñ³Ù³ñ ³ÝÑñ³Å»ßï

¾ ·Çï»Ý³É ÙÇç³í³ÛñÇ ëÏ½µÝ³Ï³Ý ç»ñÙ³ëïÇ×³ÝÁ (ëÏ½µÝ³Ï³Ý å³ÛÙ³Ý)

¨ ÙÇç³í³ÛñÇ »½ñ³ÛÇÝ å³ÛÙ³ÝÝ»ñÁ, »Ã» ³ÛÝ ë³ÑÙ³Ý³÷³Ï ¾: (2), (3)
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Ñ³í³ë³ñáõÙÝ»ñÁ ¨ Ýñ³Ýó Ñ³Ù³å³ï³ëË³ÝáÕ »½ñ³ÛÇÝ å³ÛÙ³ÝÝ»ñÁ

Ñ³Ý¹Çë³ÝáõÙ »Ý

³. ¾Ý»ñ·Ç³ÛÇ å³Ñå³ÝÙ³Ý ûñ»ÝùÇ,

µ. åÇÝ¹ Ù³ñÙÇÝÝ»ñáõÙ Ý»ñùÇÝ ç»ñÙ³Ñ³Õáñ¹³Ï³ÝáõÃÛ³Ý ûñ»ÝùÇ

(üáõñÇ»Ç ûñ»ÝùÇ),

·. åÇÝ¹ Ù³ñÙÝÇ Ù³Ï»ñ¨áõÛÃÇ ¨ Ýñ³Ý ßñç³å³ïáÕ ÙÇç³í³ÛñÇ ÙÇç¨

Ï³ï³ñíáÕ ç»ñÙ³÷áË³Ý³ÏáõÃÛ³Ý ûñ»ÝùÇ (ÜÛáõïáÝÇ ûñ»ÝùÇ)

Ñ»ï¨³ÝùÝ»ñ:

ØÇ³ã³÷ ¹»åùáõÙ üáõñÇ»Ç ûñ»ÝùÝ ³ñï³Ñ³ÛïíáõÙ ¾

q = −σλ∂u
∂x

(4)

µ³Ý³Ó¨áí, áñï»Õ q-Ý ³ÛÝ ç»ñÙáõÃÛ³Ý ù³Ý³ÏáõÃÛáõÝÝ ¾, áñÁ ÙÇ³íáñ Å³-

Ù³Ý³ÏáõÙ ³ÝóÝáõÙ ¾ x ³é³ÝóùÇ áõÕÕáõÃÛ³Ùµ ¨ Ýñ³Ý áõÕÕ³Ñ³Û³ó σ

Ñ³ñÃáõÃÛ³Ý ÙÇçáí, λ-Ý ç»ñÙ³Ñ³Õáñ¹³Ï³ÝáõÃÛ³Ý ·áñÍ³ÏÇóÝ ¾: ì»ñçÇÝÁ,

ÁÝ¹Ñ³Ýñ³å»ë Ï³Ëí³Í ¾ Ù³ñÙÝÇ ýÇ½ÇÏ³Ï³Ý Ñ³ïÏáõÃÛáõÝÝ»ñÇó ¨ u ç»ñ-

Ù³ëïÇ×³ÝÇó:

ÜÛáõïáÝÇ ûñ»ÝùÁ ³ñï³Ñ³ÛïíáõÙ ¾

q = σα(u− u0) (5)

µ³Ý³Ó¨áí, áñï»Õ q-Ý ³ÛÝ ç»ñÙáõÃÛ³Ý ù³Ý³ÏáõÃÛáõÝÝ ¾, áñÁ ÙÇ³íáñ Å³-

Ù³Ý³ÏáõÙ ³ÝóÝáõÙ ¾ Ù³ñÙÝÇ σ Ù³Ï»ñáõÛÃÇ ÙÇçáí, u-Ý Ù³Ï»ñ¨áõÛÃÇ ç»ñ-

Ù³ëïÇ×³ÝÝ ¾, u0-Ý ßñç³Ï³ ÙÇç³í³ÛñÇ ç»ñÙ³ëïÇ×³ÝÝ ¾, ÇëÏ α-Ý ç»ñ-

Ù³÷áË³Ý³ÏáõÃÛ³Ý ·áñÍ³ÏÇóÁ:

ºÃ» u(x, t) ýáõÝÏóÇ³Ý ÝÏ³ñ³·ñáõÙ ¾ Ù³ñÙÝÇ ËïáõÃÛáõÝÁ x Ï»ïáõÙ

Å³Ù³Ý³ÏÇ t å³ÑÇÝ, ³å³ ³ÛÝ µ³í³ñ³ñáõÙ ¾

ρ
∂u

∂t
= div(D grad u)− qu+ F (x, t) (6)

¹Çýáõ½Ç³ÛÇ Ñ³í³ë³ñÙ³ÝÁ, áñï»Õ ρ(x), D(x), q(x) ýáõÝÏóÇ³Ý»ñÁ

Ñ³Ù³å³ï³ëË³Ý³µ³ñ ÙÇç³í³ÛñÇ Í³ÏáïÏ»ÝáõÃÛ³Ý, ¹Çýáõ½Ç³ÛÇ ¨
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ÏÉ³ÝÙ³Ý ·áñÍ³ÏÇóÝ»ñÝ »Ý: Ð³Ù³å³ï³ëË³Ý »½ñ³ÛÇÝ å³ÛÙ³ÝÝ»ñáõÙ

¹Çýáõ½Ç³ÛÇ »ÝÃ³ñÏí³Í ÝÛáõÃÇ ù³Ý³ÏáõÃÛáõÝÁ ¨ ÏáÝó»Ýïñ³óÇ³Ý ÝáõÛÝ

¹»ñÝ »Ý Ï³ï³ñáõÙ, ÇÝã ç»ñÙ³Ñ³Õáñ¹³Ï³ÝáõÃÛ³Ý »½ñ³ÛÇÝ å³ÛÙ³ÝÝ»-

ñáõÙ ç»ñÙáõÃÛ³Ý ù³Ý³ÏáõÃÛáõÝÁ ¨ ç»ñÙ³ëïÇ×³ÝÁ: Ø³ëÝ³íáñ³å»ë, ¹Ç-

ýáõ½Ç³ÛÇ ûñ»ÝùÁ ( Ü»éÝëïÇ ûñ»ÝùÁ) Ï³ñï³Ñ³ÛïíÇ (4) µ³Ý³Ó¨áí, áñ-

ï»Õ λ = D ¹Çýáõ½Ç³ÛÇ ·áñÍ³ÏÇóÝ ¾, ÇëÏ q-Ý ³ÛÝ ÝÛáõÃÇ ù³Ý³ÏáõÃÛáõÝÝ

¾, áñÁ ÙÇ³íáñ Å³Ù³Ý³ÏáõÙ ¹Çýáõ½Ç³ÛÇ ¾ »ÝÃ³ñÏíáõÙ x ³é³ÝóùÇ áõÕ-

ÕáõÃÛ³Ùµ ¨ Ýñ³Ý áõÕÕ³Ñ³Û³ó σ Ñ³ñÃáõÃÛ³Ý ÙÇçáí: (5) µ³Ý³Ó¨áí ³ñ-

ï³Ñ³ÛïíáõÙ ¾ Í³ÏáïÏ»Ý ÙÇçÝáñÙáí Ï³ï³ñíáÕ ¹Çýáõ½Ç³ÛÇ ûñ»ÝùÁ:

ºÃ»m0 ½³Ý·í³Íáí ùí³Ýï³ÛÇÝ Ù³ëÝÇÏÁ ·ïÝíáõÙ ¾ V (x) åáï»Ý-

óÇ³Éáí ³ñï³ùÇÝ áõÅ³ÛÇÝ ¹³ßïáõÙ, ³å³ Ýñ³ ψ(x, t) ³ÉÇù³ÛÇÝ ýáõÝÏ-

óÇ³Ý µ³í³ñ³ñáõÙ ¾ ÞñÛá¹ÇÝ·»ñÇ Ñ³í³ë³ñÙ³ÝÁ

ih̄
∂ψ

∂t
= − h̄2

2m0
∆ψ + V ψ,

áñï»Õ h̄ = 1.054 · 10−27 ¾ñ·.íñÏ äÉ³ÝÏÇ Ñ³ëï³ïáõÝÝ ¾:

45. l »ñÏ³ñáõÃÛ³Ùµ Ñ³Ù³ë»é ÓáÕÇ ÏáÕÙÝ³ÛÇÝ Ù³Ï»ñ¨áõÛÃÁ ç»ñ-

Ù³Ù»Ïáõë³óí³Í ¾, ÇëÏ ëÏ½µÝ³Ï³Ý ç»ñÙ³ëïÇ×³ÝÁ Ñ³í³ë³ñ ¾ ϕ(x) -Ç

(0 ≤ x ≤ l): Ò¨³Ï»ñå»É t > 0 å³ÑÇÝ ÓáÕÇ u(x, t) ç»ñÙ³ëïÇ×³ÝÇ

áñáßÙ³Ý ËÝ¹ÇñÁ, »Ã»

³. ÓáÕÇ Í³Ûñ»ñÁ ç»ñÙ³Ù»Ïáõë³óí³Í »Ý,

µ. ÓáÕÇ x = 0 ¨ x = l Í³Ûñ»ñÁ, ëÏë³Í t = 0 å³ÑÇó, å³ÑíáõÙ »Ý

q(t) ¨ Q(t) ç»ñÙ³ëïÇ×³ÝÝ»ñáõÙ,

·. x = 0 ¨ x = l Í³Ûñ»ñáõÙ Ï³ï³ñíáõÙ ¾ ç»ñÙ³÷áË³Ý³ÏáõÃÛáõÝª

³ñï³ùÇÝ ÙÇç³í³ÛñÇ Ñ»ï, áñÁ ÓáÕÇ Í³Ûñ»ñáõÙ áõÝÇ T0(t) ¨ Tl(t) ç»ñ-

Ù³ëïÇ×³ÝÝ»ñÁ:

46. R ß³é³íÕáí ¨ Ïááñ¹ÇÝ³ïÝ»ñÇ ëÏ½µÝ³Ï»ïáõÙ Ï»ÝïñáÝ áõÝ»-

óáÕ ·áõÝ¹Á ï³ù³óí³Í ¾ ÙÇã¨ T ç»ñÙ³ëïÇ×³Ý: Ò¨³Ï»ñå»É ·Ý¹Ç ç»ñ-

Ù³ëïÇ×³ÝÇ áñáßÙ³Ý »½ñ³ÛÇÝ ËÝ¹ÇñÁ, »Ã»
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³. ùÇÙÇ³Ï³Ý é»³ÏóÇ³ÛÇ Ñ»ï¨³Ýùáí, ·Ý¹Ç Ûáõñ³ù³ÝãÛáõñ Ï»ïáõÙ

ÏÉ³ÝíáõÙ ¾ ç»ñÙáõÃÛ³Ý ù³Ý³ÏáõÃÛáõÝ, áñÁ Ñ³Ù»Ù³ï³Ï³Ý ¾ ³Û¹ Ï»ïáõÙ

u ç»ñÙ³ëïÇ×³ÝÇÝ, ÇëÏ ·Ý¹Ç Ù³Ï»ñ¨áõÛÃÁ ç»ñÙ³Ù»Ïáõë³óí³Í ¾,

µ. ·Ý¹áõÙ Ï³Ý Q Ñ³ëï³ïáõÝ Ñ½áñáõÃÛ³Ùµ ç»ñÙ³ÛÇÝ ³ÕµÛáõñÝ»ñ,

ÇëÏ Ýñ³ »½ñáõÙ Ï³ï³ñíáõÙ ¾ ç»ñÙ³÷áË³Ý³ÏáõÃÛáõÝª ½ñá ç»ñÙ³ëïÇ×³Ý

áõÝ»óáÕ ÙÇç³í³ÛñÇ Ñ»ï:

47. S Ñ³ëï³ïáõÝ É³ÛÝ³Ï³Ý Ñ³ïáõÛÃáí ¨ l »ñÏ³ñáõÃÛ³Ùµ ËáÕá-

í³ÏáõÙ, áñÁ Éóí³Í ¾ Í³ÏáïÏ»Ý ÝÛáõÃáí, Ï³ï³ñíáõÙ ¾ ¹Çýáõ½Ç³ª ëÏ½µÝ³-

Ï³Ý ϕ(x) ÏáÝó»Ýïñ³óÇ³Ûáí: Ò¨³Ï»ñå»É t > 0 å³ÑÇÝ ·³½Ç ÏáÝó»Ýï-

ñ³óÇ³ÛÇ áñáßÙ³Ý »½ñ³ÛÇÝ ËÝ¹ÇñÁ, Ñ³Ù³ñ»Éáí, áñ ËáÕáí³ÏÇ Ù³Ï»ñ»-

íáõÛÃÁ ³ÝÃ³÷³Ýó ¾ ¨

³. x = 0 Í³ÛñáõÙ å³Ñå³ÝíáõÙ ¾ µ(t) ÏáÝó»Ýïñ³óÇ³, ÇëÏ x = l

Í³ÛñÁ ³ÝÃ³÷³Ýó ¾,

µ. x = 0 Í³ÛñáõÙ å³Ñå³ÝíáõÙ ¾ ·³½Ç q(t) Ñáëù, ÇëÏ x = l Í³ÛñÁ

÷³Ïí³Í ¾ Í³ÏáïÏ»Ý ÙÇçÝáñÙáí, áñï»Õ Ï³ï³ñíáõÙ ¾ ·³½³÷áË³Ý³-

ÏáõÃÛáõÝ, ÁÝ¹ áñáõÙ, ³ñï³ùÇÝ ÙÇç³í³ÛñÝ áõÝÇ ½ñáÛ³Ï³Ý ÏáÝó»Ýïñ³-

óÇ³:

48. S Ñ³ëï³ïáõÝ É³ÛÝ³Ï³Ý Ñ³ïáõÛÃáí ¨ l »ñÏ³ñáõÃÛ³Ùµ ËáÕá-

í³ÏÁ Éóí³Í ¾ ·³½áí, áñÇ ëÏ½µÝ³Ï³Ý ÏáÝó»Ýïñ³óÇ³Ý ϕ(x) ¾: ÊáÕáí³-

ÏÇ Ù³Ï»ñ¨áõÛÃÁ Í³ÏáïÏ»Ý ¾ ¨ Ýñ³ ÙÇçáí Ï³ï³ñíáõÙ ¾ ÝÛáõÃ³÷áË³Ý³-

ÏáõÃÛáõÝª v(t) Ï»Ýó»Ýïñ³óÇ³ áõÝ»óáÕ ÙÇç³í³ÛñÇ Ñ»ï: Ò¨³Ï»ñå»É ËáÕá-

í³ÏáõÙ ·³½Ç u ÏáÝó»Ýïñ³óÇ³ÛÇ áñáßÙ³Ý »½ñ³ÛÇÝ ËÝ¹ÇñÁ t > 0å³ÑÇÝ,

»Ã»

³. ·³½Ç Ù³ëÝÇÏÝ»ñÁ ïñáÑíáõÙ »Ý (³ÝÏ³ÛáõÝ ·³½) ¨ ïñáÑÙ³Ý ³ñ³-

·áõÃÛáõÝÁ Ñ³Ù»Ù³ï³Ï³Ý ¾ ÏáÝó»Ýïñ³óÇ³ÛÇó ù³é³ÏáõëÇ ³ñÙ³ïÇÝ,

µ. ·³½Ç Ù³ëÝÇÏÝ»ñÁ µ³½Ù³ÝáõÙ »Ý uut ³ñï³¹ñÛ³ÉÇÝ Ñ³Ù»Ù³-

ï³Ï³Ý ³ñ³·áõÃÛ³Ùµ:

49. Ò¨³Ï»ñå»É ç»ñÙ³ëïÇ×³ÝÇ áñáßÙ³Ý ËÝ¹ÇñÁ R ß³é³íÕáí ³Ý-

í»ñç ·É³ÝáõÙ, áñÇ ÏáÕÙÝ³ÛÇÝ Ù³Ï»ñ¨áõÛÃÁ å³ÑíáõÙ ¾ ½ñáÛ³Ï³Ý ç»ñÙ³ë-

ïÇ×³ÝáõÙ: t = 0 å³ÑÇÝ ·É³ÝÁ áõÝ»ó»É ¾ ϕ(r) ç»ñÙ³ëïÇ×³Ý:
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50. Ò¨³Ï»ñå»É ç»ñÙ³ëïÇ×³ÝÇ áñáßÙ³Ý »½ñ³ÛÇÝ ËÝ¹ÇñÁ R ß³-

é³íÕáí ¨ 2h µ³ñÓñáõÃÛ³Ùµ ·É³ÝáõÙ, »Ã» Ýñ³ ëÏ½µÝ³Ï³Ý ç»ñÙ³ëïÇ×³-

ÝÁ »Õ»É ¾ ϕ(r, θ, z), ÇëÏ ÏáÕÙÝ³ÛÇÝ Ù³Ï»ñ¨áõÛÃÁ ¨ ÑÇÙù»ñÁ å³ÑíáõÙ »Ý

½ñáÛ³Ï³Ý ç»ñÙ³ëïÇ×³ÝáõÙ:

51. Ò¨³Ï»ñå»É ç»ñÙ³ëïÇ×³ÝÇ áñáßÙ³Ý »½ñ³ÛÇÝ ËÝ¹ÇñÁ R ß³-

é³íÕáí Ñ³Ù³ë»é ·Ý¹áõÙ, »Ã» ëÏ½µÝ³Ï³Ý ç»ñÙ³ëïÇ×³ÝÁ »Õ»É ¾ ϕ(r),

ÇëÏ Ù³Ï»ñ¨áõÛÃÇ ç»ñÙ³ëïÇ×³ÝÁ ψ(t) ¾:

52. Ò¨³Ï»ñå»É ç»ñÙ³ëïÇ×³ÝÇ áñáßÙ³Ý ËÝ¹ÇñÁ R ß³é³íÕáí Ñ³-

Ù³ë»é ·Ý¹áõÙ, »Ã» ëÏ½µÝ³Ï³Ý ç»ñÙ³ëïÇ×³ÝÁ »Õ»É ¾ ψ(r, θ,ϕ), ÇëÏ Ù³-

Ï»ñ¨áõÛÃÁ å³ÑíáõÙ ¾ ½ñáÛ³Ï³Ý ç»ñÙ³ëïÇ×³ÝáõÙ:

53. Ò¨³Ï»ñå»É µ³ñ³Ï ¨ Ñ³Ù³ë»é áõÕÕ³ÝÏÛáõÝ ÃÇÃ»ÕÇ ç»ñÙ³ëïÇ-

×³ÝÇ áñáßÙ³Ý ËÝ¹ÇñÁ, »Ã» Ýñ³ »½ñ³·ÇÍÁ å³ÑíáõÙ ¾ ½ñáÛ³Ï³Ý ç»ñÙ³ë-

ïÇ×³ÝáõÙ, ÇëÏ ëÏ½µÝ³Ï³Ý ç»ñÙ³ëïÇ×³ÝÁª ϕ(x, y):

54. îñí³Í ¾ 2R Ñ³ëïáõÃÛ³Ùµ ³Ýë³ÑÙ³Ý³÷³Ï ÃÇÃ»Õ, áñÝ áõÝÇ

½ñáÛ³Ï³Ý ç»ñÙ³ëïÇ×³Ý: ÂÇÃ»ÕÁ »ñÏáõ ÏáÕÙÇó ï³ù³óíáõÙ ¾ q Ñ³ëï³-

ïáõÝ ç»ñÙ³ÛÇÝ Ñáëùáí: Ò¨³Ï»ñå»É ç»ñÙ³ëïÇ×³ÝÇ áñáßÙ³Ý ËÝ¹ÇñÁ ÃÇ-

Ã»ÕáõÙ:

55. Ò¨³Ï»ñå»É ç»ñÙ³ëïÇ×³ÝÇ áñáßÙ³Ý ËÝ¹ÇñÁ ËáÕáí³ÏáõÙ, áñÇ

ëÏ½µÝ³Ï³Ý ç»ñÙ³ëïÇ×³ÝÁ f(r,ϕ) ¾: ÊáÕáí³ÏÇ Ý»ñùÇÝ ¨ ³ñï³ùÇÝ

ß³é³íÇÕÝ»ñÁ Ñ³Ù³å³ï³ëË³Ý³µ³ñ a ¨ b »Ý: Ü»ñùÇÝ ¨ ³ñï³ùÇÝ å³-

ï»ñÁ å³ÑíáõÙ »Ý ½ñáÛ³Ï³Ý ç»ñÙ³ëïÇ×³ÝáõÙ:

§2. º½ñ³ÛÇÝ ¨ ÎáßÇÇ ËÝ¹ÇñÝ»ñ

ä³ñ³µáÉ³Ï³Ý ï»ë³ÏÇ Ñ³í³ë³ñáõÙÝ»ñÇ µÝáñáß ûñÇÝ³Ï ¾ ç»ñÙ³-

Ñ³Õáñ¹³Ï³ÝáõÃÛ³Ý Ñ³í³ë³ñáõÙÁ

nX
i=1

uxixi − ut = f(x1, x2, · · · , xn, t) : (1)
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¸Çóáõù Q-Ý (x1, x2, · · · , xn, t) Ï»ï»ñÇ ï³ñ³ÍáõÃÛ³Ý áñ¨¾ ïÇñáõÛÃ ¾,
áñÁ ë³ÑÙ³Ý³÷³Ïí³Í ¾ t = T0 ¨ t = T1 Ñ³ñÃáõÃÛáõÝÝ»ñáí áõ ³ÛÝåÇëÇÝ

¾, áñ ó³ÝÏ³ó³Í t = T Ñ³ñÃáõÃÛ³Ùµ Ñ³ï»ÉÇë, ëï³óíáõÙ ¾ n-ã³÷³ÝÇ

ÙÇ³Ï³å ïÇñáõÛÃ: S-áí Ýß³Ý³Ï»Ýù Q ïÇñáõÛÃÇ ÏáÕÙÝ³ÛÇÝ Ù³Ï»ñ¨áõÛÃÁ

(S-Á Ù³ëÝ³íáñ³å»ë Ï³ñáÕ ¾ ÉÇÝ»É ·É³Ý³ÛÇÝ Ù³Ï»ñ¨áõÛÃ), Ω-áíª ëïáñÇÝ

ÑÇÙùÁ ¨ Γ-áíª S-Ç ¨ Ω-Ç ÙÇ³íáñáõÙÁ:

²é³çÇÝ »½ñ³ÛÇÝ (Ï³Ù ¸ÇñÇËÉ»Ç) ËÝ¹ÇñÁ Ï³Û³ÝáõÙ ¾ Ñ»ï¨Û³ÉáõÙ.

·ïÝ»É C2(Q) ∩ C(Q̄) ¹³ëÇÝ å³ïÏ³ÝáÕ ³ÛÝ u(x1, x2, · · · , xn, t)
ýáõÝÏóÇ³Ý,áñÁ Q ïÇñáõÛÃáõÙ µ³í³ñ³ñÇ (1) Ñ³í³ë³ñÙ³ÝÁ ¨ »½ñÇ Γ

Ù³ëáõÙ Ñ³ÙÝÏÝÇ ïñí³Í ϕ(x1, x2, · · · , xn, t) ³ÝÁÝ¹Ñ³ï ýáõÝÏóÇ³ÛÇ

Ñ»ï:

ºñµ Ω-Ý Ñ³ÙÝÏÝáõÙ ¾ Rn ï³ñ³ÍáõÃÛ³Ý Ñ»ï, ¹ñíáõÙ ¾ »ñÏñáñ¹

»½ñ³ÛÇÝ ËÝ¹ÇñÁ, áñÁ Ï³Û³ÝáõÙ ¾ Ñ»ï¨Û³ÉáõÙ. ·ïÝ»É ë³ÑÙ³Ý³÷³Ï ¨

C2(Rn+1) ∩ C(Rn+1) ¹³ëÇÝ å³ïÏ³ÝáÕ (1) Ñ³í³ë³ñÙ³Ý ³ÛÝåÇëÇ
ÉáõÍáõÙ, áñÁ t = 0 ÑÇå»ñÑ³ñÃáõÃÛ³Ý íñ³ Ñ³ÙÝÏÝÇ ïñí³Í ϕ(x1, x2,

· · · , xn) ³ÝÁÝ¹Ñ³ï ¨ ë³ÑÙ³Ý³÷³Ï ýáõÝÏóÇ³ÛÇ Ñ»ï:
¸Çï³ñÏ»Ýù »ñÏáõ ³ÝÏ³Ë ÷á÷áË³Ï³ÝÝ»ñÇ ¹»åùÁ

ut = a
2uxx + f(x, t), t > 0, −∞ < x < +∞,

u(x, 0) = ϕ(x), −∞ < x < +∞,
(2)

áñï»Õ ϕ(x)-Á ³ÝÁÝ¹Ñ³ï ¨ ë³ÑÙ³Ý³÷³Ï ýáõÝÏóÇ³ ¾:

Ð³ÛïÝÇ ¾, áñ f(x, t) ≡ 0 ¹»åùáõÙ, (2) ËÝ¹ñÇ ÉáõÍáõÙÁ ïñíáõÙ ¾

u(x, t) =
1

2a
√
πt

Z +∞

−∞
ϕ(ξ)e−

(x−ξ)2

4a2t dξ (3)

ï»ëùáí:

ÀÝ¹Ñ³Ýáõñ ¹»åùáõÙ (f(x, t) 6≡ 0), (2) ËÝ¹ñÇ ÉáõÍáõÙÁ Ï³ñ»ÉÇ ¾ Ï³-
éáõó»É ¸Ûáõ³Ù»ÉÇ »Õ³Ý³Ïáí: Ð³Ù³éáï ÝÏ³ñ³·ñ»Ýù ³ÛÝ: ºÃ» w(x, t, τ)

ýáõÝÏóÇ³Ý

wt = a
2wxx, t > 0, −∞ < x < +∞,

w(x, τ, τ) = f(x, τ), −∞ < x < +∞
(4)
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ËÝ¹ñÇ ÉáõÍáõÙÝ ¾, áñï»Õ τ -Ý ¹ñ³Ï³Ý å³ñ³Ù»ïñ ¾, ³å³ (2) ËÝ¹ñÇ

ÉáõÍáõÙÁ ïñíáõÙ ¾

u(x, t) =

Z t

0

w(x, t, τ)dτ (5)

µ³Ý³Ó¨áí:

56. òáõÛó ï³É, áñ (3) µ³Ý³Ó¨áí ïñíáÕ ýáõÝÏóÇ³Ý, áñï»Õ ϕ(x)-Á

(−∞ < x < +∞) ³ÝÁÝ¹Ñ³ï ¨ ë³ÑÙ³Ý³÷³Ï ýáõÝÏóÇ³ ¾, Ñ³Ý¹Çë³-
ÝáõÙ ¾ (2) ËÝ¹ñÇ ÉáõÍáõÙ:

57. êïáõ·»É, áñ

E(x, t) =
1

(t− t0)
n
2
e

∙
−

Pn

i=1
(xi−yi)

2

4(t−t0)

¸

ýáõÝÏóÇ³Ý Ñ³Ý¹Çë³ÝáõÙ ¾ (1) Ñ³í³ë³ñÙ³Ý ÉáõÍáõÙ:

( E(x, t) ýáõÝÏóÇ³Ý ÏáãíáõÙ ¾ (1) Ñ³í³ë³ñÙ³Ý ÑÇÙÝ³ñ³ñ ÉáõÍáõÙ ):

58. òáõÛó ï³É, áñ (5) µ³Ý³Ó¨áí áñáßíáÕ ýáõÝÏóÇ³Ý Ñ³Ý¹Çë³ÝáõÙ

¾ (2) ËÝ¹ñÇ ÉáõÍáõÙ, áõñ

w(x, t, τ) =
1

2a
p
π(t− τ)

Z +∞

−∞
e
− (x−ξ)2

4a2(t−τ) f(ξ, τ)dξ,

ÇëÏ f(x, t)-Ý ³ÝÁÝ¹Ñ³ï ¨ ë³ÑÙ³Ý³÷³Ï ýáõÝÏóÇ³ ¾:

59. ÈáõÍ»É Ñ»ï¨Û³É ËÝ¹ÇñÝ»ñÁª ïíÛ³ÉÝ»ñÁ Ñ³Ù³å³ï³ëË³Ý Ó¨áí

ß³ñáõÝ³Ï»Éáí ³ÙµáÕç Ãí³ÛÇÝ ³é³ÝóùÇ íñ³

³. ut = a
2uxx, 0 < x < +∞, t > 0,

u(0, t) = 0, t > 0, u(x, 0) = ϕ(x), 0 < x < +∞ :

µ. ut = a
2uxx, 0 < x < +∞, t > 0,
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ux(0, t) = 0, t > 0, u(x, 0) = ϕ(x), 0 < x < +∞ :

·. ut = a
2uxx − hu, 0 < x < +∞, t > 0,

u(0, t) = 0, t > 0, u(x, 0) = ϕ(x), 0 < x < +∞ :

¹. ut = a
2uxx − hu, 0 < x < +∞, t > 0,

ux(0, t) = 0, t > 0, u(x, 0) = ϕ(x), 0 < x < +∞ :

». ut = a
2uxx + f(x, t), 0 < x < +∞, t > 0,

u(0, t) = 0, t > 0, u(x, 0) = 0, 0 < x < +∞ :

½. ut = a
2uxx + f(x, t), 0 < x < +∞, t > 0,

ux(0, t) = 0, t > 0, u(x, 0) = 0, 0 < x < +∞ :

¾. ut = a
2uxx − hu+ f(x, t), 0 < x < +∞, t > 0,

u(0, t) = 0, t > 0, u(x, 0) = ϕ(x), 0 < x < +∞ :

Á. ut = a
2uxx − hu+ f(x, t), 0 < x < +∞, t > 0,

ux(0, t) = 0, t > 0, u(x, 0) = ϕ(x), 0 < x < +∞ :

Ã. ut = a
2uxx − hu+ f(x, t), 0 < x < +∞, t > 0,

u(0, t) = 0, t > 0, u(x, 0) = ϕ(x), 0 < x < +∞ :

Å. ut = a
2uxx − hu+ f(x, t), 0 < x < +∞, t > 0,

ux(0, t) = 0, t > 0, u(x, 0) = ϕ(x), 0 < x < +∞ :

60. òáõÛó ï³É, áñ

u(x, t) =
∞X
k=0

tk

k!
∆kτ(x1, · · · , xn) (6)

ýáõÝÏóÇ³Ý Ñ³Ý¹Çë³ÝáõÙ ¾ (1) Ñ³í³ë³ñÙ³Ý ÉáõÍáõÙ, »Ã» τ ∈ C∞(R)
¨ (6) ß³ñùÁ Ï³ñ»ÉÇ ¾ ³Ý¹³Ù-³é-³Ý¹³Ù ³Í³Ýó»É Ù»Ï ³Ý·³Ù Áëï t-Ç, ¨

»ñÏáõ ³Ý·³Ù Áëï Ûáõñ³ù³ÝãÛáõñ xi-Ç:

61. ¸ÇóáõùQ-Ý (x, y, t) ÷á÷áË³Ï³ÝÝ»ñÇ ï³ñ³ÍáõÃÛ³Ý Ù»ç ª t =

0, t = T > 0 Ñ³ñÃáõÃÛáõÝÝ»ñáí ¨ S : x2 + y2 = 1 ßñç³Ý³ÛÇÝ ·É³Ýáí

ë³ÑÙ³Ý³÷³Ïí³Í ïÇñáõÛÃÝ ¾: ú·ïí»Éáí (6) µ³Ý³Ó¨Çó, ·ïÝ»É Q-áõÙ

é»·áõÉÛ³ñ ³ÛÝåÇëÇ u(x, y, t) ýáõÝÏóÇ³, áñÁ µ³í³ñ³ñÇ

ut = uxx + uyy
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Ñ³í³ë³ñÙ³ÝÁ ¨ Ñ»ï¨Û³É »½ñ³ÛÇÝ áõ ëÏ½µÝ³Ï³Ý å³ÛÙ³ÝÝ»ñÇÝ

³. u|S = −4t, u(x, y, 0) = 1− x2 − y2 :
µ. u|S = −32t2 − 16t, u(x, y, 0) = 1− (x2 + y2)2 :
·. u|S = 1 + 4t, u(x, y, 0) = 1− x2 − y2 :
¹. u|S = e2t+cosϕ+sinϕ, 0 ≤ ϕ ≤ 2π, u(x, y, 0) = ex+y :
». u|S = 1 + 16t+ 32t2, u(x, y, 0) = (x2 + y2)2 :
½. u|S = 1 + 36t+ 288t2 + 384t3, u(x, y, 0) = (x2 + y2)3 :

62. êïáõ·»É, áñ

u(x, y, t) =
∞X
n=0

tk

pkk!
∆kτ(x, y)

ýáõÝÏóÇ³Ý, áñï»Õ∆ = ∂2

∂x2 +
∂2

∂y2 , ÇëÏ τ(x, y)-Á Ï³Ù³Û³Ï³Ý µ³½Ù³Ý-

¹³Ù ¾ x ¨ y ÷á÷áË³Ï³ÝÝ»ñÇó, Ñ³Ý¹Çë³ÝáõÙ ¾

uxx + uyy = put, p = const

Ñ³í³ë³ñÙ³Ý ÉáõÍáõÙ:

63. òáõÛó ï³É, áñ

u(x, t) =
∞X
k=0

tk

k!
∆2kτ(x) (7)

ýáõÝÏóÇ³Ý, áñï»Õ τ ∈ C∞(Rn), ÇëÏ (7) ß³ñùÁ Ï³ñ»ÉÇ ¾ ³Ý¹³Ù-³é-
³Ý¹³Ù ³Í³Ýó»É ãáñë ³Ý·³Ù Áëï Ûáõñ³ù³ÝãÛáõñ xi ÷á÷áË³Ï³ÝÇ ¨ Ù»Ï

³Ý·³Ù Áëï t-Ç, Ñ³Ý¹Çë³ÝáõÙ ¾

∆∆u− ut = 0 (8)

Ñ³í³ë³ñÙ³Ý ÉáõÍáõÙ:
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64. (1) Ñ³í³ë³ñÙ³Ý Ñ³Ù³ñ Ï³éáõó»É ÎáßÇÇ ËÝ¹ñÇ ÉáõÍáõÙÁª Ñ»-

ï»íÛ³É ëÏ½µÝ³Ï³Ý å³ÛÙ³Ýáí

³. u(x1, x2, · · · , xn, 0) = sin lx1 :
µ. u(x1, x2, · · · , xn, 0) = cos lx1 :
·. u(x1, x2, · · · , xn, 0) = chlx1 :
¹. u(x1, x2, · · · , xn, 0) = shlx1 :
». u(x1, x2, · · · , xn, 0) = sin l1x1 sin l2x2 :
½. u(x1, x2, · · · , xn, 0) = sin lx1 cos l2x2 :
¾. u(x1, x2, · · · , xn, 0) = cos l1x1 cos lnxn :
Á. u(x1, x2, · · · , xn, 0) = cos l1x1 sin l2x2 :
Ã. u(x1, x2, · · · , xn, 0) = sin l1x1 sin l2x2 · · · sin lnxn :
Å. u(x1, x2, · · · , xn, 0) = sin l1x1 + cos lnxn :
Ç. u(x1, x2, · · · , xn, 0) = el1x1 :
É. u(x1, x2, · · · , xn, 0) = el1x1+l2x2+···+lnxn :
Ë. u(x, y, 0) = x2y + xy2 + xy :

Í. u(x, y, 0) = (x+ y)5 :

Ï. u(x, y, z, 0) = (x2 + y2 + z2)2 :

Ñ. u(x, y, z, 0) = (xyz)2 :

Ó. u(x, y, z, 0) = (xyz)3 :

Õ. u(x, y, z, 0) = x2y2 + x2z2 + y2z2 :

×. u(x, y, z, 0) = x3 + y3 + z3 :

65. òáõÛó ï³É, áñ

u(x, t) =
∞X
k=0

t2k

(2k)!
∆2kτ(x) +

∞X
k=0

t2k+1

(2k + 1)!
∆2kν(x) (9)

ýáõÝÏóÇ³Ý, áñï»Õ ν, τ ∈ C∞(Rn), ÇëÏ (9) ß³ñù»ñÁ Ï³ñ»ÉÇ ¾ ó³ÝÏ³-
ó³Í ³Ý·³Ù ³Ý¹³Ù-³é-³Ý¹³Ù ³Í³Ýó»É, Ñ³Ý¹Çë³ÝáõÙ ¾

∆∆u− utt = 0 (10)
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Ñ³í³ë³ñÙ³Ý ÉáõÍáõÙ:

66. ú·ïí»Éáí (7) µ³Ý³Ó¨Çó, ·ïÝ»É (8) Ñ³í³ë³ñÙ³Ý ³ÛÝåÇëÇ Éáõ-

ÍáõÙÝ»ñ, áñáÝù µ³í³ñ³ñ»Ý 64 ËÝ¹ñÇ ³-× å³ÛÙ³ÝÝ»ñÇÝ:

67. ú·ïí»Éáí (9) µ³Ý³Ó¨Çó, ·ïÝ»É (10) Ñ³í³ë³ñÙ³Ý ³ÛÝåÇëÇ

ÉáõÍáõÙÝ»ñ, áñáÝù µ³í³ñ³ñ»Ý Ñ»ï¨Û³É å³ÛÙ³ÝÝ»ñÇÝ

³. u(x1, x2, · · · , xn, 0) = sinx1, ut(x1, x2, · · · , xn, 0) = cosx1 :
µ. u(x, y, z, 0) = (x3 + y3 + z3)2, ut(x, y, z, 0) = x

2y2z2 :

·. u(x, y, z, 0) = (x+ y + z)3, ut(x, y, z, 0) = (xyz)
3 :

¹. u(x1, x2, · · · , xn, 0) = chlx1, ut(x1, x2, · · · , xn, 0) = shmx1 :
». u(x1, x2, · · · , xn, 0) = eax1 , ut(x, 0) = ebx1 :
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¾ÈÆäî²Î²Ü îºê²ÎÆ Ð²ì²ê²ðàôØÜºð

§1.¾ÉÇåï³Ï³Ý ï»ë³ÏÇ Ñ³í³ë³ñÙ³Ý µ»ñíáÕ ËÝ¹ÇñÝ»ñ

êï³óÇáÝ³ñ (Å³Ù³Ý³ÏÇó ³ÝÏ³Ë) »ñ¨áõÛÃÝ»ñÇ ÝÏ³ñ³·ñÙ³Ý Å³-

Ù³Ý³Ï, Ã» ³ÉÇù³ÛÇÝ (ï»ë ·ÉáõË 2), ¨ Ã» ¹Çýáõ½Ç³ÛÇ ÁÝ¹Ñ³Ýáõñ (ï»ë

·ÉáõË 3) Ñ³í³ë³ñáõÙÝ»ñÁ ëï³ÝáõÙ »Ý Ñ»ï¨Û³É ï»ëùÁ

−div(p grad u) + qu = F (x) : (1)

ºÃ» p = const ¨ q = 0 ³å³ (1) Ñ³í³ë³ñáõÙÝ

∆ = −f, f = F

p
(2)

³Ýí³ÝáõÙ »Ý äáõ³ëáÝÇ Ñ³í³ë³ñáõÙ, ÇëÏ »Ã» Ý³¨ f = 0 ³å³

∆u = 0 (3)

È³åÉ³ëÇ Ñ³í³ë³ñáõÙ: êï³óÇáÝ³ñ »ñ¨áõÛÃÝ»ñÇ ÉñÇí ÝÏ³ñ³·ñáõÃÛ³Ý

Ñ³Ù³ñ ³ÝÑñ³Å»ßï ¾ ·Çï»Ý³É Ý³¨ ÙÇç³í³ÛñÇ »½ñ³ÛÇÝ å³ÛÙ³ÝÝ»ñÁª

³é³çÇÝ ë»éÇ »½ñ³ÛÇÝ å³ÛÙ³ÝÁª

u|S = f1,

»ñÏñáñ¹ ë»éÇ »½ñ³ÛÇÝ å³ÛÙ³ÝÁª

∂u

∂n
|S = f2,

»ññáñ¹ ë»éÇ »½ñ³ÛÇÝ å³ÛÙ³ÝÁª

∂u

∂n
+ hu|S = f3 :
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ºÃ» ³ÉÇù³ÛÇÝ Ñ³í³ë³ñÙ³Ý Ù»ç ³ñï³ùÇÝ f(x, t) ·ñ·éáõÙÝ áõÝÇ

f(x, t) = a2f(x)eiωt

ï»ëùÁ, ³å³ u(x, t) ÉáõÍáõÙÁ ÷Ýïñ»Éáí u(x)eiωt ï»ëùáí, u(x)

Ñ³í³ë³ñÙ³Ý Ñ³Ù³ñ Ïëï³Ý³Ýù

∆u+ k2u = −f(x), k2 = ω2

a2

Ð»ÉÙÑáÉóÇ Ñ³í³ë³ñáõÙÁ: Ð»ÉÙÑáÉóÇ Ñ³í³ë³ñÙ³Ý »Ý µ»ñíáõÙ, ûñÇÝ³Ï,

óñÙ³Ý (¹Çýñ³ÏóÇ³ÛÇ) ËÝ¹ÇñÝ»ñÁ:

ºÃ»m0 ½³Ý·í³Íáí ùí³Ýï³ÛÇÝ Ù³ëÝÇÏÝ áõÝÇ áñáß³ÏÇE ¾Ý»ñ·Ç³,

³å³ Ýñ³ ψ(x, t) ³ÉÇù³ÛÇÝ ýáõÝÏóÇ³Ý áõÝÇ

ψ(x, t) = e−
i
h̄Etψ(x)

ï»ëùÁ, áñï»Õ ψ(x)-Á µ³í³ñ³ñáõÙ ¾ ÞñÛá¹ÇÝ·»ñÇ ëï³óÇáÝ³ñ Ñ³í³-

ë³ñÙ³ÝÁ

− h̄2

2m0
∆ψ + V ψ = Eψ : (2)

ºÃ» V = 0 (³½³ï Ù³ëÝÇÏ), ³å³ (2) Ñ³í³ë³ñáõÙÁ í»ñ³ÍíáõÙ ¾Ð»ÉÙ-

ÑáÉóÇ Ñ³Ù³ë»é Ñ³í³ë³ñÙ³Ý:

êï³óÇáÝ³ñ åñáó»ëÝ»ñÇ ¹»åùáõÙ Ø³ùëí»ÉÇ Ñ³í³ë³ñáõÙÝ»ñÁ (ï»ë

·ÉáõË 2) í»ñ³ÍíáõÙ »Ý ¾É»Ïïñ³ëï³ïÇÏ³ÛÇ

div (ε E )=4πρ, rot E =0

¨ Ù³·ÝÇï³ëï³ïÇÏ³ÛÇ

div (µH )=0, rotH =4πc I

Ñ³í³ë³ñáõÙÝ»ñÇ: ºÃ» ε = const, ³å³ ¾É»Ïïñ³ëï³ïÇÏ åáï»ÝóÇ³ÉÁ

µ³í³ñ³ñáõÙ ¾ äáõ³ëáÝÇ Ñ³í³ë³ñÙ³ÝÁ

∆u = −4π
ε
ρ :
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ÈáõÍ»É Ñ»ï¨Û³É ËÝ¹ÇñÝ»ñÁ

68. ú·ïí»Éáí Ø³ùëí»ÉÇ Ñ³í³ë³ñáõÙÝ»ñÇó, óáõÛó ï³É, áñ ¾É»Ï-

ïñ³ëï³ïÇÏ ¹³ßïÇ åáï»ÝóÇ³ÉÁ µ³í³ñ³ñáõÙ ¾ äáõ³ëáÝÇ Ñ³í³ë³ñ-

Ù³ÝÁ, áñÇ ³ç Ù³ëÁ Ñ³Ù»Ù³ï³Ï³Ý ¾ Í³í³É³ÛÇÝ ÉÇóù»ñÇ ρ(x, y, z)

ËïáõÃÛ³ÝÁ: Ò¨³Ï»ñå»É ÑÝ³ñ³íáñ »½ñ³ÛÇÝ å³ÛÙ³ÝÝ»ñÁ ¨ ï³É Ýñ³Ýó

ýÇ½ÇÏ³Ï³Ý Ù»ÏÝ³µ³ÝáõÙÁ:

69. òáõÛó ï³É, áñ ëï³óÇáÝ³ñ Ù³·ÝÇë³Ï³Ý ¹³ßïÇ åáï»ÝóÇ³ÉÁ

µ³í³ñ³ñáõÙ ¾ È³åÉ³ëÇ Ñ³í³ë³ñÙ³ÝÁ:

70. òáõÛó ï³É, áñ ëï³óÇáÝ³ñ ¾É»Ïïñ³Ï³Ý ¹³ßïÇ åáï»ÝóÇ³ÉÁ

µ³í³ñ³ñáõÙ ¾ È³åÉ³ëÇ Ñ³í³ë³ñÙ³ÝÁ: Ò¨³Ï»ñå»É »½ñ³ÛÇÝ å³ÛÙ³Ý-

Ý»ñÁª

³. ÑáÕ³Ïóí³Í Ç¹»³É³Ï³Ý Ñ³Õáñ¹ãÇ Ù³Ï»ñ¨áõÛÃÇ íñ³,

µ. ¹Ç¾É»ÏïñÇÏÇ ¨ Ñ³Õáñ¹ãÇ »½ñÇ íñ³:

71. ¾É»Ïïñ³ëï³ïÇÏ ¹³ßïÁ, áñÁ ëï»ÕÍíáõÙ ¾ í»ñç³íáñ ã³÷ë»ñ

áõÝ»óáÕ ÉÇóù³íáñí³Í Ñ³Õáñ¹ãÇ ÏáÕÙÇóª Ï³ñ»ÉÇ ¾ áñáß»É, »Ã»

³. ïñí³Í ¾ Ñ³Õáñ¹ãÇ åáï»ÝóÇ³ÉÇ ³ñÅ»ùÁ,

µ. ïñí³Í ¾ Ñ³Õáñ¹ãÇ ÉÇóùÇ Ù»ÍáõÃÛáõÝÁ:

²Ûë ËÝ¹ÇñÝ»ñÁ ÏáãíáõÙ »Ý ¾É»Ïïñ³ëï³ïÇÏ³ÛÇ ³é³çÇÝ ¨ »ñÏñáñ¹ ÑÇÙ-

Ý³Ï³Ý ËÝ¹ÇñÝ»ñ: î³É ³Û¹ ËÝ¹ÇñÝ»ñÇ Ù³Ã»Ù³ïÇÏ³Ï³Ý Ó¨³Ï»ñåáõÙÁ:

72. ¸áõñë µ»ñ»É ëï³óÇáÝ³ñ ¹Çýáõ½Ç³ÛÇ Ñ³í³ë³ñáõÙÁª Ñ³Ù³ë»é,

Ç½áïñáå ÙÇç³í³ÛñáõÙ:

73. òáõÛó ï³É, áñ ³Ýë»ÕÙ»ÉÇ Ñ»ÕáõÏÇ ëï³óÇáÝ³ñ Ñáë³ÝùÇ ³ñ³-

·áõÃÛáõÝÝ»ñÇ åáï»ÝóÇ³ÉÁ µ³í³ñ³ñáõÙ ¾ È³åÉ³ëÇ Ñ³í³ë³ñÙ³ÝÁ: Ò»-

í³Ï»ñå»É »½ñ³ÛÇÝ å³ÛÙ³ÝÁª åÇÝ¹ Ù³ñÙÝÇ Ù³Ï»ñ¨áõÛÃÇÝ, áñÁ ·ïÝíáõÙ ¾

Ñ»ÕáõÏáõÙ ¹³¹³ñÇ íÇ×³ÏáõÙ:
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§2. Ð³ñÙáÝÇÏ ýáõÝÏóÇ³Ý»ñ ¨ å³ñ½³·áõÛÝ »½ñ³ÛÇÝ ËÝ¹ÇñÝ»ñ

¾ÉÇåï³Ï³Ý ï»ë³ÏÇ Ñ³í³ë³ñÙ³Ý å³ñ½³·áõÛÝ ûñÇÝ³Ï ¾

∆u = f

äáõ³ëáÝÇ Ñ³í³ë³ñáõÙÁ, áñï»Õ

∆ =
nX
i=1

∂2

∂x2i
:

äáõ³ëáÝÇ Ñ³í³ë³ñÙ³Ý Ñ³Ù³å³ï³ëË³Ý Ñ³Ù³ë»é Ñ³í³ë³ñáõÙÁ

ÏáãíáõÙ ¾ È³åÉ³ëÇ Ñ³í³ë³ñáõÙª

∆u = 0 :

¸ÇóáõùS ⊂ Rn áñ¨¾ ÷³Ï Ù³Ï»ñ¨áõÛÃ ¾ ¨D-Ý Ýñ³Ýáí ë³ÑÙ³Ý³÷³Ïí³Í
ïÇñáõÛÃÝ ¾: Î³ë»Ýù, áñ u(x) ýáõÝÏóÇ³Ý å³ïÏ³ÝáõÙ ¾ Cm(D ∪ S)
¹³ëÇÝ, »Ã» u(x)-Á ³ÝÁÝ¹Ñ³ï ¾D∪S-áõÙ Çñ ÙÇÝã¨m-ñ¹ Ï³ñ·Ç Ù³ëÝ³ÏÇ
³Í³ÝóÛ³ÉÝ»ñÇ Ñ»ï ÙÇ³ëÇÝ: C0(D∪S)-ÁD∪S-áõÙ ³ÝÁÝ¹Ñ³ï ýáõÝÏ-
óÇ³Ý»ñÇ ¹³ëÝ ¾:

u(x) (x ∈ D∪S) ýáõÝÏóÇ³Ý ÏáãíáõÙ ¾ é»·áõÉÛ³ñ, »Ã» µ³í³ñ³ñáõÙ
¾ Ñ»ï¨Û³É å³ÛÙ³ÝÝ»ñÇÝ.

³. u(x) ∈ C0(D ∪ S) ∩ C2(D),
µ. »Ã»D ïÇñáõÛÃÝ ³Ýë³ÑÙ³Ý³÷³Ï ¾, ³å³ n = 2 ¹»åùáõÙ u(x)-

Á ë³ÑÙ³Ý³÷³Ï ¾, ÇëÏ n > 2 ¹»åùáõÙª ³Ýí»ñçáõÙ Ó·ïáõÙ ¾ ½ñáÛÇ áã

¹³Ý¹³Õ ù³Ý 1
|x|n−2 -Á:

È³åÉ³ëÇ Ñ³í³ë³ñÙ³Ý é»·áõÉÛ³ñ ÉáõÍáõÙÝ»ñÁ ÏáãíáõÙ »Ý Ñ³ñÙáÝÇÏ

ýáõÝÏóÇ³Ý»ñ: Ð³ñÙáÝÇÏ ýáõÝÏóÇ³Ý»ñÇ ï»ëáõÃÛ³Ý Ù»ç Ï»ÝïñáÝ³Ï³Ý

ï»Õ »Ý ·ñ³íáõÙ ¸ÇñÇËÉ»Ç ¨ Ü»ÛÙ³ÝÇ »½ñ³ÛÇÝ ËÝ¹ÇñÝ»ñÁ: ²Û¹ ËÝ¹Çñ-

Ý»ñÁ Ý³¨ ³Ýí³ÝáõÙ »Ý ³é³çÇÝ ¨ »ñÏñáñ¹ »½ñ³ÛÇÝ ËÝ¹ÇñÝ»ñ:
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¸ÇñÇËÉ»Ç ËÝ¹ÇñÁ. ·ïÝ»É D ïÇñáõÛÃáõÙ ³ÛÝåÇëÇ u(x) Ñ³ñÙáÝÇÏ

ýáõÝÏóÇ³, áñÁ µ³í³ñ³ñÇ

u(x) = ϕ(x), x ∈ S

»½ñ³ÛÇÝ å³ÛÙ³ÝÇÝ, áñï»Õ ϕ(x)-Á S-Ç íñ³ ïñí³Í ³ÝÁÝ¹Ñ³ï ýáõÝÏóÇ³

¾:

Ü»ÛÙ³ÝÇ ËÝ¹ÇñÁ. ·ïÝ»É C1(D ∪ S) ¹³ëáõÙ ³ÛÝåÇëÇ u(x) Ñ³ñÙá-
ÝÇÏ ýáõÝÏóÇ³, áñÁ µ³í³ñ³ñÇ

∂u

∂n
= ϕ(x), x ∈ S

»½ñ³ÛÇÝ å³ÛÙ³ÝÇÝ, áñï»Õ n-Á S-Ç ³ñï³ùÇÝ ÝáñÙ³ÉÝ ¾, ÇëÏ ϕ(x)-Á S-Ç

íñ³ ïñí³Í ³ÝÁÝ¹Ñ³ï ýáõÝÏóÇ³ ¾:

àñå»ë½Ç Ü»ÛÙ³ÝÇ ËÝ¹ÇñÁ ÉáõÍáõÙ áõÝ»Ý³ ³ÝÑñ³Å»ßï ¾ ¨ µ³í³ñ³ñ,

áñ Z
S

ϕ(x)dS = 0 : (1)

ºÃ» (1) å³ÛÙ³ÝÁ µ³í³ñ³ñí³Í ¾, ³å³ ³ëáõÙ »Ý, áñ Ü»ÛÙ³ÝÇ ËÝ¹ÇñÁ

ÖÇßï ¾ ¹ñí³Í :

f(z) = u(x, y) + iv(x, y), z = x + iy ³Ý³ÉÇïÇÏ ýáõÝÏóÇ³ÛÇ

Çñ³Ï³Ý ¨ Ï»ÕÍ Ù³ë»ñÁ Ñ³Ý¹Çë³ÝáõÙ »Ý Ñ³ñÙáÝÇÏ ýáõÝÏóÇ³Ý»ñ (Ñ³-

Ù³ÉáõÍ Ñ³ñÙáÝÇÏ ýáõÝÏóÇ³Ý»ñ): ²Ûë ÷³ëïáí ¾ å³ÛÙ³Ý³íáñí³Í »ñÏáõ

³ÝÏ³Ë ÷á÷áË³Ï³ÝÝ»ñáí Ñ³ñÙáÝÇÏ ýáõÝÏóÇ³Ý»ñÇ ¨ Ù»Ï ÏáÙåÉ»ùë ÷á-

÷áË³Ï³Ýáí ³Ý³ÉÇïÇÏ ýáõÝÏóÇ³Ý»ñÇ ë»ñï Ï³åÁ:

74. ¶ïÝ»É È³åÉ³ëÇ ûå»ñ³ïáñÇ ï»ëùÁ

³. µ¨»é³ÛÇÝ Ïááñ¹ÇÝ³ïÝ»ñáõÙª x = r cosϕ, y = r sinϕ,

µ. ·É³Ý³ÛÇÝ Ïááñ¹ÇÝ³ïÝ»ñáõÙª x = r cosϕ, y = r sinϕ, z = z,

·. ëý»ñÇÏ Ïááñ¹ÇÝ³ïÝ»ñáõÙª x = r sin θ cosϕ, y = r sin θ sinϕ, z =

r cos θ :
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***

àñáß ËÝ¹ÇñÝ»ñ ÉáõÍ»ÉÇë Ï³ñ»ÉÇ ¾ û·ïí»É ³ÛÝ µ³ÝÇó, áñ u(x, y) =

A(x2−y2)+Bxy+Cx+Dy µ³½Ù³Ý¹³ÙÁ Ñ³Ý¹Çë³ÝáõÙ ¾ uxx+uyy =
0 Ñ³í³ë³ñÙ³Ý ÉáõÍáõÙ:

***

75. ¶ïÝ»É 0 ≤ ρ < a, 0 ≤ ϕ ≤ 2π ßñç³ÝáõÙ áñáßí³Í ³ÛÝåÇëÇ
u(ρ,ϕ) Ñ³ñÙáÝÇÏ ýáõÝÏóÇ³, áñÁ µ³í³ñ³ñÇ Ñ»ï¨Û³É »½ñ³ÛÇÝ å³ÛÙ³-

ÝÇÝ

³. u(a,ϕ) = A :

µ. u(a,ϕ) = A cosϕ :

·. u(a,ϕ) = A+By :

¹. u(a,ϕ) = Axy :

». u(a,ϕ) = A+B sinϕ :

½. u(a,ϕ) = A sin2 ϕ+B cos2 ϕ :

76. ¶ïÝ»É 0 ≤ ρ < a, 0 ≤ ϕ ≤ 2π ßñç³ÝáõÙ áñáßí³Í ³ÛÝåÇëÇ
u(ρ,ϕ) Ñ³ñÙáÝÇÏ ýáõÝÏóÇ³, áñÁ µ³í³ñ³ñÇ Ñ»ï¨Û³É »½ñ³ÛÇÝ å³ÛÙ³-

ÝÇÝ: Üß»É Ý³¨ áã ×Çßï ¹ñí³Í ËÝ¹ÇñÝ»ñÁ

³. uρ(a,ϕ) = A :

µ. uρ(a,ϕ) = Ax :

·. uρ(a,ϕ) = A(x
2 − y2) :

¹. uρ(a,ϕ) = A cosϕ+B :

». uρ(a,ϕ) = A sinϕ+B sin
3 ϕ :

77. ¶ïÝ»É 0 ≤ ρ < a, 0 ≤ ϕ ≤ 2π ßñç³ÝÇ ¹ñëáõÙ áñáßí³Í

³ÛÝåÇëÇ u(ρ,ϕ) Ñ³ñÙáÝÇÏ ýáõÝÏóÇ³, áñÁ µ³í³ñ³ñÇ 75 ËÝ¹ñÇ ³-½ »½-

ñ³ÛÇÝ å³ÛÙ³ÝÝ»ñÇÝ:

78. ¶ïÝ»É 0 ≤ ρ ≤ a, 0 ≤ ϕ ≤ 2π ßñç³ÝÇ ¹ñëáõÙ áñáßí³Í

³ÛÝåÇëÇ u(ρ,ϕ) Ñ³ñÙáÝÇÏ ýáõÝÏóÇ³, áñÁ µ³í³ñ³ñÇ 76 ËÝ¹ñÇ ³-» »½-

ñ³ÛÇÝ å³ÛÙ³ÝÝ»ñÇÝ:

79. ¶ïÝ»É a < ρ < b ûÕ³ÏáõÙ áñáßí³Í ³ÛÝåÇëÇ u(ρ,ϕ) Ñ³ñ-

ÙáÝÇÏ ýáõÝÏóÇ³, áñÁ µ³í³ñ³ñÇ u(a,ϕ) = u1, u(b,ϕ) = u2 »½ñ³ÛÇÝ
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³ñÅ»ùÝ»ñÇÝ:

80. ¶ïÝ»É 0 < ρ < a, 0 < ϕ < α ßñç³Ý³ÛÇÝ ë»ÏïáñáõÙ ³ÛÝåÇëÇ

u(ρ,ϕ) Ñ³ñÙáÝÇÏ ýáõÝÏóÇ³, áñÁ µ³í³ñ³ñÇ Ñ»ï¨Û³É å³ÛÙ³ÝÝ»ñÇÝ

u(a,ϕ) =
u0
α
ϕ, u(ρ, 0) = 0, u(ρ,α) = u0 :

81. ¶ïÝ»É y > 0 ÏÇë³Ñ³ñÃáõÃÛ³Ý Ù»ç È³åÉ³ëÇ Ñ³í³ë³ñÙ³Ý

³ÛÝåÇëÇ ÉáõÍáõÙ, áñÝ ÁÝ¹áõÝÇ Ñ»ï¨Û³É »½ñ³ÛÇÝ ³ñÅ»ùÝ»ñÁ

u|x<0, y=0 = ϕ1, u|x>0, y=0 = ϕ2 :

82. ¶ïÝ»É ³ÛÝåÇëÇ Ñ³ñÙáÝÇÏ ýáõÝÏóÇ³

³. ρ = a ß³é³íÕáí ·Ý¹áõÙ,

µ. ρ = a ß³é³íÕáí ·Ý¹Çó ¹áõñë,

áñÁ ρ = a ëý»ñ³ÛÇ íñ³ ÁÝ¹áõÝÇ u0 = const ³ñÅ»ùÁ:

83. ¶ïÝ»É z = 0 ¨ z = h Ñ³ñÃáõÃÛáõÝÝ»ñáí ë³ÑÙ³Ý³÷³Ïí³Í

ß»ñïáõÙ ³ÛÝåÇëÇ Ñ³ñÙáÝÇÏ ýáõÝÏóÇ³, áñÁ µ³í³ñ³ñÇ

u|z=0 = u1, u|z=h = u2

»½ñ³ÛÇÝ å³ÛÙ³ÝÝ»ñÇÝ:

84. ¶ïÝ»É 0 < x < a, 0 < y < b áõÕÕ³ÝÏÛ³Ý Ù»ç ³ÛÝåÇëÇ

Ñ³ñÙáÝÇÏ ýáõÝÏóÇ³, áñÁ µ³í³ñ³ñÇ Ñ»ï¨Û³É å³ÛÙ³ÝÝ»ñÇÝ

u(x, 0) = u1, u(x, b) = u2, ux|x=0, x=a = 0 :

85. ¶ïÝ»É ∆u = 1 Ñ³í³ë³ñÙ³Ý ³ÛÝ ÉáõÍáõÙÁ ρ < a ßñç³ÝáõÙ,

áñÇ Ñ³Ù³ñ u|ρ=a = 0 :
86. ¶ïÝ»É ∆u =

aA

2
Ñ³í³ë³ñÙ³Ý ³ÛÝ ÉáõÍáõÙÝ»ñÁ ρ < a ßñç³-

ÝáõÙ, áñáÝó Ñ³Ù³ñ
∂u

∂n
|ρ=a = B :
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87. ¶ïÝ»É ∆u = A Ñ³í³ë³ñÙ³Ý ³ÛÝ ÉáõÍáõÙÝ»ñÁ a < ρ < b

ûÕ³ÏáõÙ, áñáÝù µ³í³ñ³ñáõÙ »Ý Ñ»ï¨Û³É »½ñ³ÛÇÝ å³ÛÙ³ÝÝ»ñÇÝ

³. u|ρ=a = u1, u|ρ=b = u2,
µ. u|ρ=a = u1,

∂u

∂n
|ρ=b = C,

·.
∂u

∂n
|ρ=a = B, u|ρ=b = C,

88. ¶ïÝ»É

³. ∆u = 1,

µ. ∆u = Aρ+B

Ñ³í³ë³ñáõÙÝ»ñÇ ÉáõÍáõÙÝ»ñÁ ρ < a ·Ý¹áõÙ, »Ã»

u|ρ=a = 0

89. ¶ïÝ»É

³. ∆u = 1,

µ. ∆u = A+ B
ρ

Ñ³í³ë³ñáõÙÝ»ñÇ ÉáõÍáõÙÝ»ñÁ a < ρ < b ëý»ñÇÏ ß»ñïáõÙ, »Ã»

u|ρ=a = 0, u|ρ=b = 0 :

90. àñáß»É ç»ñÙ³ëïÇ×³ÝÇ ëï³óÇáÝ³ñ µ³ßËáõÙÁ a < ρ < b

ëý»ñÇÏ ß»ñïáõÙ, »Ã» ρ = a ëý»ñ³Ý å³ÑíáõÙ ¾ u1 ç»ñÙ³ëïÇ×³ÝáõÙ,

ÇëÏ ρ = b-Ýª u2:

91. ¸Çóáõù u = u(x1, · · · , xn)-Á Ñ³ñÙáÝÇÏ ýáõÝÏóÇ³ ¾ ÇÝã áñ
ïÇñáõÛÃáõÙ: ä³ñ½»É, Ã» Ñ»ï¨Û³É ýáõÝÏóÇ³Ý»ñÇó Ûáõñ³ù³ÝãÛáõñÁ Ñ³ñÙá-

ÝÇÏ ¾, ³ñ¹Ûáù, ³Û¹ ÝáõÛÝ ïÇñáõÛÃáõÙ

³. u(x+ h), h = (h1, · · · , hn)-Á Ñ³ëï³ïáõÝ í»Ïïáñ ¾,
µ. u(λh), λ-Ý ëÏ³ÉÛ³ñ Ñ³ëï³ïáõÝ ¾,

·. u(Cx), C-Ý Ñ³ëï³ïáõÝ, ûñÃá·áÝ³É Ù³ïñÇó ¾,

¹.
∂u

∂x1

∂u

∂x2
(n = 2),
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».
∂u

∂x1

∂u

∂x2
(n > 2),

½, x1
∂u

∂x1
+ x2

∂u

∂x2
+ x3

∂u

∂x3
, (n = 3),

¾. x1
∂u

∂x1
− x2

∂u

∂x2
, (n = 2),

Á. x2
∂u

∂x1
− x1

∂u

∂x2
, (n = 2),

Ã.

∂u
∂x1

( ∂u∂x1 )
2 + ( ∂u∂x2 )

2
, (n = 2),

Å.

µ
∂u

∂x1

¶2
−
µ
∂u

∂x2

¶2
, (n = 2),

Ç.

µ
∂u

∂x1

¶2
+

µ
∂u

∂x2

¶2
, (n = 2) :

92.¶ïÝ»É k Ñ³ëï³ïáõÝÇ ³ÛÝ ³ñÅ»ùÁ, áñÇ ¹»åùáõÙ ïñí³Í

ýáõÝÏóÇ³Ý Ñ³ñÙáÝÇÏ ¾

³. x31 + kx1x
2
2,

µ. x21 + x
2
2 + kx

2
3,

·. e2x1chkx2,

¹. sin 3x1chkx2,

».
1

|x|k , |x|
2 =

nX
i=1

x2i , |x| 6= 0 :

93. òáõÛó ï³É, áñ u(x) Ñ³ñÙáÝÇÏ ýáõÝÏóÇ³ÛÇ Ñ»ï ÙÇ³Å³Ù³Ý³Ï

Ñ³ñÙáÝÇÏ ¾ Ý³¨

v(x) =
1

|x|n−2u
µ
x

|x|2

¶
ýáõÝÏóÇ³Ýª ³Ù»Ýáõñ»ù, áñï»Õ ³ÛÝ áñáßí³Í ¾:

94. ¸Çóáõù ρ-Ý ¨ ϕ-Ý µ¨»é³ÛÇÝ Ïááñ¹ÇÝ³ïÝ»ñÝ »Ý Ñ³ñÃáõÃÛ³Ý

íñ³: òáõÛó ï³É, áñ n ≥ 0 ¹»åùáõÙ
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³. u(r,ϕ) = rn cosnϕ, v(r,ϕ) = rn sinnϕ ýáõÝÏóÇ³Ý»ñÁ Ñ³ñÙá-

ÝÇÏ »Ý ³ÙµáÕç Ñ³ñÃáõÃÛ³Ý íñ³,

µ. u(r,ϕ) = r−n cosnϕ, v(r,ϕ) = r−n sinnϕ, w(r) = lnr ýáõÝÏ-

óÇ³Ý»ñÁ Ñ³ñÙáÝÇÏ »Ý ³ÙµáÕç Ñ³ñÃáõÃÛ³Ý íñ³ª µ³óÇ Ïááñ¹ÇÝ³ïÝ»ñÇ

ëÏ½µÝ³Ï»ïÇó:

95. òáõÛó ï³É, áñ |z| < R ßñç³ÝáõÙ u(x, y) Ñ³ñÙáÝÇÏ ýáõÝÏóÇ³Ý
Ý»ñÏ³Û³óíáõÙ ¾ áñå»ë

∞X
k=0

rk(ak cos kϕ+ bk sin kϕ)

ß³ñùÇ ·áõÙ³ñ, áñï»Õ r = |z|, ϕ = argz, z = x+ iy, ÇëÏ ak-Ý ¨ bk -Ý
Çñ³Ï³Ý Ñ³ëï³ïáõÝÝ»ñ »Ý:

96. òáõÛó ï³É, áñ |z| ≤ R ßñç³ÝÇó ¹áõñë ë³ÑÙ³Ý³÷³Ï Ñ³ñÙáÝÇÏ
u(x, y) ýáõÝÏóÇ³Ý Ý»ñÏ³Û³óíáõÙ ¾

u(x, y) =
∞X
k=0

r−k(ak cos kϕ+ bk sin kϕ)

µ³Ý³Ó¨áí, áñï»Õ r = |z|, ϕ = argz, z = x + iy, ÇëÏ ak-Ý ¨ bk -Ý

Çñ³Ï³Ý Ñ³ëï³ïáõÝÝ»ñ »Ý:

97. òáõÛó ï³É

u(x) =
∞X
k=0

(−1)k
µ
x2kn
(2k)!

∆kτ(x1, · · · , xn−1)+

x2k+1n

(2k + 1)!
∆kν(x1, · · · , xn−1)

¶ (2)

ýáõÝÏóÇ³ÛÇ Ñ³ñÙáÝÇÏáõÃÛáõÝÁ, »Ã» τ -Ý ¨ ν-Ý Ï³Ù³Û³Ï³Ý ³Ýí»ñç ¹Çý»-

ñ»Ýó»ÉÇ ýáõÝÏóÇ³Ý»ñ »Ý, ÇëÏ (2) ß³ñùÁ Ï³ñ»ÉÇ ¾ »ñÏáõ ³Ý·³Ù ³Í³Ýó»É

Áëï Ûáõñ³ù³ÝãÛáõñ xi ÷á÷áË³Ï³ÝÇ:
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98. êïáõ·»É, áñ

E(x, y) =

½ 1
n−2 |x− y|2−n, n > 2
−ln|x− y|, n = 2

,

ýáõÝÏóÇ³Ý µ³í³ñ³ñáõÙ ¾ È³åÉ³ëÇ Ñ³í³ë³ñÙ³ÝÁ ÇÝãå»ë Áëï x, ³ÛÝ-

å»ë ¾É Áëï y Ï»ï»ñÇ, »Ã» ÙÇ³ÛÝ x 6= y, áñï»Õ |x−y|-Á x ¨ y n ã³÷³ÝÇ
Ï»ï»ñÇ ÙÇç¨ Ñ»é³íáñáõÃÛáõÝÝ ¾:

99. ú·ïí»Éáí (2) µ³Ó¨Çó ÉáõÍ»É

∆u(x, y, z) = 0, u(x, y, 0) = g(x, y), uz(x, y, 0) = h(x, y)

ÎáßÇÇ ËÝ¹ÇñÁ, »ñµ

³. g = x+ 2y, h = 2x− y2 :
µ. g = xey, h = 0 :

·. g = xy + x2, h = ex + y :

¹. g = x sin y, h = cos y :

». g = x3 + 2, h = 2x2 − y :
½. g = cos 2x, h = x− 2 sin 2y :

100. Æ±Ýã ³ñÅ»ù ¾ Ñ³ñÏ³íáñ í»ñ³·ñ»É u(a) -ÇÝ, áñå»ë½Ç u(r)-Á

K : a < r < b, 0 ≤ ϕ ≤ 2π, 0 < a < b < ∞, ûÕ³ÏáõÙ ÉÇÝÇ
Ñ³ñÙáÝÇÏ, K̄-áõÙ ³ÝÁÝ¹Ñ³ï ¨ (a < c < b)

³. u(c) = T0, u(b) = T :

µ. u(c) = T, ur(b) = U :

·. u(c) = T, ur(b) + hu(b) =W :

¹. ur(c) = U, u(b) = T :

101. Æ±Ýã ³ñÅ»ù ¾ Ñ³ñÏ³íáñ í»ñ³·ñ»É u(a) -ÇÝ ¨ u(b)-ÇÝ, áñå»ë-

½Ç u(r)-Á K : a < r < b, 0 ≤ ϕ ≤ 2π, 0 < a < b < ∞ ûÕ³ÏáõÙ

ÉÇÝÇ Ñ³ñÙáÝÇÏ, K̄-áõÙ ³ÝÁÝ¹Ñ³ï ¨ (a < c < b, a < d < b)

³. u(c) = T0, u(d) = T1 :

µ. ur(c) = U, u(d) = T :
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102. Æ±Ýã ³ñÅ»ù ¾ Ñ³ñÏ³íáñ í»ñ³·ñ»É u(b)-ÇÝ, áñå»ë½Ç u(r)-Á

K : a < r < b, 0 ≤ ϕ ≤ 2π, 0 < a < b < ∞ ûÕ³ÏáõÙ ÉÇÝÇ

Ñ³ñÙáÝÇÏ, K̄-áõÙ ³ÝÁÝ¹Ñ³ï ¨ (a < c < b)

³. u(c) = T0, u(a) = T :

µ. u(c) = T, ur(a) = U :

·. u(c) = T, ur(a)− hu(a) =W :

¹. ur(c) = U, u(a) = T :

103. ²å³óáõó»É ¶áõñë³ÛÇ µ³Ý³Ó¨Áª

f(z) = 2u
³z
2
,
z

2i

´
− u(0, 0) + iC, z = x+ iy, (0, 0) ∈ D,

áñÁ ÑÝ³ñ³íáñáõÃÛáõÝ ¾ ï³ÉÇë D ÙÇ³Ï³å ïÇñáõÛÃáõÙ, ³é³Ýó ÇÝï»·-

ñ»Éáõ, í»ñ³Ï³Ý·Ý»É f(z) ³Ý³ÉÇïÇÏ ýáõÝÏóÇ³Ý Çñ u(x, y) Çñ³Ï³Ý Ù³-

ëáí‘ iC Ï»ÕÍ Ñ³ëï³ïáõÝÇ ×ßïáõÃÛ³Ùµ:

104. òáõÛó ï³É ϕ(z) =
∂u

∂x
− i∂u

∂y
ýáõÝÏóÇ³ÛÇ ³Ý³ÉÇïÇÏáõÃ-

ÛáõÝÁ, »Ã» u(x, y) ýáõÝÏóÇ³Ý Ñ³ñÙáÝÇÏ ¾:

105. Îáñ³·ÇÍ ÇÝï»·ñ³ÉÇ ÙÇçáóáí í»ñ³Ï³Ý·Ý»É f(z) ³Ý³ÉÇïÇÏ

ýáõÝÏóÇ³Ý D ÙÇ³Ï³å ïÇñáõÛÃáõÙ, »Ã» Ñ³ÛïÝÇ ¾ Ýñ³ u(x, y) Çñ³Ï³Ý

Ù³ëÁ

³. u = x3 − 3xy2 :
µ. u = ex sin y :

·. u = chy sinx :

106. ú·ïí»Éáí ÎáßÇ-èÇÙ³ÝÇ ux(x, y) = vy(x, y), uy(x, y) =

−vx(x, y) Ñ³í³ë³ñáõÙÝ»ñÇ Ñ³Ù³Ï³ñ·Çó, ·ïÝ»É u(x, y) ýáõÝÏóÇ³ÛÇ
Ñ³Ù³ÉáõÍ Ñ³ñÙáÝÇÏ- v(x, y) ýáõÝÏóÇ³Ý, »Ã»

³. u = xy3 − yx3 :
µ. u = ey sinx :

·. u = shx sin y :

¹. u = chx cos y :

». u = shx cos y :
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½. u = chx sin y :

107. ú·ïí»Éáí ÎáßÇ-èÇÙ³ÝÇ ux(x, y) = vy(x, y), uy(x, y) =

−vx(x, y) Ñ³í³ë³ñáõÙÝ»ñÇ Ñ³Ù³Ï³ñ·Çó, ·ïÝ»É u(x, y) Ñ³ñÙáÝÇÏ
ýáõÝÏóÇ³Ý, »Ã»

³. ux = 3x
2y − y3 :

µ. uy = e
x cos y :

·. ux = e
x sin y :

¹. uy = x
2 − y2 + x+ y :

». ux = xy + x
2 − y2 :

108. 106 ¨ 107 ËÝ¹ÇñÝ»ñÁ ÉáõÍ»É ¶áõñë³ÛÇ µ³Ý³Ó¨Ç û·ÝáõÃÛ³Ùµ:

§3. È³åÉ³ëÇ Ñ³í³ë³ñÙ³Ý ¸ÇñÇËÉ»Ç ¨ Ü»ÛÙ³ÝÇ ËÝ¹ÇñÝ»ñÇ
¶ñÇÝÇ ýáõÝÏóÇ³Ý»ñÁ

ê³ÑÙ³ÝáõÙ: È³åÉ³ëÇ Ñ³í³ë³ñÙ³Ý ³ÛÝ ÉáõÍáõÙÁ, áñÁ Ï³Ëí³Í ¾

r = |x − y| Ñ»é³íáñáõÃÛáõÝÇó, ÏáãíáõÙ ¾ ÑÇÙÝ³ñ³ñ Ï³Ù ï³ññ³Ï³Ý
ÉáõÍáõÙ:

²ÛÝ áõÝÇ Ñ»ï¨Û³É ï»ëùÁ

E(x, y) =

⎧⎪⎨⎪⎩
ln 1

|x−y| , n = 2

1
(n−2)|x−y|n−2 , n ≥ 3

:

È³åÉ³ëÇ Ñ³í³ë³ñÙ³Ý E(x, y) ÑÇÙÝ³ñ³ñ ÉáõÍáõÙÁ n = 3 ¹»åùáõÙ

Ï³ñ»ÉÇ ¾ ¹Çï»É, áñå»ë Ï³Ù³Û³Ï³Ý y = (y1, y2, y3) Ï»ïáõÙ ¾É»Ïïñ³-

ëï³ïÇÏ ¹³ßïÇ åáï»ÝóÇ³É, áñÁ ëï»ÕÍíáõÙ ¾ x = (x1, x2, x3) Ï»ïáõÙ

ï»Õ³¹ñí³Í ÙÇ³íáñ ¾É»Ïïñ³Ï³Ý ÉÇóùáí:

ê³ÑÙ³ÝáõÙ: G(x, y) ýáõÝÏóÇ³Ý ÏáãíáõÙ ¾ È³åÉ³ëÇ Ñ³í³ë³ñÙ³Ý

¸ÇñÇËÉ»Ç ËÝ¹ñÇ ¶ñÇÝÇ ýáõÝÏóÇ³ D ïÇñáõÛÃáõÙ, »Ã» ª
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³. G(x, y) ýáõÝÏóÇ³Ý Ï³ñ»ÉÇ ¾ Ý»ñÏ³Û³óÝ»É È³åÉ³ëÇ Ñ³í³ë³ñ-

Ù³Ý ÑÇÙÝ³ñ³ñ E(x, y) ÉáõÍÙ³Ý ¨ C(D̄) ¹³ëÇÝ å³ïÏ³ÝáÕ g(x, y)

Ñ³ñÙáÝÇÏ ýáõÝÏóÇ³ÛÇ ·áõÙ³ñÇ ï»ëùáíª G(x, y) = E(x, y) + g(x, y),

µ. D ïÇñáõÛÃÇ S »½ñÇ íñ³ G(x, y) ýáõÝÏóÇ³Ý Ñ³í³ë³ñ ¾ ½ñáÛÇ:

¶ñÇÝÇ ýáõÝÏóÇ³ÛÇ ë³ÑÙ³ÝáõÙÇó µËáõÙ »Ý Ýñ³ Ñ»ï¨Û³É å³ñ½³·áõÛÝ

Ñ³ïÏáõÃÛáõÝÝ»ñÁ

³. ¶ñÇÝÇ ýáõÝÏóÇ³Ý Ñ³ñÙáÝÇÏ ¾ D ïÇñáõÛÃáõÙ Áëï x-Ç, µ³ó³-

éáõÃÛ³Ùµ y Ï»ïÇ,

µ. »Ã» ¶ñÇÝÇ ýáõÝÏóÇ³Ý ·áÛáõÃÛáõÝ áõÝÇ, ³å³ ³ÛÝ ÙÇ³ÏÝ ¾,

·. ¶ñÇÝÇ ýáõÝÏóÇ³Ý ¹ñ³Ï³Ý ¾ D ïÇñáõÛÃáõÙ,

¹. ¶ñÇÝÇ ýáõÝÏóÇ³Ý ëÇÙ»ïñÇÏ ¾ª G(x, y) = G(y, x) :

¸Çóáõù S ÷³Ï Ù³Ï»ñ¨áõÛÃÁ µ³Å³ÝáõÙ ¾ Rn ï³ñ³ÍáõÃÛáõÝÁ D+

Ý»ñùÇÝ ¨ D− ³ñï³ùÇÝ ïÇñáõÛÃÝ»ñÇ: ¶ñÇÝÇ ýáõÝÏóÇ³Ý áõÝÇ Ñ»ï¨Û³É

ýÇ½ÇÏ³Ï³Ý Ù»ÏÝ³µ³ÝáõÃÛáõÝÁ:

D− ïÇñáõÛÃáõÙ µ³ßË»Ýù ÉÇóù»ñ ³ÛÝå»ë, áñå»ë½Ç ³Û¹ ÉÇóù»ñÇ

g(x, y) åáï»ÝóÇ³ÉÁ S Ù³Ï»ñ¨áõÛÃÇ íñ³ Ñ³ÙÁÝÏÝÇ - E(x, y)|y∈S åá-
ï»ÝóÇ³ÉÇ Ñ»ï: g(x, y) ýáõÝÏóÇ³Ý Ñ³ñÙáÝÇÏ ¾ D+ ïÇñáõÛÃáõÙ Áëï y

÷á÷áË³Ï³ÝÇ, ù³ÝÇ áñ Ý³ Ñ³Ý¹Çë³ÝáõÙ ¾D+ ïÇñáõÛÃÇÝ ãå³ïÏ³ÝáÕ

ÉÇóù»ñÇ åáï»ÝóÇ³É: ¸Çï³ñÏ»Ýù G(x, y) = E(x, y) + g(x, y) ýáõÝÏ-

óÇ³Ý: Ü³ µ³í³ñ³ñáõÙ ¾ Ñ»ï¨Û³É å³ÛÙ³ÝÝ»ñÇÝ

³. Ñ³Ý¹Çë³ÝáõÙ ¾ D+ ïÇñáõÛÃáõÙ g(x, y) Ñ³ñÙáÝÇÏ ýáõÝÏóÇ³ÛÇ ¨

E(x, y) ÑÇÙÝ³ñ³ñ ÉáõÍÙ³Ý ·áõÙ³ñ,

µ. D+ ïÇñáõÛÃÇ S »½ñÇ íñ³ Ñ³í³ë³ñ ¾ ½ñáÛÇ:

²ÛëåÇëáí, ¶ñÇÝÇ ýáõÝÏóÇ³ÛÇ é»·áõÉÛ³ñ Ù³ëÁ Ñ³Ý¹Çë³ÝáõÙ ¾ D−

ïÇñáõÛÃáõÙ µ³ßËí³Í ÉÇóù»ñÇ åáï»ÝóÇ³ÉÁ, áñÁ S »½ñÇ íñ³ ÁÝ¹áõÝáõÙ ¾

- E(x, y)|S ³ñÅ»ùÁ:
R2 ï³ñ³ÍáõÃÛ³Ý Ù»ç ÙÇ³Ï³å ïÇñáõÛÃÝ»ñÇ Ñ³Ù³ñ ¶ñÇÝÇ ýáõÝÏ-

óÇ³Ý Ï³ñ»ÉÇ ¾ Ï³éáõó»É ÏáÝýáñÙ ³ñï³å³ïÏ»ñáõÙÝ»ñÇ û·ÝáõÃÛ³Ùµ:

¸Çï³ñÏ»Ýù S »½ñáí D Ñ³ñÃ ÙÇ³Ï³å ïÇñáõÛÃÁ: ºÝÃ³¹ñ»Ýù, Ñ³ÛïÝÇ

¾ ³ÛÝ w = w(z, z0) ³Ý³ÉÇïÇÏ ýáõÝÏóÇ³Ý, áñÁ ÏáÝýáñÙ ³ñï³å³ïÏ»-
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ñáõÙ ¾D ïÇñáõÛÃÁ ÙÇ³íáñ ßñç³ÝÇ íñ³ ³ÛÝå»ë, áñ z0 Ï»ïÁ ³ñï³å³ï-

Ï»ñíáõÙ ¾ ëÏ½µÝ³Ï»ïÇÝ: ²Û¹ ¹»åùáõÙ

G(z, z0) = ln
1

|w(z, z0)|
(1)

ýáõÝÏóÇ³Ý ÏÉÇÝÇ ¶ñÇÝÇ ýáõÝÏóÇ³Ý D ïÇñáõÛÃÇ Ñ³Ù³ñ:

Â»áñ»Ù: ºÃ» u|S = f »½ñ³ÛÇÝ å³ÛÙ³Ýáí ¸ÇñÇËÉ»Ç Ý»ñùÇÝ ËÝ¹ÇñÁ

C1(D) ¹³ëáõÙ áõÝÇ ÉáõÍáõÙ, ³å³ ³ÛÝ Ý»ñÏ³Û³óíáõÙ ¾

u(x) = − 1

ωn

Z
S

f(y)
∂G(x, y)

∂ν
dSy (2)

µ³Ý³Ó¨áí, áñï»Õ ν-Ý S Ù³Ï»ñ¨áõÛÃÇ ³ñï³ùÇÝ ÝáñÙ³ÉÝ ¾, ÇëÏ ωn-ÁRn-

áõÙ ÙÇ³íáñ ëý»ñ³ÛÇ Ù³Ï»ñ»ëÝ ¾ª ωn =
2πn/2

Γ(n/2) :

ê³ÑÙ³ÝáõÙ: D ïÇñáõÛÃáõÙ È³åÉ³ëÇ Ñ³í³ë³ñÙ³Ý Ü»ÛÙ³ÝÇ Ý»ñùÇÝ

ËÝ¹ñÇ ¶ñÇÝÇ ýáõÝÏóÇ³ ÏáãíáõÙ ¾ ³ÛÝ G(x, y) ýáõÝÏóÇ³Ý, áñÁ µ³í³ñ³-

ñáõÙ ¾ Ñ»ï¨Û³É »ñÏáõ å³ÛÙ³ÝÝ»ñÇÝ

³. ³ÛÝ áõÝÇ

G(x, y) = E(x, y) + g(x, y)

ï»ëùÁ, áñï»Õ E(x, y)-Á È³åÉ³ëÇ Ñ³í³ë³ñÙ³Ý ÑÇÙÝ³ñ³ñ ÉáõÍáõÙÝ ¾,

ÇëÏ g(x, y) -Á Ñ³ñÙáÝÇÏ ýáõÝÏóÇ³ ¾ D ïÇñáõÛÃáõÙ ¨ Áëï x ¨ Áëï y

÷á÷áË³Ï³ÝÝ»ñÇ;

µ. »ñµ x Ï³Ù y Ï»ïÁ ·ïÝíáõÙ ¾ D ïÇñáõÛÃÇ S »½ñÇ íñ³

∂G

∂n
|S = −

ωn
|S| , (3)

áñï»Õ |S|-Á S Ù³Ï»ñ¨áõÛÃÇ Ù³Ï»ñ»ëÝ ¾:
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Ü»ÛÙ³ÝÇ Ý»ñùÇÝ ËÝ¹ñÇ ¶ñÇÝÇ ýáõÝÏóÇ³Ý ëÇÙ»ïñÇÏ ã¾: ²ÛÝ ÏÉÇÝÇ

ëÇÙ»ïñÇÏ, »Ã» å³Ñ³ÝçíÇ, áñ

Z
S

G(y, x)dσ-Ý Ï³Ëí³Í ãÉÇÝÇ x ∈ D
Ï»ïÇó:

Ü»ÛÙ³ÝÇ ³ñï³ùÇÝ ËÝ¹ñÇ ¹»åùáõÙ, ¶ñÇÝÇ ýáõÝÏóÇ³ÛÇ ë³ÑÙ³ÝÙ³Ý

Ù»ç (3) å³ÛÙ³ÝÁ Ñ³ñÏ³íáñ ¾ ÷áË³ñÇÝ»É

∂G

∂n
|S = 0, (4)

å³ÛÙ³Ýáí: Ü»ÛÙ³ÝÇ ³ñï³ùÇÝ ËÝ¹ñÇ ¶ñÇÝÇ ýáõÝÏóÇ³Ý ëÇÙ»ïñÇÏ ¾:

Â»áñ»Ù: ºÃ»
∂u

∂n
|S = f »½ñ³ÛÇÝ å³ÛÙ³Ýáí Ü»ÛÙ³ÝÇ Ý»ñùÇÝ ËÝ¹Ç-

ñÁ C1(D) ¹³ëáõÙ áõÝÇ ÉáõÍáõÙ, ³å³ ³ÛÝ Ý»ñÏ³Û³óíáõÙ ¾

u(x) =
1

ωn

Z
S

f(y)G(y, x)dσy +
1

|S|

Z
S

u(y)dσy (5)

µ³Ý³Ó¨áí:

Ü»ÛÙ³ÝÇ ³ñï³ùÇÝ ËÝ¹ñÇ ÉáõÍáõÙÁ Ý»ñÏ³Û³óíáõÙ ¾

u(x) = −
Z
S

f(y)G(y, x)dσy (6)

µ³Ý³Ó¨áí:

109. Î³éáõó»É z ≥ 0 ÏÇë³ï³ñ³ÍáõÃÛ³Ý Ñ³Ù³ñ ¸ÇñÇËÉ»Ç ËÝ¹ñÇ
¶ñÇÝÇ ýáõÝÏóÇ³Ý:

110. ú·ïí»Éáí Ý³Ëáñ¹ ËÝ¹ñÇ å³ï³ëË³ÝÇó ·ïÝ»É ÑáÕ³Ïóí³Í,

Ç¹»³É³Ï³Ý Ñ³Õáñ¹Çã z = 0 Ñ³ñÃáõÃÛ³Ý íñ³ ï»Õ³¹ñí³Í e Ï»ï³ÛÇÝ

ÉÇóùÇ åáï»ÝóÇ³ÉÁ: Ð³ßí»É ÇÝ¹áõÏóí³Í Ù³Ï»ñ¨áõÛÃ³ÛÇÝ ÉÇóù»ñÇ ËïáõÃ-

ÛáõÝÁ: Î³éáõó»É ¸ÇñÇËÉ»Ç ËÝ¹ñÇ ÉáõÍáõÙÁ z ≥ 0 ÏÇë³ï³ñ³ÍáõÃÛ³Ý

Ñ³Ù³ñ:

111. Î³éáõó»É z = 0 ¨ z = l Ñ³ñÃáõÃÛáõÝÝ»ñáí ë³ÑÙ³Ý³÷³Ïí³Í

ß»ñïÇ ¸ÇñÇËÉ»Ç ËÝ¹ñÇ ¶ñÇÝÇ ýáõÝÏóÇ³Ý: àõëáõÙÝ³ëÇñ»É ëï³óí³Í ß³ñ-

ùÇ ½áõ·³ÙÇïáõÃÛáõÝÁ ¨ ³ÛÝ ³Í³Ýó»Éáõ ÑÝ³ñ³íáñáõÃÛáõÝÁ:
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112. Î³éáõó»É z = 0, z = l ¨ x = 0 Ñ³ñÃáõÃÛáõÝÝ»ñáí ë³ÑÙ³-

Ý³÷³Ïí³Í ÏÇë³ß»ñïÇ ¸ÇñÇËÉ»Ç ËÝ¹ñÇ ¶ñÇÝÇ ýáõÝÏóÇ³Ý:

113. Î³éáõó»É α = π
n (n-Á µÝ³Ï³Ý ¾ ) Ù»ÍáõÃÛ³Ùµ »ñÏÝÇëï

³ÝÏÛ³Ý ¸ÇñÇËÉ»Ç ËÝ¹ñÇ ¶ñÇÝÇ ýáõÝÏóÇ³Ý:

114. Î³éáõó»É ÏÇë³Ñ³ñÃáõÃÛ³Ý ¸ÇñÇËÉ»Ç ËÝ¹ñÇ ¶ñÇÝÇ ýáõÝÏ-

óÇ³Ý ¨ Ýñ³ û·ÝáõÃÛ³Ùµ ÉáõÍ»É ¸ÇñÇËÉ»Ç ËÝ¹ÇñÁ y > 0 ÏÇë³Ñ³ñÃáõÃÛ³Ý

Ñ³Ù³ñ, »Ã»

u(x, 0) =

½
0, x < 0

V, x > 0
:

115. Î³éáõó»É α = 0 ¨ α = π
n (n-Á µÝ³Ï³Ý ¾ ) ×³é³·³ÛÃÝ»ñáí

ë³ÑÙ³Ý³÷³Ïí³Í ïÇñáõÛÃÇ ¸ÇñÇËÉ»Ç ËÝ¹ñÇ ¶ñÇÝÇ ýáõÝÏóÇ³Ý:

116. Î³éáõó»É R ß³é³íÕáí ·Ý¹Ç Ñ³Ù³ñ ¸ÇñÇËÉ»Ç ËÝ¹ñÇ ¶ñÇÝÇ

ýáõÝÏóÇ³Ý:

117. ¶ïÝ»É ÑáÕ³Ïóí³Í ëý»ñ³ÛÇ Ý»ñëáõÙ ·ïÝíáÕ e Ï»ï³ÛÇÝ ÉÇóùÇ

ëï»ÕÍ³Í ¾É»Ïïñ³ëï³ïÇÏ ¹³ßïÇ åáï»ÝóÇ³ÉÁ: Ð³ßí»É ëý»ñ³ÛÇ íñ³

ÇÝ¹áõÏóí³Í ÉÇóù»ñÇ Ù³Ï»ñ¨áõÛÃ³ÛÇÝ ËïáõÃÛáõÝÁ ¨ ÉáõÍ»É ¸ÇñÇËÉ»Ç Ý»ñ-

ùÇÝ ËÝ¹ÇñÁ ëý»ñ³ÛÇ Ñ³Ù³ñ:

118. Î³éáõó»É R ß³é³íÕáí

³. ßñç³ÝÇ,

µ. ÏÇë³ßñç³ÝÇ,

·. ù³éáñ¹ ßñç³ÝÇ,

¹. α = π
n (n-Á µÝ³Ï³Ý ¾ ) ³ÝÏÛáõÝáí ë»ÏïáñÇ,

». ÏÇë³·Ý¹Ç,

½. ù³éáñ¹ ·Ý¹Ç

¸ÇñÇËÉ»ñ ËÝ¹ñÇ ¶ñÇÝÇ ýáõÝÏóÇ³Ý»ñÁ:

119. Î³éáõó»É a ¨ b ß³é³íÇÕÝ»ñáí Ñ³Ù³Ï»ÝïñáÝ ëý»ñ³Ý»ñáí

ë³ÑÙ³Ý³÷³Ïí³Í ëý»ñÇÏ ß»ñïÇ ¸ÇñÇËÉ»Ç ËÝ¹ñÇ ¶ñÇÝÇ ýáõÝÏóÇ³Ý: àõ-

ëáõÙÝ³ëÇñ»É ëï³óí³Í ß³ñùÇ ½áõ·³ÙÇïáõÃÛáõÝÁ ¨ ³ÛÝ ³Í³Ýó»Éáõ ÑÝ³-

ñ³íáñáõÃÛáõÝÁ:
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120. Î³éáõó»É a ≤ r ≤ b ûÕ³ÏÇ ¸ÇñÇËÉ»Ç ËÝ¹ñÇ ¶ñÇÝÇ ýáõÝÏ-
óÇ³Ý: àõëáõÙÝ³ëÇñ»É ëï³óí³Í ß³ñùÇ ½áõ·³ÙÇïáõÃÛáõÝÁ ¨ ³ÛÝ ³Í³Ýó»-

Éáõ ÑÝ³ñ³íáñáõÃÛáõÝÁ:

121. òáõÛó ï³É, áñ »Ã» u(x) ýáõÝÏóÇ³Ý Ñ³ñÙáÝÇÏ ¾D ïÇñáõÛÃáõÙ,

³å³

v(x) =
nX
i=1

xi
∂u

∂xi

ýáõÝÏóÇ³Ý ÝáõÛÝå»ë Ñ³ñÙáÝÇÏ ¾ ³Û¹ ïÇñáõÛÃáõÙ: ú·ïí»Éáí ³Ûë ÷³ëïÇóª

ÉáõÍ»É Ü»ÛÙ³ÝÇ ËÝ¹ÇñÁ ·Ý¹Ç Ñ³Ù³ñ:

122. ú·ïí»Éáí ÏáÝýáñÙ ³ñï³å³ïÏ»ñáõÙÝ»ñÇóª Ï³éáõó»É Ñ»ï¨-

Û³É ïÇñáõÛÃÝ»ñÇ ¸ÇñÇËÉ»Ç ËÝ¹ñÇ ¶ñÇÝÇ ýáõÝÏóÇ³Ý»ñÁ

³. y > 0 ÏÇë³Ñ³ñÃáõÃÛáõÝ,

µ. |z| < R, y > 0 ÏÇë³ßñç³Ý,
·. x > 0, y > 0 ù³éáñ¹,

¹. 0 < y < π ß»ñï:

§4. äáï»ÝóÇ³ÉÝ»ñ ¨ Ýñ³Ýó ÏÇñ³éáõÃÛáõÝÝ»ñÁ

¸ÇóáõùD-Ý ë³ÑÙ³Ý³÷³Ï ïÇñáõÛÃ ¾ Rn ï³ñ³ÍáõÃÛáõÝáõÙ, áñÇ »½-

ñÁ S-áÕáñÏ Ù³Ï»ñ¨áõÛÃÝ ¾, ÇëÏ µ-Ý ³Û¹ ïÇñáõÛÃáõÙ ïñí³Í áñ¨¾ µ³ó³ñ-

Ó³Ï ÇÝï»·ñ»ÉÇ ýáõÝÏóÇ³ ¾:

ê³ÑÙ³ÝáõÙ.

u(x) =

Z
D

E(x, y)µ(y)dτy (1)

ýáõÝÏóÇ³Ý ÏáãíáõÙ ¾D ïÇñáõÛÃáõÙ µ(y) ËïáõÃÛ³Ùµ µ³ßËí³Í ½³Ý·í³-

ÍÇ Í³í³É³ÛÇÝ åáï»ÝóÇ³É áñï»Õ E(x, y)-Á È³åÉ³ëÇ Ñ³í³ë³ñÙ³Ý

ÑÇÙÝ³ñ³ñ ÉáõÍáõÙÝ ¾:

Ì³í³É³ÛÇÝ åáï»ÝóÇ³ÉÝ áõÝÇ Ñ»ï¨Û³É Ï³ñ¨áñ Ñ³ïÏáõÃÛáõÝÝ»ñÁ.
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³. ºÃ» µ(y) ýáõÝÏóÇ³Ý ³ÝÁÝ¹Ñ³ï ¾ D-áõÙ, ³å³ u(x)-Ý ³ÝÁÝ¹Ñ³ï ¾

¨ áõÝÇ ÙÇÝã¨ ³é³çÇÝ Ï³ñ·Ç ³ÝÁÝ¹Ñ³ï ³Í³ÝóÛ³ÉÝ»ñ Rn-áõÙ, Ñ³ñÙáÝÇÏ

¾ D ∪ S-Çó ¹áõñë, u(∞) = 0, »Ã» n > 2, ÇëÏ n = 2 ¹»åùáõÙ ³×áõÙ ¾
ÇÝãå»ë ln|x| (x→∞) ýáõÝÏóÇ³Ý:
µ. ºÃ» µ(y) ýáõÝÏóÇ³Ý áõÝÇ ³é³çÇÝ Ï³ñ·Ç ³ÝÁÝ¹Ñ³ï Ù³ëÝ³ÏÇ ³-

Í³ÝóÛ³ÉÝ»ñD-áõÙ ¨ ³ÝÁÝ¹Ñ³ï ¾D-áõÙ, ³å³ u(x)-Ý áõÝÇ ÙÇÝã¨ »ñÏñáñ¹

Ï³ñ·Ç ³ÝÁÝ¹Ñ³ï Ù³ëÝ³ÏÇ ³Í³ÝóÛ³ÉÝ»ñ D-áõÙ ¨ ³Û¹ï»Õ µ³í³ñ³ñáõÙ

¾

∆u = −ωnµ(x)

äáõ³ëáÝÇ Ñ³í³ë³ñÙ³ÝÁ, áñï»Õ ωn-Á ÙÇ³íáñ ëý»ñ³ÛÇ Ù³Ï»ñ»ëÝ ¾

(ωn =
1

Γ
¡
n
2

¢2π n
2 ):

ºÝÃ³¹ñ»Ýù µ-Ý S-Ç íñ³ ïñí³Í áñ¨¾ ³ÝÁÝ¹Ñ³ï ýáõÝÏóÇ³ ¾:

ê³ÑÙ³ÝáõÙ.

w(x) =

Z
S

µ(y)
∂E(x, y)

∂n
dσ (2)

ýáõÝÏóÇ³Ý ÏáãíáõÙ ¾ ÏñÏÝ³ÏÇ ß»ñïÇ åáï»ÝóÇ³É, áñï»Õ n-Á S Ù³Ï»ñ»-

íáõÛÃÇ y Ï»ïáõÙ ï³ñí³Í ³ñï³ùÇÝ ÝáñÙ³ÉÝ ¾:

ÎñÏÝ³ÏÇ ß»ñïÇ åáï»ÝóÇ³ÉÝ áõÝÇ Ñ»ï¨Û³É Ï³ñ¨áñ Ñ³ïÏáõÃÛáõÝ-

Ý»ñÁ.

³. w(x)-Á S Ù³Ï»ñ¨áõÛÃÇ íñ³ ã·ïÝíáÕ Ï»ï»ñáõÙ áõÝÇ µáÉáñ Ï³ñ·Ç

³Í³ÝóÛ³ÉÝ»ñ ¨ µ³í³ñ³ñáõÙ ¾ È³åÉ³ëÇ Ñ³í³ë³ñÙ³ÝÁ:

µ. w(x)-Á Ó·ïáõÙ ¾ ½ñáÛÇ |x|1−n ³ñ³·áõÃÛ³Ùµ, »ñµ |x|→∞:
·. ºÃ» S-Á ÈÛ³åáõÝáíÛ³Ý Ù³Ï»ñ¨áõÛÃ ¾, ³å³ w(x)-Á ·áÛáõÃÛáõÝ áõÝÇ

Ý³¨ Ù³Ï»ñ¨áõÛÃÇ x0 Ï»ïáõÙ ¨ áõÝÇ w+(x0)-Ý»ñëÇó ¨ w−(x0)-¹ñëÇó

ë³ÑÙ³ÝÝ»ñ, áñáÝù Ñ³ßííáõÙ »Ý Ñ»ï¨Û³É µ³Ý³Ó¨»ñáí

w+(x0) = w(x0)−
ωn
2
µ(x0),

w−(x0) = w(x0) +
ωn
2
µ(x0) :

(3)
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²Ûë »ñÏáõ µ³Ý³Ó¨»ñÇó ëï³óíáõÙ ¾ w(x) ýáõÝÏóÇ³ÛÇ ÃéÇãùÇ Ñ³Ù³ñ

Ñ»ï¨Û³É

w−(x0)− w+(x0) = ωnµ(x)

µ³Ý³Ó¨Á:

¹. Ø³ëÝ³íáñ ¹»åùáõÙ, »ñµ µ = 1, w(x)-Á ÏáãíáõÙ ¾ ¶³áõëÇ ÇÝï»·ñ³É,

áñÝ áõÝÇ Ñ»ï¨Û³É ³ñÅ»ùÝ»ñÁZ
S

∂E(x, y)

∂n
dσ =

½
0, x 6∈ D ∪ S
−ωn, x ∈ D

: (4)

ºÃ» S-Á ÈÛ³åáõÝáíÛ³Ý Ù³Ï»ñ¨áõÛÃ ¾, ³å³Z
S

∂E(x, y)

∂n
dσ = −ωn

2
, (5)

»Ã» x ∈ S:
». ÏñÏÝ³ÏÇ ß»ñïÇ åáï»ÝóÇ³ÉÁ Ï³ñ»ÉÇ ¾ ·ñ»É Ý³¨ Ñ»ï¨Û³É ï»ëùáí

w(x) = −
Z
S

µ(y)
cosϕ

|y − x|n−1 dσ, (6)

áñï»Õ ϕ-Ý y − x í»ÏïáñÇ ¨ n ÝáñÙ³ÉÇ Ï³½Ù³Í ³ÝÏÛáõÝÝ ¾:

ê³ÑÙ³ÝáõÙ. S Ù³Ï»ñ¨áõÛÃÇ íñ³ µ ∈ C(S) ËïáõÃÛ³Ùµ µ³ßËí³Í
½³Ý·í³ÍÇ å³ñ½ ß»ñïÇ åáï»ÝóÇ³É ÏáãíáÙ ¾Ñ»ï¨Û³É ýáõÝÏóÇ³Ý

v(x) =

Z
S

µ(y)E(x, y)dσ : (7)

ä³ñ½ ß»ñïÇ åáï»ÝóÇ³ÉÝ áõÝÇ Ñ»ï¨Û³É Ï³ñ¨áñ Ñ³ïÏáõÃÛáõÝÝ»ñÁ.

³. v(x)-Á S Ù³Ï»ñ¨áõÛÃÇÝ ãå³ïÏ³ÝáÕ Ï»ï»ñáõÙ áõÝÇ µáÉáñ Ï³ñ·Ç ³-

Í³ÝóÛ³ÉÝ»ñ ¨ µ³í³ñ³ñáõÙ ¾ È³åÉ³ëÇ Ñ³í³ë³ñÙ³ÝÁ:

µ. ºÃ» n > 2,³å³ v(x)→ 0 1
|x|n−2 ³ñ³·áõÃÛ³Ùµ, »ñµ |x|→∞, ÇëÏ

»Ã» n = 2, ³å³ v(x)-Ý ³×áõÙ ¾ ÇÝãå»ë ln|x| (|x|→∞) ýáõÝÏóÇ³Ý :
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·. v(x)-Ý ³ÝÁÝ¹Ñ³ï ýáõÝÏóÇ³ ¾ Rn-áõÙ:

¹. ¸Çóáõù S-Á ÈÛ³åáõÝáíÛ³Ý Ù³Ï»ñ¨áõÛÃ ¾, ÇëÏ n0-Ý S-Ç x0 Ï»ïáõÙ

ï³ñí³Í ³ñï³ùÇÝ ÝáñÙ³ÉÝ ¾: ²Û¹ ¹»åùáõÙ ÝáñÙ³ÉÇ íñ³ ·ïÝíáÕ x Ï»-

ïáõÙ
∂u(x)

∂n0
= −

Z
S

µ(y)
cosψ

|y − x|n−1 dσy, (8)

áñï»Õ ψ-Ý y − x í»ÏïáñÇ ¨ ÙÇ¨ÝáõÛÝ n0 ³ñï³ùÇÝ ÝáñÙ³ÉÇ Ï³½Ù³Í
³ÝÏÛáõÝÝ ¾: Ð³ÛïÝÇ ¾, áñ (8) ÇÝï»·ñ³ÉÁ áñáßí³Í ¾ Ý³¨ Ù³Ï»ñ¨áõÛÃÇ x0
Ï»ïáõÙ, áñÁ ÏÝß³Ý³Ï»Ýù Ñ»ï¨Û³É Ó¨áí

−
Z
S

µ(y)
cosψ0

|y − x0|n−1
dσy :

». v(x)-Á S Ù³Ï»ñ¨áõÛÃÇ Ï»ï»ñáõÙ áõÝÇ Ý»ñëÇó ¨ ¹ñëÇó Ï³ÝáÝ³íáñ

ÝáñÙ³É ³Í³ÝóÛ³ÉÝ»ñ, áñáÝù áñáßíáõÙ »Ý Ñ»ï¨Û³É µ³Ý³Ó¨»ñáí∙
∂v(x0)

∂n0

¸
+

= −
Z
S

µ(y)
cosψ0

|y − x0|n−1
dσy −

ωn
2
µ(x0),

∙
∂v(x0)

∂n0

¸
−
= −

Z
S

µ(y)
cosψ0

|y − x0|n−1
dσ +

ωn
2
µ(x0) :

²Ûë »ñÏáõ µ³Ý³Ó¨»ñÇó ÏáõÝ»Ý³Ýù Ñ»ï¨Û³É µ³Ý³Ó¨Á∙
∂v(x0)

∂n0

¸
−
−
∙
∂v(x0)

∂n0

¸
+

= ωnµ(x0) :

¸ÇïáÕáõÃÛáõÝ. n = 2 ¹»åùáõÙ åáï»ÝóÇ³ÉÝ»ñÝ ³Ýí³ÝáõÙ »Ý Éá·³-

ñÇÃÙ³Ï³Ý:

123. Ø³Ã»Ù³ïÇÏáñ»Ý Ó¨³Ï»ñå»É ¨ ÉáõÍ»É ³ÛÝ »½ñ³ÛÇÝ ËÝ¹ÇñÁ,

áñÇÝ Ïµ³í³ñ³ñÇ a ß³é³íÕáí ¨ µ = µ0 Ñ³ëï³ïáõÝ ËïáõÃÛáõÝ áõÝ»óáÕ

·Ý¹Ç Í³í³É³ÛÇÝ åáï»ÝóÇ³ÉÁ:
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124. ¶ïÝ»É a ß³é³íÕáí ¨ µ = µ0 Ñ³ëï³ïáõÝ ËïáõÃÛ³Ùµ ·Ý¹Ç

Í³í³É³ÛÇÝ åáï»ÝóÇ³ÉÁª áõÕÕ³ÏÇ Ñ³ßí»Éáí ³ÛÝ:

125. ¶ïÝ»É a ≤ r ≤ b ëý»ñÇÏ ß»ñïáõÙ µ = µ0 Ñ³ëï³ïáõÝ

ËïáõÃÛ³Ùµ µ³ßËí³Í ½³Ý·í³ÍÇ Í³í³É³ÛÇÝ åáï»ÝóÇ³ÉÁ:

126. ¶ïÝ»É a ß³é³íÕáí ·Ý¹áõÙ µ = µ1 ¨ a < b < r < c ëý»ñÇÏ

ß»ñïáõÙ µ = µ2 Ñ³ëï³ïáõÝ ËïáõÃÛáõÝÝ»ñáí µ³ßËí³Í ½³Ý·í³ÍÇ Í³-

í³É³ÛÇÝ åáï»ÝóÇ³ÉÁ:

127. ¶ïÝ»É c ß³é³íÕáí ·Ý¹áõÙ µ = µ(r) ÷á÷áË³Ï³Ý ËïáõÃ-

Û³Ùµ µ³ßËí³Í ½³Ý·í³ÍÇ Í³í³É³ÛÇÝ åáï»ÝóÇ³ÉÁ: êï³Ý³É ³Ûëï»ÕÇó

125 ¨ 126 ËÝ¹ÇñÝ»ñÇ ÉáõÍáõÙÝ»ñÁ:

128. Ø³Ã»Ù³ïÇÏáñ»Ý Ó¨³Ï»ñå»É ¨ ÉáõÍ»É ³ÛÝ »½ñ³ÛÇÝ ËÝ¹ÇñÁ,

áñÇÝ Ïµ³í³ñ³ñÇ Ñ³Ù³ë»é (µ = µ0) ëý»ñÇÏ å³ñ½ ß»ñïÇ åáï»ÝóÇ³ÉÁ:

129. ¶ïÝ»É Ñ³Ù³ë»é (µ = µ0) ëý»ñÇÏ å³ñ½ ß»ñïÇ åáï»ÝóÇ³ÉÁª

áõÕÕ³ÏÇ Ñ³ßí»Éáí ³ÛÝ:

130. ¶ïÝ»É z = 0 Ç¹»³É³Ï³Ý Ñ³Õáñ¹Çã Ñ³ñÃáõÃÛ³Ý íñ³ ï»-

Õ³¹ñí³Í ·Ý¹áõÙ µ = µ0 Ñ³ëï³ïáõÝ ËïáõÃÛ³Ùµ µ³ßËí³Í Í³í³É³ÛÇÝ

ÉÇóù»ñÇ ëï»ÕÍ³Í ¾É»Ïïñ³ëï³ïÇÏ ¹³ßïÁ:

131. Ø³Ã»Ù³ïÇÏáñ»Ý Ó¨³Ï»ñå»É ¨ ÉáõÍ»É ³ÛÝ »½ñ³ÛÇÝ ËÝ¹ÇñÁ,

áñÇÝ Ïµ³í³ñ³ñÇ ÉÇóùÇ Ñ³ëï³ïáõÝ (µ = µ0) ËïáõÃÛáõÝ áõÝ»óáÕ ßñç³-

ÝÇ Éá·³ñÇÃÙ³Ï³Ý åáï»ÝóÇ³ÉÁ:

132. ¶ïÝ»É ÉÇóùÇ Ñ³ëï³ïáõÝ (µ = µ0) ËïáõÃÛáõÝ áõÝ»óáÕ ßñç³-

ÝÇ Éá·³ñÇÃÙ³Ï³Ý åáï»ÝóÇ³ÉÁª áõÕÕ³ÏÇ Ñ³ßí»Éáí ³ÛÝ:

133. Ð³ßí»É ÉÇóùÇ Ñ³ëï³ïáõÝ (µ = µ0) ËïáõÃÛáõÝ áõÝ»óáÕ

Ñ³ïí³ÍÇ (−a ≤ x ≤ a) å³ñ½ ß»ñïÇ Éá·³ñÇÃÙ³Ï³Ý åáï»ÝóÇ³ÉÁ:
134. Ð³ßí»É ÉÇóùÇ Ñ³ëï³ïáõÝ (µ = µ0) ËïáõÃÛáõÝ áõÝ»óáÕ

Ñ³ïí³ÍÇ (−a ≤ x ≤ a) ÏñÏÝ³ÏÇ ß»ñïÇ Éá·³ñÇÃÙ³Ï³Ý åáï»ÝóÇ³ÉÁ:
135. ÈáõÍ»É ¸ÇñÇËÉ»Ç Ý»ñùÇÝ ËÝ¹ÇñÁ a ß³é³íÕáí ßñç³ÝÇ Ñ³Ù³ñª

ÉáõÍáõÙÁ ÷Ýïñ»Éáí ÏñÏÝ³ÏÇ ß»ñïÇ åáï»ÝóÇ³ÉÇ ï»ëùáí:

136. ÈáõÍ»É ¸ÇñÇËÉ»Ç ³ñï³ùÇÝ ËÝ¹ÇñÁ a ß³é³íÕáí ßñç³ÝÇ Ñ³-

Ù³ñª ÉáõÍáõÙÁ ÷Ýïñ»Éáí ÏñÏÝ³ÏÇ ß»ñïÇ åáï»ÝóÇ³ÉÇ ï»ëùáí:
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137. ÈáõÍ»É Ü»ÛÙ³ÝÇ ËÝ¹ÇñÁ a ß³é³íÕáí ßñç³ÝÇ Ñ³Ù³ñª ÉáõÍáõÙÁ

÷Ýïñ»Éáí å³ñ½ ß»ñïÇ åáï»ÝóÇ³ÉÇ ï»ëùáí:

138 ÈáõÍ»É ¸ÇñÇËÉ»Ç ¨ Ü»ÛÙ³ÝÇ ËÝ¹ÇñÝ»ñÁ ÏÇë³ï³ñ³ÍáõÃÛ³Ý Ñ³-

Ù³ñ:

139. ÈáõÍ»É ¸ÇñÇËÉ»Ç ËÝ¹ÇñÁ ÏÇë³Ñ³ñÃáõÃÛ³Ý Ñ³Ù³ñ:



¶ È àô Ê V

öàöàÊ²Î²ÜÜºðÆ ²Üæ²îØ²Ü Î²Ø üàôðÆºÆ ºÔ²Ü²ÎÀ

§1.üáõñÇ»Ç »Õ³Ý³ÏÁ
ÑÇå»ñµáÉ³Ï³Ý ï»ë³ÏÇ Ñ³í³ë³ñáõÙÝ»ñÇ Ñ³Ù³ñ

öá÷áË³Ï³ÝÝ»ñÇ ³Ýç³ïÙ³Ý »Õ³Ý³Ïáí Ï³ñ»ÉÇ ¾ Ï³éáõó»É µ³í³-

Ï³Ý³ã³÷ É³ÛÝ ¹³ëÇ Ñ³í³ë³ñáõÙÝ»ñÇ Ñ³Ù³ñ, ³Ûëå»ë Ïáãí³Í,Ë³éÁ

ËÝ¹ÇñÝ»ñÇ ÉáõÍáõÙÝ»ñÁ: ÜÏ³ñ³·ñ»Ýù ³Û¹ »Õ³Ý³ÏÇ ÁÝ¹Ñ³Ýáõñ å³ïÏ»-

ñÁ Ñ»ï¨Û³É Ù³ëÝ³íáñ ÑÇå»ñµáÉ³Ï³Ý Ñ³í³ë³ñÙ³Ý Ñ³Ù³ñª

∂

∂x

µ
p(x)

∂u

∂x

¶
− q(x)u = ρ(x)

∂2u

∂t2
, (1)

áñï»Õ p(x), p
0
(x), q(x), ρ(x) ýáõÝÏóÇ³Ý»ñÝ ³ÝÁÝ¹Ñ³ï »Ý 0 ≤ x ≤ l

Ñ³ïí³ÍáõÙ ¨ p(x) > 0, q(x) ≥ 0, ρ(x) > 0:
Ê³éÁ ËÝ¹ÇñÁ Ï³Û³ÝáõÙ ¾ Ñ»ï¨Û³ÉáõÙª ·ïÝ»É (1) Ñ³í³ë³ñÙ³Ý ³ÛÝ-

åÇëÇ ÉáõÍáõÙ, áñÁ µ³í³ñ³ñÇ

αu(0, t) + β
∂u(0, t)

∂x
= 0,

γu(l, t) + δ
∂u(l, t)

∂x
= 0

(2)

»½ñ³ÛÇÝ å³ÛÙ³ÝÝ»ñÇÝ (α, β, γ, δ-Ý Ñ³ëï³ïáõÝÝ»ñ »Ý, α2 + β2 6= 0,

γ2 + δ2 6= 0 ) ¨

u(x, 0) = ϕ(x),
∂u(x, 0)

∂t
= ψ(x), 0 ≤ x ≤ l (3)

ëÏ½µÝ³Ï³Ý å³ÛÙ³ÝÝ»ñÇÝ:

öá÷áË³Ï³ÝÝ»ñÇ ³Ýç³ïÙ³Ý »Õ³Ý³ÏÇ ¾áõÃÛáõÝÁ Ï³Û³ÝáõÙ ¾ Ñ»ï¨-

Û³ÉáõÙª ëÏ½µáõÙ ÷ÝïñáõÙ »Ýù (2) »½ñ³ÛÇÝ å³ÛÙ³ÝÝ»ñÇÝ µ³í³ñ³ñáÕ (1)

Ñ³í³ë³ñÙ³Ý T (t)X(x) ï»ëùÇ áã ½ñáÛ³Ï³Ý ÉáõÍáõÙÝ»ñª

u(x, t) = X(x)T (t) (4)



§1 üáõñÇ»Ç »Õ³Ý³ÏÁ ÑÇå»ñµáÉ³Ï³Ý ï»ë³ÏÇ Ñ³í³ë³ñáõÙÝ»ñÇ Ñ³Ù³ñ 71

î»Õ³¹ñ»Éáí ³ÛÝ (1) Ñ³í³ë³ñÙ³Ý Ù»ç ¨ Ñ³ßíÇ ³éÝ»Éáí, áñ X(x) 6= 0

áõ T (t) 6= 0, ëï³ÝáõÙ »Ýù
d
dx [p(x)X

0
(x)]− q(x)X(x)

ρ(x)X(x)
=
T
00
(t)

T (t)
: (5)

²Ûë Ñ³í³ë³ñáõÃÛ³Ý Ó³Ë Ù³ëÁ Ï³Ëí³Í ¾ ÙÇ³ÛÝ x ÷á÷áË³Ï³ÝÇó, ÇëÏ

³çÁª ÙÇ³ÛÝ t-Çó: ¸³ ÑÝ³ñ³íáñ ¾ ÙÇ³ÛÝ ³ÛÝ ¹»åùáõÙ »ñµ (5) Ñ³í³ë³ñáõÃ-

Û³Ý »ñÏáõ Ù³ëÝ ¾É ÝáõÛÝ Ñ³ëï³ïáõÝÝ »Ý: Üß³Ý³Ï»Ýù ³Û¹ Ñ³ëï³ïáõÝÁ

λ-áí: ²Û¹ ¹»åùáõÙ (5) Ñ³í³ë³ñáõÃÛáõÝÇó Ïëï³Ý³Ýù »ñÏáõ ëáíáñ³Ï³Ý

¹Çý»ñ»ÝóÇ³É Ñ³í³ë³ñáõÙÝ»ñ

T
00
(t) + λT (t) = 0, (6)

d

dx
[p(x)X

0
(x)] + [λρ(x)− q(x)]X(x) = 0 : (7)

î»Õ³¹ñ»Éáí (4) ³ñï³Ñ³ÛïáõÃÛáõÝÁ Ý³¨ (2) »½ñ³ÛÇÝ å³ÛÙ³ÝÝ»ñÇ Ù»ç,

ÏáõÝ»Ý³Ýù

αX(0) + βX
0
(0) = 0,

γX(l) + δX
0
(l) = 0 :

(8)

(7)-(8) »½ñ³ÛÇÝ ËÝ¹ÇñÁ ÏáãíáõÙ ¾ ÞïáõñÙ-ÈÇáõíÇÉÇ ËÝ¹Çñ (Ï³Ù Ï³ñ× Þ-È

ËÝ¹Çñ): λ å³ñ³Ù»ïñÇ ³ÛÝ ³ñÅ»ùÝ»ñÁ, áñáÝó ¹»åùáõÙ (7) Ñ³í³ë³ñáõÙÁ

áõÝÇ áã½ñáÛ³Ï³Ý ÉáõÍáõÙ, ÏáãíáõÙ »Ý ë»÷³Ï³Ý ³ñÅ»ùÝ»ñ, ÇëÏ Çñ»Ýù Éáõ-

ÍáõÙÝ»ñÁª ë»÷³Ï³Ý ýáõÝÏóÇ³Ý»ñ: ´áÉáñ ë»÷³Ï³Ý ³ñÅ»ùÝ»ñÇ µ³½ÙáõÃ-

ÛáõÝÁ ÏáãíáõÙ ¾ (7)-(8) ËÝ¹ñÇ ëå»Ïïñ, ÇëÏ ëå»ÏïñÇ ¨ ë»÷³Ï³Ý ýáõÝÏ-

óÇ³Ý»ñÇ áñáÝáõÙÁª ëå»Ïïñ³ÛÇÝ ËÝ¹Çñ: ø³ÝÇ áñ (7) Ñ³í³ë³ñáõÙÁ Ñ³Ù³-

ë»é ¾, ÇëÏ (8) å³ÛÙ³ÝÝ»ñÁ ½ñáÛ³Ï³Ý, ³å³ ë»÷³Ï³Ý ýáõÝÏóÇ³Ý»ñÁ

áñáßíáõÙ »Ý Ñ³ëï³ïáõÝ µ³½Ù³å³ïÏÇãÇ ×ßïáõÃÛ³Ùµ: ÀÝïñ»Ýù ³Û¹

µ³½Ù³å³ïÏÇãÝ ³ÛÝå»ë, áñZ l

0

ρ(x)X2
k(x)dx = 1,
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áñï»Õ Xk(x)-Á λk ë»÷³Ï³Ý ³ñÅ»ùÇÝ Ñ³Ù³å³ï³ëË³ÝáÕ ë»÷³Ï³Ý

ýáõÝÏóÇ³Ý ¾: ²Ûë å³ÛÙ³ÝÇÝ µ³í³ñ³ñáÕ ë»÷³Ï³Ý ýáõÝÏóÇ³Ý»ñÁ Ïáã-

íáõÙ »Ý ÝáñÙ³íáñí³Í: Üß»Ýù ë»÷³Ï³Ý ýáõÝÏóÇ³Ý»ñÇ ¨ ë»÷³Ï³Ý ³ñ-

Å»ùÝ»ñÇ áñáß Ñ³ïÏáõÃÛáõÝÝ»ñ.

³. ³Ù»Ý ÙÇ ë»÷³Ï³Ý ³ñÅ»ùÇ Ñ³Ù³å³ï³ëË³ÝáõÙ ¾ ÙÇ³ÛÝ Ù»Ï ë»÷³-

Ï³Ý ýáõÝÏóÇ³ (Ñ³ëï³ïáõÝ µ³½Ù³å³ïÏÇãÇ ×ßïáõÃÛ³Ùµ),

µ. ï³ñµ»ñ ë»÷³Ï³Ý ³ñÅ»ùÝ»ñÇÝ Ñ³Ù³å³ï³ëË³ÝáÕ ë»÷³Ï³Ý ýáõÝÏ-

óÇ³Ý»ñÝ ûñÃá·áÝ³É »Ý ρ(x) Ïßéáí, ³ÛëÇÝùÝªZ l

0

ρ(x)Xk(x)Xm(x)dx = 0 (k 6= m),

·. µáÉáñ ë»÷³Ï³Ý ³ñÅ»ùÝ»ñÝ Çñ³Ï³Ý »Ý,

¹. ·áÛáõÃÛáõÝ áõÝ»Ý ³Ýí»ñç ù³Ý³ÏáõÃÛ³Ùµ ë»÷³Ï³Ý ³ñÅ»ùÝ»ñ

λ1 < λ2 < · · · < λn < · · · , limλn = +∞,

». áñáß Éñ³óáõóÇã å³ÛÙ³ÝÝ»ñÇ ¹»åùáõÙ ë»÷³Ï³Ý ³ñÅ»ùÝ»ñÁ µ³ó³ë³-

Ï³Ý ã»Ý, ÇëÏ ë»÷³Ï³Ý ýáõÝÏóÇ³Ý»ñÁ Ï³½ÙáõÙ »Ý ÉñÇí Ñ³Ù³Ï³ñ·:

(6) Ñ³í³ë³ñÙ³Ý ÁÝ¹Ñ³Ýáõñ ÉáõÍáõÙÁ Ýß³Ý³Ï»Ýù Tk(t)-áí: àõÝ»Ýù

Tk(t) = Ak cos
p
λkt+Bk sin

p
λkt,

áñï»Õ Ak-Ý ¨ Bk-Ý Ï³Ù³Û³Ï³Ý Ñ³ëï³ïáõÝÝ»ñ »Ý:

Î³Ù³Û³Ï³Ý

uk(x, t) = Xk(x)Tk(t) = (Ak cos
p
λkt+Bk sin

p
λkt)Xk(x)

ï»ëùÇ ýáõÝÏóÇ³Ý ÏÉÇÝÇ (1) Ñ³í³ë³ñÙ³Ý ÉáõÍáõÙ ¨ Ïµ³í³ñ³ñÇ (2) »½-

ñ³ÛÇÝ å³ÛÙ³ÝÝ»ñÇÝ:

(1)-(3) Ë³éÁ ËÝ¹ñÇ ÉáõÍáõÙÁ áñáÝ»Ýù Ñ»ï¨Û³É ï»ëùáí

u(x, t) =
∞X
k=1

(Ak cos
p
λkt+Bk sin

p
λkt)Xk(x) : (10)
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ºÝÃ³¹ñ»Ýù, áñ (10) ß³ñùÁ ¨ »ñÏáõ ³Ý·³Ù Áëï x ¨ t ÷á÷áË³Ï³ÝÝ»ñÇ

³Ý¹³Ù ³é ³Ý¹³Ù ³Í³Ýó»Éáõó ëï³óí³Í ß³ñù»ñÁ Ñ³í³ë³ñ³ã³÷ ½áõ-

·³Ù»ï »Ý: ²ÏÝÑ³Ûï ¾, áñ (10) ß³ñùÇ ·áõÙ³ñÁ, ³Û¹ å³ÛÙ³ÝÝ»ñÇ ¹»å-

ùáõÙ, Ïµ³í³ñ³ñÇ (1) Ñ³í³ë³ñÙ³ÝÁ ¨ (2) »½ñ³ÛÇÝ å³ÛÙ³ÝÝ»ñÇÝ: ä³-

Ñ³Ýç»Éáí,áñ (10) ß³ñùÇ ·áõÙ³ñÁ µ³í³ñ³ñÇ Ý³¨ (3) ëÏ½µÝ³Ï³Ý å³Û-

Ù³ÝÝ»ñÇÝ, ëï³ÝáõÙ »Ýù

∞X
k=1

AkXk(x) = ϕ(x), (11)

∞X
k=1

Bk
p
λkXk(x) = ψ(x) : (12)

ºñµ {Xk(x)}∞k=1 ë»÷³Ï³Ý ýáõÝÏóÇ³Ý»ñÇ Ñ³Ù³Ï³ñ·Á ÉñÇí ¾ ¨ ûñÃá-
ÝáñÙ³íáñí³Í, Ak ¨ Bk ·áñÍ³ÏÇóÝ»ñÇ áñáÝÙ³Ý Ñ³Ù³ñ (11) ¨ (12)-Çó

áõÝ»Ýùª

Ak =

Z l

0

ρ(x)ϕ(x)Xk(x)dx,

Bk =
1√
λk

Z l

0

ρ(x)ψ(x)Xk(x)dx :

î»Õ³¹ñ»ÉáíAk ¨Bk Ñ³ëï³ïáõÝÝ»ñÇ ³ñÅ»ùÝ»ñÁ (10) ß³ñùÇ Ù»çª Ïëï³-

Ý³Ýù (1)-(3) Ë³éÁ ËÝ¹ñÇ ÉáõÍáõÙÁ:

ÀÝ¹Ñ³Ýáõñ ¹»åùáõÙ ÑÝ³ñ³íáñ ã¾ ·ïÝ»É Þ-È ËÝ¹ñÇ ÉáõÍáõÙÁ: ²ÛÝ

Ù³ëÝ³íáñ ¹»åùáõÙ, »ñµ (1) Ñ³í³ë³ñÙ³Ý ·áñÍ³ÏÇóÝ»ñÁ Ñ³ëï³ïáõÝ-

Ý»ñ »Ý ËÝ¹ñÇ ÉáõÍáõÙÁ Ï³éáõóíáõÙ ¾ µ³ó³Ñ³Ûïáñ»Ý: ²Ûëå»ë,ûñÇÝ³Ï,

utt = a
2uxx (50)

É³ñÇ ï³ï³ÝÙ³Ý Ñ³í³ë³ñÙ³Ý ¹»åùáõÙ (6) ¨ (7) Ñ³í³ë³ñáõÙÝ»ñÝ

áõÝ»Ý Ñ³Ù³å³ï³ëË³Ý³µ³ñ Ñ»ï¨Û³É ï»ëù»ñÁª

T
00
(t) + a2λT (t) = 0, (60)
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X
00
(x) + λX(x) = 0, 0 < x < l : (70)

ä³ñ½áõÃÛ³Ý Ñ³Ù³ñ »ÝÃ³¹ñ»Ýù, áñ »½ñ³ÛÇÝ å³ÛÙ³ÝÝ»ñÁ áõÝ»Ý

X(0) = 0, X(l) = 0 (80)

ï»ëùÁ: ²Ûë ¹»åùáõÙ (70)−(80) ËÝ¹ñÇ ë»÷³Ï³Ý ³ñÅ»ùÝ»ñÁ ·ïÝíáõÙ »Ýª

λk =

µ
πk

l

¶2
, k = 1, 2, · · · :

Üñ³Ýó Ñ³Ù³å³ï³ëË³Ý ·Íáñ»Ý ³ÝÏ³Ë ýáõÝÏóÇ³Ý»ñÁ Ñ³Ý¹Çë³ÝáõÙ »Ý

Xk(x) = sin
πk

l
x, k = 1, 2, · · · ,

áñÁ ÉñÇí Ñ³Ù³Ï³ñ· ¾ (0, l) ÙÇç³Ï³ÛùáõÙ, ÇëÏ (60) Ñ³í³ë³ñÙ³Ý ÉáõÍáõÙ-

Ý»ñÁ ïñíáõÙ »Ý

Tk(t) = Ak cos
aπk

l
t+Bk sin

aπk

l
t

ï»ëùáí:

öá÷áË³Ï³ÝÝ»ñÇ ³Ýç³ïÙ³Ý »Õ³Ý³ÏÁ Ï³ñ»ÉÇ ¾ ÏÇñ³é»É Ý³¨ ³Ý-

Ñ³Ù³ë»é Ñ³í³ë³ñÙ³Ý ¨ ³ÝÑ³Ù³ë»é »½ñ³ÛÇÝ å³ÛÙ³ÝÝ»ñÇ ¹»åùáõÙ:

ê³ÑÙ³Ý³÷³Ïí»Ýù Ñ»ï¨Û³É Ë³éÁ ËÝ¹ñÇ ¹Çï³ñÏáõÙáí

uxx −
1

a2
utt = f(x, t) (13)

a1ux(0, t) + b1u(0, t) = µ(t),

a2ux(l, t) + b2u(l, t) = ν(t),

a2k + b
2
k 6= 0 k = 1, 2,

(14)

u(x, 0) = ϕ(x), ut(x, 0) = ψ(x) : (15)
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a1, a2, b1, b2 Ñ³ëï³ïáõÝÝ»ñÇ íñ³ ¹ñíáÕ áñáß Éñ³óáõóÇã å³ÛÙ³ÝÝ»ñÇ

¹»åùáõÙ áñáÝ»ÉÇ ýáõÝÏóÇ³ÛÇ

u(x, t) = v(x, t) + w(x, t)

÷áË³ñÇÝáõÙáí, áñï»Õ

w(x, t) = (γ1x
2 + γ2x+ γ3)µ(t) + (δ1x

2 + δ2x+ δ3)ν(t),

(13)-(15) Ë³éÁ ËÝ¹ÇñÁ µ»ñíáõÙ ¾ Ñ³Ù³ë»é »½ñ³ÛÇÝ å³ÛÙ³ÝÝ»ñáí

Ñ»ï¨Û³É Ë³éÁ ËÝ¹ñÇÝ

vxx −
1

a2
vtt = F (x, t) (16)

a1vx(0, t) + b1v(0, t) = 0,

a2vx(l, t) + b2v(l, t) = 0,
(17)

v(x, 0) = ϕ1(x), vt(x, 0) = ψ1(x), (18)

áñï»Õ

F (x, t) = f(x, t)− wxx +
1

a2
wtt,

ϕ1(x) = w(x, 0), ψ1(x) = ψ(x)− wt(x, 0) :

ºÝÃ³¹ñ»Ýù, áñ ·áÛáõÃÛáõÝ áõÝÇ

X
00
+ λX = 0, (19)

a1X
0
(0) + b1X(0) = 0, a2X

0
(l) + b2X(l) = 0 (20)

Þ-È ËÝ¹ñÇXn(x), n = 1, 2, · · · ·Íáñ»Ý ³ÝÏ³Ë ë»÷³Ï³Ý ýáõÝÏóÇ³Ý»ñÇ
ÉñÇí ûñÃáÝáñÙ³íáñí³Í Ñ³Ù³Ï³ñ·: F (x, t), ϕ1(x) ¨ ψ1(x) ýáõÝÏóÇ³-

Ý»ñÁ Ý»ñÏ³Û³óÝ»Éáí Ñ»ï¨Û³É ß³ñù»ñáí

F (x, t) =
∞X
k=1

ck(t)Xk(x), (21)
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ϕ1(x) =
∞X
k=1

dkXk(x), ψ1(x) =
∞X
k=1

ekXk(x), (22)

(16)-(18) ËÝ¹ñÇ ÉáõÍáõÙÁ ÷Ýïñ»Ýù

v(x, t) =
∞X
k=1

Tk(t)Xk(x) (23)

ï»ëùáí: î»Õ³¹ñ»Éáí (23)-Á (16) Ñ³í³ë³ñÙ³Ý Ù»ç áõ Ñ³ßíÇ ³éÝ»Éáí (21),

(22) í»ñÉáõÍáõÃÛáõÝÝ»ñÁ, Ïëï³Ý³Ýù

∞X
k=1

(Tk(t)X
00

k (x)−
1

a2
T
00

k (t)Xk(x)) =
∞X
k=1

ck(t)Xk(x), (24)

∞X
k=1

Tk(0)Xk(x) =
∞X
k=1

dkXk(x),

∞X
k=1

T
0

k(0)Xk(x) =
∞X
k=1

ekXk(x) :

(25)

Ð³Ù³Ó³ÛÝ (19)-Çª (24)-Çó Ïëï³Ý³Ýù

∞X
k=1

(T
00

k (t) + a
2λkTk(t))Xk(x) = −a2

∞X
k=1

ck(t)Xk(x) : (26)

ÞÝáñÑÇí Xk(x), k = 1, 2, · · · Ñ³Ù³Ï³ñ·Ç ·Íáñ»Ý ³ÝÏ³ËáõÃÛ³Ý, (25)-
Çó ¨ (26)-Çó ëï³ÝáõÙ »Ýù Ñ»ï¨Û³É ËÝ¹ÇñÁ

T
00

k (t) + a
2λkTk(t) = −a2ck(t),

Tk(0) = dk, T
0

k(0) = ek, k ∈ N
(27)

áñÁ Ñ»ßïáõÃÛ³Ùµ ÉáõÍíáõÙ ¾: î»Õ³¹ñ»Éáí Tk(t) ýáõÝÏóÇ³Ý»ñÁ (23)-Ç

Ù»ç, Ïëï³Ý³Ýù (16)-(18) ËÝ¹ñÇ ÉáõÍáõÙÁ. »Ã» F, ϕ1, ψ1 ýáõÝÏóÇ³Ý»ñÁ
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³å³ÑáíáõÙ »Ý (23) ß³ñùÇ ¨ ³ÛÝ ß³ñù»ñÇ Ñ³í³ë³ñ³ã³÷ ½áõ·³ÙÇïáõÃ-

ÛáõÝÁ, áñáÝù Ïëï³óí»Ý Ýñ³ÝÇó Áëï x ¨ t ÷á÷áË³Ï³ÝÝ»ñÇ »ñÏáõ ³Ý·³Ù

³Ý¹³Ù ³é ³Ý¹³Ù ³Í³Ýó»Éáí:

ºñµ (13) Ñ³í³ë³ñÙ³Ý ³ç Ù³ëÁ Ï³Ëí³Í ¾ ÙÇ³ÛÝ x ÷á÷áË³Ï³ÝÇó

f(x, t) ≡ f(x),

ÇëÏ (14) »½ñ³ÛÇÝ å³ÛÙ³ÝÝ»ñÇ ³ç Ù³ë»ñÁ Ñ³ëï³ïáõÝÝ»ñ »Ý µ(t) = µ0,

ν(t) = ν0 ¨

a1b2 − a2b1 − b1b2l 6= 0, (28)

³å³

u(x, t) = v(x, t) + w(x)

÷áË³ñÇÝáõÙáí, áñï»Õ

w
00
(x) = f(x),

a1w
0
(0) + b1w(0) = µ0,

a2w
0
(l) + b2w(l) = ν0,

(29)

v(x, t) ýáõÝÏóÇ³Ý áñáß»Éáõ Ñ³Ù³ñ Ïëï³Ý³Ýù Ñ»ï¨Û³É ËÝ¹ÇñÁ

vxx −
1

a2
vtt = 0,

a1vx(0, t) + b1v(0, t) = 0,

a2vx(l, t) + b2v(l, t) = 0,

v(x, 0) = ϕ(x)− w(x), vt(x, 0) = ψ(x) :

ÆëÏ (28) å³ÛÙ³ÝÇ ¹»åùáõÙ (29) ËÝ¹ÇñÁ ÙÇßï áõÝÇ ÉáõÍáõÙ:
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àñáß ¹»åù»ñáõÙ (10) Ï³Ù (23) ß³ñù»ñÇ ·áõÙ³ñÁ Ï³ñáÕ ¾ ³Í³ÝóÛ³É-

Ý»ñ ãáõÝ»Ý³É: Ð»ï¨³µ³ñ Ýñ³Ýù ã»Ý Ï³ñáÕ ÉÇÝ»É ¹Çý»ñ»ÝóÇ³É Ñ³í³-

ë³ñÙ³Ý ÉáõÍáõÙ: ê³Ï³ÛÝ, ÇÝãå»ë Ñ³ÛïÝÇ ¾, áõñÇß ÉáõÍáõÙ ÷Ýïñ»ÉÝ ³ÝÇ-

Ù³ëï ¾: ²Ûë å³ï×³éáí, (10) ¨ (23) ß³ñù»ñÇ ·áõÙ³ñÝ»ñÁ Ñ³Ù³ñáõÙ »Ý

Ë³éÁ ËÝ¹ñÇ ÇëÏ³Ï³Ý Ï³Ù ÁÝ¹Ñ³Ýñ³óí³Í ÉáõÍáõÙÝ»ñ:

140. 0 < x < l, t > 0 ÏÇë³ß»ñïáõÙ ÉáõÍ»É

utt = a
2uxx

Ñ³í³ë³ñÙ³Ý Ñ³Ù³ñ Ñ»ï¨Û³É Ë³éÁ ËÝ¹ÇñÝ»ñÁ

(h³Ù³ë»é »½ñ³ÛÇÝ å³ÛÙ³ÝÝ»ñ)

³. u(0, t) = u(l, t) = u(x, 0) = 0, ut(x, 0) = sin
2π

l
x :

µ. u(0, t) = ux(l, t) = 0, u(x, 0) = sin
5π

2l
x, ut(x, 0) = sin

π

2l
x :

·. u(0, t) = ux(l, t) = 0, u(x, 0) = x,

ut(x, 0) = sin
π

2l
x+ sin

3π

2l
x :

¹. ux(0, t) = u(l, t) = 0, u(x, 0) = cos
π

2l
x,

ut(x, 0) = cos
3π

2l
x+ cos

5π

2l
x :

». u(0, t) = u(l, t) = ut(x, 0) = 0,

u(x, 0) =

(
h
c x, 0 ≤ x ≤ c
h(l−x)
l−c , c ≤ x ≤ l

:

½. u(0, t) = u(l, t) = ut(x, 0) = 0, u(x, 0) = hx(l − x) :
¾. u(0, t) = u(l, t) = u(x, 0) = 0, ut(x, 0) = hx(l − x) :
Á. ux(0, t) = ux(l, t) = 0, u(x, 0) = cos

π

l
x,

ut(x, 0) = cos
5π

l
x :
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Ã. u(0, t) = u(l, t) = u(x, 0) = 0,

ut(x, 0) =

(
v0 cos

π(x−c)
h , |x− c| < h

2

0, |x− c| > h
2

:

Å. u(0, t) = ux(l, t) = ut(x, 0) = 0, u(x, 0) = rx, r = const :

Ç. u(0, t) = u(l, t) = u(x, 0) = 0,

ut(x, 0) =

⎧⎪⎨⎪⎩
0, 0 ≤ x < c− δ,

v0, c− δ ≤ x ≤ c+ δ

0, c+ δ < x ≤ l
:

É. ux(−l, t) = ux(l, t) = ut(x, 0) = 0, u(x, 0) = −εx :
Ë. ux(0, t) = ux(l, t) = 0, u(x, 0) = x, ut(x, 0) = 1 :

Í. ux(0, t) = ux(l, t) + hu(l, t) = 0, h > 0,

u(x, 0) = 0, ut(x, 0) = 1 :

Ï. ux(0, t)− hu(0, t) = ux(l, t) + hu(l, t) = 0, h > 0,
u(x, 0) = 1, ut(x, 0) = 0 :

Ñ. ux(0, t) = ux(l, t) + hu(l, t) = 0, h > 0,

u(x, 0) = 0, ut(x, 0) = 1 :

Ó. u(0, t) = ux(l, t) + hu(l, t) = 0, h > 0,

u(x, 0) = 0, ut(x, 0) = x :

Õ. ux(0, t) = ux(l, t) = 0, u(x, 0) = ϕ(x), ut(x, 0) = ψ(x) :

×. ux(0, t)− hu(0, t) = ux(l, t) = 0, h > 0,
u(x, 0) = ϕ(x), ut(x, 0) = ψ(x) :

Ù. ux(0, t) = ux(l, t) + hu(l, t) = 0, h > 0,

u(x, 0) = ϕ(x), ut(x, 0) = ψ(x) :

Û. ux(0, t)− hu(0, t) = ux(l, t) + hu(l, t) = 0, h > 0,
u(x, 0) = ϕ(x), ut(x, 0) = ψ(x) :

Ý. ux(0, t)− h1u(0, t) = ux(l, t) + h2u(l, t) = 0, h1, h2 > 0,
u(x, 0) = ϕ(x), ut(x, 0) = ψ(x) :
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ß. u(0, t) = ux(l, t) + hu(l, t) = 0, h > 0,

u(x, 0) = ϕ(x), ut(x, 0) = ψ(x) :

(³ÝÑ³Ù³ë»é »½ñ³ÛÇÝ å³ÛÙ³ÝÝ»ñ)

á. u(0, t) = u(x, 0) = ut(x, 0) = 0, ux(l, t) = H :

ã. u(0, t) = u(x, 0) = ut(x, 0) = 0, ux(l, t) = A sinωt :

å. u(0, t) = u(x, 0) = ut(x, 0) = 0, u(l, t) = A sinωt :

ç. ux(0, t) = 0, ux(l, t) = Ae
−t,

u(x, 0) =
Aachxa
sh la

, ut(x, 0) =
−Aachxa
sh la

:

é. ux(0, t)− hu(0, t) = µ(t), ux(l, t) + gu(l, t) = ν(t), h, g > 0,

u(x, 0) = 0, ut(x, 0) = 0 :

ë. ux(0, t) = µ(t), u(l, t) = ν(t),

u(x, 0) = ϕ(x), ut(x, 0) = ψ(x) :

í. u(0, t) = u(x, 0) = ut(x, 0) = 0, ux(l, t) = At
m, m > −1 :

ï u(0, t) = µ(t), u(l, t) = ν(t),

u(x, 0) = ϕ(x), ut(x, 0) = ψ(x) :

141. 0 < x < l, t > 0 ÏÇë³ß»ñïáõÙ ÉáõÍ»É

utt = a
2uxx − 2νut (ν > 0)

Ñ³í³ë³ñÙ³Ý Ñ³Ù³ñ Ñ»ï¨Û³É Ë³éÁ ËÝ¹ÇñÝ»ñÁ

³. u(0, t) = u(l, t) = ut(x, 0) = 0,

u(x, 0) =

(
h
x0
x, 0 < x < x0

h(l−x)
l−x0 , x0 ≤ x < l

:

µ. u(0, t) = ux(l, t) = ut(x, 0) = 0, u(x, 0) = kx :
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·. ux(0, t) = ux(l, t) = 0, u(x, 0) = ϕ(x), ut(x, 0) = ψ(x) :

¹. ux(0, t) = ux(l, t) + hu(l, t) = 0, h > 0,

u(x, 0) = ϕ(x), ut(x, 0) = ψ(x) :

». ux(0, t)− h1u(0, t) = ux(l, t) + h2u(l, t) = 0, h1, h2 > 0,
u(x, 0) = ϕ(x), ut(x, 0) = ψ(x) :

½. u(0, t) = u(l, t) = 0, u(x, 0) = ϕ(x), ut(x, 0) = ψ(x) :

¾. u(0, t) = u(x, 0) = ut(x, 0) = 0, ux(l, t) = A sinωt :

142. ÈáõÍ»É Ñ»ï¨Û³É Ë³éÁ ËÝ¹ÇñÝ»ñÁª ³ÝÑ³Ù³ë»é Ñ³í³ë³ñáõÙ-

Ý»ñÇ Ñ³Ù³ñ

(Ñ³Ù³ë»é »½ñ³ÛÇÝ å³ÛÙ³ÝÝ»ñ)

³. utt = a
2uxx + g, 0 < x < l, t > 0,

u(x, 0) = u(0, t) = ux(l, t) = 0, ut(x, 0) = v0 :

µ. utt = a
2uxx + f(x, t), 0 < x < l, t > 0,

ux(0, t) = ux(l, t) = u(x, 0) = ut(x, 0) = 0 :

·. utt = a
2uxx + f(x, t), 0 < x < l, t > 0,

u(0, t) = ux(l, t) = u(x, 0) = ut(x, 0) = 0 :

¹. utt = a
2uxx + Φ(x)t, 0 < x < l, t > 0,

u(0, t) = u(l, t) = u(x, 0) = ut(x, 0) = 0 :

». utt = a
2uxx + e

−t sin
π

l
x, 0 < x < l, t > 0,

u(0, t) = u(l, t) = u(x, 0) = ut(x, 0) = 0 :

½. utt = a
2uxx + 2xe

−t, 0 < x < l, t > 0,

u(0, t) = u(l, t) = u(x, 0) = ut(x, 0) = 0 :

¾. utt = a
2uxx +

1

4
sin t, 0 < x < l, t > 0,

u(0, t) = u(l, t) = u(x, 0) = ut(x, 0) = 0 :

Á. utt = 4uxx + 2e
−t cos

x

2
, 0 < x < π, t > 0,
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ux(0, t) = u(π, t) = u(x, 0) = ut(x, 0) = 0 :

Ã. utt = a
2uxx + ω2(x+ u) + g sinωt, 0 < x < l, t > 0,

u(0, t) = ux(l, t) = u(x, 0) = ut(x, 0) = 0 :

Å. utt = a
2uxx + Φ(x)t

m, 0 < x < l, t > 0, m > −1,
u(0, t) = u(l, t) = 0, u(x, 0) = ut(x, 0) :

Ç. utt = a
2uxx + Φ0 cosωt, 0 < x < l, t > 0,

u(0, t) = u(l, t) = u(x, 0) = ut(x, 0) = 0 :

É. utt = a
2uxx + Φ(x) cosωt, 0 < x < l, t > 0,

u(0, t) = u(l, t) = u(x, 0) = ut(x, 0) = 0 :

Ë. utt = a
2uxx + Φ(x) sinωt, 0 < x < l, t > 0,

u(0, t) = u(l, t) = u(x, 0) = ut(x, 0) = 0 :

Í. utt = a
2uxx + Φ0 sinωt, 0 < x < l, t > 0,

u(0, t) = u(l, t) = u(x, 0) = ut(x, 0) = 0 :

Ï. utt = a
2uxx − 2νut + g, 0 < x < l, t > 0,

u(0, t) = u(l, t) = ut(x, 0) = 0,

u(x, 0) =

(
h
x0
x, 0 < x < x0

h(l−x)
l−x0 , x0 < x < l

:

Ñ. utt = a
2uxx − 2νut + Φ(x)t, 0 < x < l, t > 0,

u(0, t) = u(l, t) = u(x, 0) = ut(x, 0) = 0 :

Ó. utt = a
2uxx − 2νut + Φ(x) sinωt, 0 < x < l, t > 0,

u(0, t) = u(l, t) = u(x, 0) = ut(x, 0) = 0 :

(³ÝÑ³Ù³ë»é »½ñ³ÛÇÝ å³ÛÙ³ÝÝ»ñ)

Õ. utt = a
2uxx + f(x), 0 < x < l, t > 0,

u(0, t) = α, u(l, t) = β, u(x, 0) = ut(x, 0) = 0 :

×. utt = a
2uxx + f(x), 0 < x < l, t > 0,

ux(0, t) = α, ux(l, t) = β, u(x, 0) = ϕ(x), ut(x, 0) = ψ(x) :

Ù. utt = a
2uxx + f(x), 0 < x < l, t > 0,
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ux(0, t)− hu(0, t) = α, h > 0, u(l, t) = β,

u(x, 0) = ϕ(x), ut(x, 0) = ψ(x) :

Û. utt = a
2uxx + f(x), 0 < x < l, t > 0,

ux(0, t) = α, ux(l, t) + hu(l, t) = β, h > 0,

u(x, 0) = ut(x, 0) = 0 :

Ý. uxx = utt + f(x, t), 0 < x < l, t > 0,

u(0, t) = µ(t), ux(l, t) + hu(l, t) = ν(t),

u(x, 0) = 0, ut(x, 0) = ψ(x), h > 0 :

ß. uxx = utt + f(x, t), 0 < x < l, t > 0,

ux(0, t)− hu(0, t) = µ(t), ux(l, t) = ν(t),

u(x, 0) = ϕ(x), ut(x, 0) = ψ(x), h > 0 :

á. utt = a
2uxx + sin 2t, 0 < x < l, t > 0,

ux(0, t) = u(x, 0) = 0, ux(l, t) =
2

a
sin

2l

a
sin 2t,

ut(x, 0) = −2 cos
2x

a
:

ã. utt − uxx + 2ut = 4x+ 8et cosx, 0 < x <
π

2
, t > 0,

ux(0, t) = 2t, u(
π

2
, t) = πt, u(x, 0) = cosx, ut(x, 0) = 2x :

å. utt − 3ut = uxx + 2ux − 3x− 2t, 0 < x < π, t > 0,

u(0, t) = 0, u(π, t) = πt, u(x, 0) = e−x sinx, ut(x, 0) = x :

143. ÈáõÍ»É Ñ»ï¨Û³É µ³½Ù³ã³÷ Ë³éÁ ËÝ¹ÇñÝ»ñÁ

³. utt = a
2(uxx + uyy), 0 < x < l1, 0 < y < l2, t > 0,

u(t, 0, y) = u(t, l1, y) = u(t, x, 0) = u(t, x, l2) = 0,

u(x, y, 0) = Axy(l1 − x)(l2 − y), ut(x, y, 0) = 0 :

µ. utt = a
2(uxx + uyy), 0 < x < l1, 0 < y < l2, t > 0,

u(t, 0, y) = u(t, l1, y) = u(t, x, 0) = u(t, x, l2) = 0,

u(x, y, 0) = 0, ut(x, y, 0) = Axy(l1 − x)(l2 − y) :
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·. utt = a
2(uxx + uyy), 0 < x < s, 0 < y < p, t > 0,

u(t, 0, y) = u(t, s, y) = u(t, x, 0) = u(t, x, p) = 0,

u(x, y, 0) = sin
π

s
x sin

π

p
y, ut(x, y, 0) = 0 :

¹. utt = a
2(uxx + uyy), 0 < x < s, 0 < y < p, t > 0,

u(t, 0, y) = u(t, s, y) = u(t, x, 0) = u(t, x, p) = 0,

u(x, y, 0) = Axy, ut(x, y, 0) = 0 :

». utt = uxx + uyy, 0 < x < π, 0 < y < π, t > 0,

u(t, 0, y) = u(t,π, y) = u(t, x, 0) = u(t, x,π) = 0,

u(x, y, 0) = 3 sinx sin 2y, ut(x, y, 0) = 5 sin 3x sin 4y :

½. utt = a
2(uxx + uyy) +A(x, y) sinωt,

0 < x < l1, 0 < y < l2, t > 0,

u(t, 0, y) = u(t, l1, y) = u(t, x, 0) = u(t, x, l2) = 0,

u(x, y, 0) = 0, ut(x, y, 0) = 0 :

¾. utt = a
2(uxx + uyy) +

e−tx

ρ
sin

2π

p
y,

0 < x < s, 0 < y < p, t > 0,

u(t, 0, y) = u(t, s, y) = u(t, x, 0) = u(t, x, p) = 0,

u(x, y, 0) = ut(x, y, 0) = 0 :

Á.
∂2u

∂t2
= a2

µ
∂2u

∂r2
+
2

r

∂u

∂r

¶
, r1 < r < r2, t > 0,

∂u

∂r
|r=r1 = εω cosωt,

∂u

∂r
|r=r2 = 0 :

Ã.
∂2u

∂t2
= a2

µ
∂2u

∂r2
+
2

r

∂u

∂r

¶
, r1 < r < r2, t > 0,

∂u

∂r
|r=r1 = 0,

∂u

∂r
|r=r2 = 0,

u(r, 0) = 0, ut(r, 0) = −
a2

ρ0
f(r), r1 < r < r2 :
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§2. üáõñÇ»Ç »Õ³Ý³ÏÁ
å³ñ³µáÉ³Ï³Ý ï»ë³ÏÇ Ñ³í³ë³ñáõÙÝ»ñÇ Ñ³Ù³ñ

¸Çï³ñÏ»Ýù Ñ»ï¨Û³É å³ñ½³·áõÛÝ ¹»åùÁ

ut = a
2uxx, 0 ≤ x ≤ l, t ≥ 0, (1)

u(0, t) = u(l, t) = 0, t ≥ 0, (2)

u(x, 0) = ϕ(x), 0 ≤ x ≤ l, (3)

áñï»Õ ϕ(x)-Á ïñí³Í ³ÝÁÝ¹Ñ³ï ýáõÝÏóÇ³ ¾ [0, l]-áõÙ, áõÝÇ Ïïáñ-³é-

Ïïáñ ³ÝÁÝ¹Ñ³ï ³Í³ÝóÛ³É ¨ ϕ(0) = ϕ(l) = 0 : öÝïñ»Éáí (2) »½ñ³ÛÇÝ

å³ÛÙ³ÝÝ»ñÇÝ µ³í³ñ³ñáÕ (1) Ñ³í³ë³ñÙ³Ý X(x)T (t) ï»ëùÇ ÉáõÍáõÙ-

Ý»ñ, X(x) ýáõÝÏóÇ³Ý ·ïÝ»Éáõ Ñ³Ù³ñ ëï³ÝáõÙ »Ýù

X
00
+ λX = 0, X(0) = 0, X(l) = 0 (4)

»½ñ³ÛÇÝ ËÝ¹ÇñÁ, ÇëÏ T (t) ýáõÝÏóÇ³Ý ·ïÝ»Éáõ Ñ³Ù³ñª

T
0
+ λT = 0 (5)

Ñ³í³ë³ñáõÙÁ: (4) ËÝ¹ñÇ ë»÷³Ï³Ý ³ñÅ»ùÝ»ñÁ ¨ ýáõÝÏóÇ³Ý»ñÁ Ù»½ Ñ³Û-

ïÝÇ »Ýª λn =
³πn
l

´2
, Xn(x) = sin

πn

l
x, n = 1, 2, · · · : λ Ñ³ë-

ï³ïáõÝÇ ³Û¹ ³ñÅ»ùÝ»ñÇ ¹»åùáõÙ (5) Ñ³í³ë³ñÙ³Ý ÁÝ¹Ñ³Ýáõñ ÉáõÍáõÙÁ,

³ÏÝÑ³Ûï ¾, áõÝÇ

Tn(t) = an exp

∙
−
³aπn
l

´2
t

¸
, n = 1, 2 · · ·

ï»ëùÁ, áñï»Õ an-Á Ï³Ù³Û³Ï³Ý Ñ³ëï³ïáõÝ ¾:

²ÛëåÇëáí, áõÝ»Ý³Éáí (2) å³ÛÙ³ÝÝ»ñÇÝ µ³í³ñ³ñáÕ (1) Ñ³í³ë³ñ-

Ù³Ý

an exp

∙
−
³aπn
l

´2
t

¸
sin

πn

l
x
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ï»ëùÇ ÉáõÍáõÙÝ»ñÁ, (1)-(3) Ë³éÁ ËÝ¹ñÇ ÉáõÍáõÙÁ ÷Ýïñ»Ýù Ñ»ï¨Û³É ï»ë-

ùáíª

u(x, t) =
∞X
n=1

an exp

∙
−
³aπn
l

´2
t

¸
sin

πn

l
x :

ú·ïí»Éáí (3) ëÏ½µÝ³Ï³Ý å³ÛÙ³ÝÇó, ·ïÝáõÙ »Ýùª

an =
2

l

Z l

0

ϕ(x) sin
πn

l
xdx :

ϕ(x) ýáõÝÏóÇ³ÛÇ íñ³ ¹ñí³Í å³ÛÙ³ÝÝ»ñÇó Ñ»ï¨áõÙ ¾, áñ ³Ûë µ³Ý³Ó¨áí

áñáßí³Í an ·áñÍ³ÏÇóÝ»ñÇ ¹»åùáõÙ

∞X
n=1

an sin
πn

l
x

ß³ñùÁ Ñ³í³ë³ñ³ã³÷ ½áõ·³ÙÇïáõÙ ¾ ϕ(x) ýáõÝÏóÇ³ÛÇÝ, áñÁ Ñ³ÛïÝÇ ¾

»é³ÝÏÛáõÝ³ã³÷³Ï³Ý ß³ñù»ñÇ ï»ëáõÃÛáõÝÇó:

²ÛÅÙ, ¹Çï³ñÏ»Ýù ³ÝÑ³Ù³ë»é Ñ³í³ë³ñÙ³Ý Ñ³Ù³ñ Ñ»ï¨Û³É Ë³éÁ

ËÝ¹ÇñÁª

ut = a
2uxx + f(x, t), 0 ≤ x ≤ l, t ≥ 0, (6)

u(x, 0) = 0, 0 ≤ x ≤ l, (7)

u(0, t) = u(l, t) = 0, t ≥ 0, (8)

áñï»Õ f(x, t)-Ý ³ÝÁÝ¹Ñ³ï ¾ 0 ≤ x ≤ l, t ≥ 0-áõÙ, ¨ Áëï x ÷á÷áË³-
Ï³ÝÇ áõÝÇ Ïïáñ-³é-Ïïáñ ³ÝÁÝ¹Ñ³ï ³Í³ÝóÛ³É ¨ t ÷á÷áË³Ï³ÝÇ µáÉáñ

¹ñ³Ï³Ý ³ñÅ»ùÝ»ñÇ Ñ³Ù³ñ µ³í³ñ³ñáõÙ ¾ f(0, t) = f(l, t) = 0 å³Û-

Ù³Ý»ñÇÝ: ²Ûë ¹»åùáõÙ f(x, t) ýáõÝÏóÇ³Ý Ï³ñ»ÉÇ ¾ Ý»ñÏ³Û³óÝ»É üáõñÇ»Ç

ß³ñùÇ ï»ëùáí

f(x, t) =
∞X
n=1

fn(t) sin
πn

l
x, (9)
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áñï»Õ

fn(t) =
2

l

Z l

0

f(x, t) sin
πn

l
xdx : (10)

(6)-(8) ËÝ¹ñÇ ÉáõÍáõÙÁ ÷Ýïñ»Ýù Ñ»ï¨Û³É ß³ñùÇ ï»ëùáíª

u(x, t) =
∞X
n=1

Tn(t) sin
πn

l
x, (11)

áñï»Õ Tn(t) ³ÝÑ³Ûï ýáõÝÏóÇ³Ý»ñÁ ·ïÝ»Éáõ Ñ³Ù³ñ å³Ñ³Ýç»Ýù, áñ

(11) ß³ñùÇ ·áõÙ³ñÁ µ³í³ñ³ñÇ (6) Ñ³í³ë³ñÙ³ÝÁ: ÞÝáñÑÇí (8) ¨ (9)

Ñ³í³ë³ñáõÃÛáõÝÝ»ñÇª Tn(t) ýáõÝÏóÇ³Ý»ñÁ áñáß»Éáõ Ñ³Ù³ñ Ïëï³Ý³Ýù

ÎáßÇÇ Ñ»ï¨Û³É ËÝ¹ÇñÁª

T
0

n(t)+
³aπn
l

´2
Tn(t) = fn(t),

Tn(0) = 0 :
(12)

(12) ËÝ¹ñÇ ÉáõÍáõÙÝ áõÝÇ Ñ»ï¨Û³É ï»ëùÁª

Tn(t) =

Z t

0

exp

∙
−
³aπn
l

´2
(t− τ)

¸
fn(τ)dτ :

î»Õ³¹ñ»Éáí Tn(t)-Ç ³ñï³Ñ³ÛïáõÃÛáõÝÁ (11) ß³ñùÇ Ù»ç, ëï³ÝáõÙ »Ýù

(6)-(8) ËÝ¹ñÇ ÉáõÍáõÙÁª

u(x, t) =
∞X
n=1

µZ t

0

exp

∙
−
³aπn
l

´2
(t− τ)

¸
fn(τ)dτ

¶
sin

πnx

l
:

(13)

ºÃ» (8) ½ñáÛ³Ï³Ý ëÏ½µÝ³Ï³Ý å³ÛÙ³ÝÇ ÷áË³ñ»Ý ïñí³Í ÉÇÝÇ Ï³Ù³Û³-

Ï³Ý ëÏ½µÝ³Ï³Ý å³ÛÙ³Ýª

u(x, 0) = ϕ(x), 0 ≤ x ≤ l, (14)
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³å³ (6), (7), (14) ËÝ¹ñÇ ÉáõÍáõÙÁ ÏÉÇÝÇ Ý³Ëáñ¹ »ñÏáõ ËÝ¹ÇñÝ»ñÇ ÉáõÍáõÙ-

Ý»ñÇ ·áõÙ³ñÁ:

àã ½ñáÛ³Ï³Ý »½ñ³ÛÇÝ å³ÛÙ³ÝÝ»ñÇ ¹»åùÁª

u(0, t) = µ(t), u(l, t) = ν(t), t ≥ 0 (15)

áñáÝ»ÉÇ ýáõÝÏóÇ³ÛÇ

u(x, t) = v(x, t) + µ(t) +
x

l
[ν(t)− µ(t)],

÷áË³ñÇÝáõÙáí µ»ñíáõÙ ¾ ½ñáÛ³Ï³Ý »½ñ³ÛÇÝ å³ÛÙ³ÝÝ»ñáí ¹»åùÇÝ:

144. ÈáõÍ»É

ut = a
2uxx, 0 < x < l, t > 0,

Ñ³í³ë³ñáõÙÁª Ñ»ï¨Û³É ëÏ½µÝ³Ï³Ý ¨ »½ñ³ÛÇÝ å³ÛÙ³ÝÝ»ñÇ ¹»åùáõÙ

( Ñ³Ù³ë»é »½ñ³ÛÇÝ å³ÛÙ³ÝÝ»ñ )

³. u(0, t) = u(l, t) = 0, u(x, 0) = ϕ(x) :

µ. u(0, t) = u(l, t) = 0, u(x, 0) = u0 :

·. ux(0, t) = ux(l, t) = 0, u(x, 0) = ϕ(x) :

¹. ux(0, t)−H (u(0, t)− u1) = 0,
ux(l, t) +H (u(l, t)− u2) = 0, H > 0,

u(x, 0) = ϕ(x) :

». u(0, t) = u(l, t) = 0, u(x, 0) = 2x(l − x) :

( ³ÝÑ³Ù³ë»é »½ñ³ÛÇÝ å³ÛÙ³ÝÝ»ñ )

½. u(0, t) = u1, u(l, t) = u2, u(x, 0) = u0 :

¾. u(0, t) = u0, ux(l, t) = Q0, u(x, 0) = ϕ(x) :

Á. u(0, t) = u0, ux(l, t) = 0, u(x, 0) = 0 :
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Ã. ux(0, t) = 0, ux(l, t) = Q, u(x, 0) = 0 :

Å. u(0, t) = 0, u(l, t) = At, u(x, 0) = 0 :

Ç. ux(0, t) = ux(l, t) = q, u(x, 0) = Ax :

É. u(0, t) = 0, ux(l, t) = Ae
−t, u(x, 0) = T :

Ë. u(0, t) = 0, u(l, t) = A cosωt, u(x, 0) = ϕ(x) :

Í. u(0, t) = 0, ux(l, t) = A cosωt, u(x, 0) = ϕ(x) :

Ï. ux(0, t) = At, ux(l, t) = T, u(x, 0) = 0 :

145. ÈáõÍ»É Ñ»ï¨Û³É Ë³éÁ ËÝ¹ÇñÝ»ñÁª ³ÝÑ³Ù³ë»é Ñ³í³ë³ñáõÙ-

Ý»ñÇ Ñ³Ù³ñ

³. ut = a
2uxx + f(x, t), 0 < x < l, t > 0,

u(0, t) = u(l, t) = 0, u(x, 0) = ϕ(x) :

µ. ut = a
2uxx + Φ(t) sin

πx

l
, 0 < x < l, t > 0,

u(0, t) = u(l, t) = 0, u(x, 0) = ϕ(x) :

·. ut = a
2uxx + f(x, t), 0 < x < l, t > 0,

ux(0, t)− hu(0, t) = ψ1(t), ux(l, t) + hu(l, t) = ψ2(t),

u(x, 0) = ϕ(x) :

¹. ut = a
2uxx + f(x), 0 < x < l, t > 0,

u(0, t) = 0, ux(l, t) = q, u(x, 0) = ϕ(x) :

146. ÈáõÍ»É Ñ»ï¨Û³É Ë³éÁ ËÝ¹ÇñÝ»ñÁ

( Ñ³Ù³ë»é »½ñ³ÛÇÝ å³ÛÙ³ÝÝ»ñ )

³. ut = a
2uxx − βu, 0 < x < l, t > 0,

u(0, t) = ux(l, t) = 0, u(x, 0) = sin
πx

2l
:

µ. ut = a
2uxx − h(u− u0), 0 < x < l, t > 0, h > 0, u0 > 0,

u(0, t) = u(l, t) = 0, u(x, 0) = 0 :

·. ut = a
2uxx − hu, 0 < x < l, t > 0, h > 0

ux(0, t)−H (u(0, t)− u1) = 0,
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ux(l, t) +H (u(l, t)− u2) = 0, H > 0,

u(x, 0) = ϕ(x) :

¹. ut = uxx − u, 0 < x < l, t > 0,
u(0, t) = u(l, t) = 0, u(x, 0) = 1 :

». ut = uxx − 4u, 0 < x < π, t > 0,

u(0, t) = u(π, t) = 0, u(x, 0) = x2 − πx :

½. ut = uxx − u+ sinx, 0 < x < π, t > 0,

u(0, t) = u(π, t) = 0, u(x, 0) = 0 :

¾. ut = uxx − u, 0 < x < π, t > 0,

u(0, t) = ux(π, t) = 0, u(x, 0) = sin
x

2
:

( ³ÝÑ³Ù³ë»é »½ñ³ÛÇÝ å³ÛÙ³ÝÝ»ñ )

Á. ut = a
2uxx − h(u− u0), 0 < x < l, t > 0, h > 0, u0 > 0,

u(0, t) = u1, u(l, t) = u2, u(x, 0) = ϕ(x) :

Ã. ut = a
2uxx − hu, 0 < x < l, t > 0, h > 0,

ux(0, t) = Q1, ux(l, t) = −Q2, u(x, 0) = ϕ(x) :

Å. ut = a
2uxx − h(u− u0), −π < x < π, t > 0, h > 0, u0 > 0,

u(−π, t) = u(π, t), ux(−π, t) = ux(π, t), u(x, 0) = ϕ(x) :

Ç. ut = a
2uxx − h(u− u0), −π < x < π, t > 0, h > 0, u0 > 0,

ux(−π, t) = u(π, t), u(−π, t) = u(π, t), u(x, 0) = u1 :
É. ut = a

2uxx −Hu+ f(x, t), 0 < x < l, t > 0, H > 0,

ux(0, t)− hu(0, t) = ψ1(t),

ux(l, t) + hu(l, t) = ψ2(t), h > 0,

u(x, 0) = ϕ(x) :

Ë. ut = uxx − 2ux + x+ 2t, 0 < x < 1, t > 0,
u(0, t) = 0, u(1, t) = t, u(x, 0) = ex sinπx :

Í. ut = uxx + u− x+ 2 sin 2x cosx, 0 < x < π
2 , t > 0,

u(0, t) = 0, ux(
π

2
, t) = 1, u(x, 0) = x :
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147. ÈáõÍ»É Ñ»ï¨Û³É µ³½Ù³ã³÷ Ë³éÁ ËÝ¹ÇñÝ»ñÁ

³. ut = a
2(uxx + uyy), 0 < x < l, 0 < y < l, t > 0,

u(0, y, t) = u(l, y, t) = u(x, 0, t) = u(x, l, t) = 0,

u(x, y, 0) = u0 :

µ. ut = a
2(uxx + uyy) + f(x, y, t), 0 < x < p, 0 < y < s, t > 0,

u(0, y, t) = ux(p, y, t) = u(x, 0, t) = u(x, s, t) = 0,

u(x, y, 0) = 0 :

·. ut = a
2(uxx + uyy) +A sin

3πx

2p
cos

πy

2s
,

0 < x < p, 0 < y < s, t > 0,

u(0, y, t) = ux(p, y, t) = uy(x, 0, t) = u(x, s, t) = 0,

u(x, y, 0) = B sin
πx

2p
cos

3πy

2s
:

¹. ut = a
2(uxx + uyy) +A sin

πx
p sin

πy
2s ,

0 < x < p, 0 < y < s, t > 0,

u(0, y, t) = u(p, y, t) = u(x, 0, t) = uy(x, s, t) = 0,

u(x, y, 0) = 0 :

». ut = a
2(uxx + uyy), 0 < x < p, 0 < y < s, t > 0,

u(0, y, t) = u(p, y, t) = u(x, 0, t) = u(x, s, t) = 0,

u(x, y, 0) = ϕ(x, y) :

½. ut = a
2(uxx + uyy), 0 < x < p, 0 < y < s, t > 0,

ux(0, y, t) = u(p, y, t) = u(x, 0, t) = u(x, s, t) = 0,

u(x, y, 0) = ϕ(x, y) :

¾.
∂u

∂t
=
a2

r2
∂

∂r

µ
r2
∂u

∂r

¶
+ f(r, t), 0 ≤ r < R, t > 0,

|u(r, t)| <∞, u(R, t) = 0, u(r, 0) = 0 :

Á.
∂u

∂t
=
a2

r2
∂

∂r

µ
r2
∂u

∂r

¶
+
Q

cρ
, 0 ≤ r < R, t > 0,

|u(0, t)| <∞, u(R, t) = U, u(r, 0) = T :
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Ã.
∂u

∂t
= a2

µ
∂2u

∂r2
+
2

r

∂u

∂r

¶
, 0 ≤ r ≤ r0, t > 0,

ur(r0, t) + hu(r0, t) = 0, u(r, 0) = f(r) :

Å.
∂u

∂t
= a2

µ
∂2u

∂r2
+
2

r

∂u

∂r

¶
, 0 ≤ r ≤ r0, t > 0,

u(r0, t) = 0, u(r, 0) = f(r) :

Ç.
∂u

∂t
= a2

µ
∂2u

∂r2
+
2

r

∂u

∂r

¶
, 0 ≤ r ≤ r0, t > 0,

u(r0, t) = u1, u(r, 0) = u0 :

É.
∂u

∂t
= a2

µ
∂2u

∂r2
+
2

r

∂u

∂r

¶
, 0 ≤ r ≤ r0, t > 0,

λur(r0, t) = q, u(r, 0) = u0 :

§3.üáõñÇ»Ç »Õ³Ý³ÏÁ
¾ÉÇåï³Ï³Ý ï»ë³ÏÇ Ñ³í³ë³ñáõÙÝ»ñÇ Ñ³Ù³ñ

öá÷áË³Ï³ÝÝ»ñÇ ³Ýç³ïÙ³Ý »Õ³Ý³Ïáí ÉáõÍ»Ýù ¸ÇñÇËÉ»Ç ËÝ¹ÇñÁ

áõÕÕ³ÝÏÛáõÝ ïÇñáõÛÃÇ Ñ³Ù³ñ: ¶ïÝ»Ýù È³åÉ³ëÇ Ñ³í³ë³ñÙ³Ýª

uxx + uyy = 0 (1)

³ÛÝåÇëÇ ÉáõÍáõÙ {0 ≤ x ≤ l, 0 ≤ y ≤ b} áõÕÕ³ÝÏÛáõÝ ïÇñáõÛÃáõÙ, áñÁ
µ³í³ñ³ñÇ

u(0, y) = u(l, y) = 0 (2)

u(x, 0) = f1(x), u(x, b) = f2(x) (3)

»½ñ³ÛÇÝ å³ÛÙ³ÝÝ»ñÇÝ:

êÏ½µáõÙ ·ïÝ»Ýù (1) Ñ³í³ë³ñÙ³Ý X(x)Y (y) ï»ëùÇ ³ÛÝåÇëÇ Éáõ-

ÍáõÙÝ»ñ, áñáÝù µ³í³ñ³ñ»Ý ÙÇ³ÛÝ (2) å³ÛÙ³ÝÇÝ: î»Õ³¹ñ»Éáí ³Û¹åÇëÇ
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ýáõÝÏóÇ³Ý (1) Ñ³í³ë³ñÙ³Ý Ù»ç ¨ ³Ýç³ï»Éáí ÷á÷áË³Ï³ÝÝ»ñÁ, Ïëï³-

Ý³Ýùª

X
00
(x)

X(x)
+
Y

00
(y)

Y (y)
= 0 : (4)

àñå»ë½Ç ï»ÕÇ áõÝ»Ý³ (4) Ñ³í³ë³ñáõÃÛáõÝÁ, ³ÝÑñ³Å»ßï ¾, áñ

X
00
(x)

X(x)
= −λ, Y

00
(y)

Y (y)
= λ,

áñï»Õ λ-Ý Ñ³ëï³ïáõÝ ¾: ²Ûëï»ÕÇó ëï³ÝáõÙ »Ýù, áñ X(x) ¨ Y (y)

ýáõÝÏóÇ³Ý»ñÁ å»ïù ¾ µ³í³ñ³ñ»Ý Ñ»ï¨Û³É Ñ³í³ë³ñáõÙÝ»ñÇÝª

X
00
(x) + λX(x) = 0, (5)

Y
00
(y)− λY (y) = 0 : (6)

(2) »½ñ³ÛÇÝ å³ÛÙ³ÝÝ»ñÇó µËáõÙ ¾, áñ

X(0) = X(l) = 0 : (7)

ÆÝãå»ë ·Çï»Ýù (5), (7) ËÝ¹ñÇ ë»÷³Ï³Ý ³ñÅ»ùÝ»ñÁ

λn =
³πn
l

´2
, n = 1, 2, · · ·

Ãí»ñÝ »Ý, ÇëÏ Ýñ³Ýó Ñ³Ù³å³ï³ëË³Ý ë»÷³Ï³Ý ýáõÝÏóÇ³Ý»ñÝ »Ýª

Xn(x) = sin
πn

l
x, n = 1, 2, · · · :

²ÛÅÙ ³Ý¹ñ³¹³éÝ³Ýù (6) Ñ³í³ë³ñÙ³ÝÁ: ºñµ λ = λn, Ýñ³ ÁÝ¹Ñ³Ýáõñ

ÉáõÍáõÙÝ áõÝÇ

Yn(y) = Cne
πny/l +Dne

−πny/l

ï»ëùÁ:
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²ÛëåÇëáí ëï³ÝáõÙ »Ýù (2) å³ÛÙ³ÝÝ»ñÇÝ µ³í³ñ³ñáÕ (1) Ñ³í³ë³ñ-

Ù³Ý X(x)Y (y) ï»ëùÇ ÙÇ ß³ñù ÉáõÍáõÙÝ»ñª

Xn(x)Yn(y) = (Cne
πny/l +Dne

−πny/l) sin
πn

l
x :

²ÛÅÙ (1)-(3) ËÝ¹ñÇ ÉáõÍáõÙÁ ÷Ýïñ»Ýù Ñ»ï¨Û³É ß³ñùÇ ï»ëùáíª

u(x, y) =
∞X
n=1

(Cne
πny/l +Dne

−πny/l) sin
πn

l
x (8) :

ÀÝïñ»Ýù Cn ¨ Dn ·áñÍ³ÏÇóÝ»ñÁ, û·ïí»Éáí (3) »½ñ³ÛÇÝ å³ÛÙ³ÝÝ»ñÇó,

Áëï áñÇ å»ïù ¾ ï»ÕÇ áõÝ»Ý³Ý Ñ»ï¨Û³É Ñ³í³ë³ñáõÃÛáõÝÝ»ñÁª

f1(x) =
∞X
n=1

Cn sin
πn

l
x

¨

f2(x) =
∞X
n=1

(Cne
πnb/l +Dne

−πnb/l) sin
πn

l
x :

²é³çÇÝÇó ÏáõÝ»Ý³Ýùª

Cn =
2

l

Z l

0

f1(x) sin
πn

l
xdx

»ñÏñáñ¹Çó‘

Cne
πnb/l +Dne

−πnb/l =
2

l

Z l

0

f2(x) sin
πn

l
xdx :

¶ïÝ»Éáí ³Ûëï»ÕÇóCn ¨Dn ·áñÍ³ÏÇóÝ»ñÁ ¨ ï»Õ³¹ñ»Éáí (8) ß³ñùÇ Ù»çª

Ïëï³Ý³Ýù ¸ÇñÇËÉ»Ç ËÝ¹ñÇ ÉáõÍáõÙÁ:

148. ¶ïÝ»É ρ ≤ a, 0 ≤ ϕ ≤ 2π ßñç³ÝáõÙ ³ÛÝåÇëÇ ³ÝÁÝ¹Ñ³ï
ýáõÝÏóÇ³, áñÁ µ³í³ñ³ñÇ
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1

ρ

∂

∂ρ

µ
ρ
∂u

∂ρ

¶
+
1

ρ2
∂2u

∂ϕ2
= 0 (13)

Ñ³í³ë³ñÙ³ÝÁ ¨ Ñ»ï¨Û³É »½ñ³ÛÇÝ å³ÛÙ³ÝÇÝ

³. u(a,ϕ) = f(ϕ) :

µ. u(a,ϕ) = A sinϕ :

·. u(a,ϕ) = A sin3 ϕ+B :

¹. u(a,ϕ) =

½
A sinϕ, 0 < ϕ < π
1
3A sin

3 ϕ, π < ϕ < 2π
:

». a = 1, u(a,ϕ) = cos2 ϕ :

½. a = 1, u(a,ϕ) = sin3 ϕ :

¾. a = 1, u(a,ϕ) = cos4 ϕ :

Á. a = 1, u(a,ϕ) = sin6 ϕ+ cos6 ϕ :

Ã. u(a,ϕ) = ϕ sinϕ :

Å. uρ(a,ϕ) = f(ϕ) :

Ç. uρ(a,ϕ) = A cosϕ :

É. uρ(a,ϕ) = A cos 2ϕ :

Ë. uρ(a,ϕ) = sin
3 ϕ :

Í uρ(a,ϕ)− hu(a,ϕ) = −f(ϕ) :
Ï. uρ(a,ϕ) + hu(a,ϕ) = T +Q sinϕ+ U cos 3ϕ :

149. ¶ïÝ»É ρ > a, 0 ≤ ϕ ≤ 2π ïÇñáõÛÃáõÙ ³ÛÝåÇëÇ ýáõÝÏóÇ³,
áñÁ µ³í³ñ³ñÇ (13) Ñ³í³ë³ñÙ³ÝÁ, ÙÝ³ ë³ÑÙ³Ý³÷³Ï, »ñµ ρ → ∞ ¨

µ³í³ñ³ñÇ Ñ»ï¨Û³É »½ñ³ÛÇÝ å³ÛÙ³ÝÝ»ñÇÝ

³. u(a,ϕ) = f(ϕ) :

µ. u(a,ϕ) = A sinϕ :

·. u(a,ϕ) = A sin3 ϕ+B :

¹. u(a,ϕ) =

½
A sinϕ, 0 < ϕ < π
1
3A sin

3 ϕ, π < ϕ < 2π
:

». u(a,ϕ) = T sin
ϕ

2
:

½. uρ(a,ϕ) = f(ϕ) :
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¾. uρ(a,ϕ) =
1
2 + ϕ sin 2ϕ :

Á. uρ(a,ϕ)− hu(a,ϕ) = f(ϕ) :
Ã. u(a,ϕ) = Uϕ+ ϕ cosϕ :

150. ¶ïÝ»É a ≤ ρ ≤ b, 0 ≤ ϕ ≤ 2π ûÕ³ÏáõÙ ³ÛÝåÇëÇ

³ÝÁÝ¹Ñ³ï ýáõÝÏóÇ³, áñÁ µ³í³ñ³ñÇ (13) Ñ³í³ë³ñÙ³ÝÁ ¨ Ñ»ï¨Û³É »½-

ñ³ÛÇÝ å³ÛÙ³ÝÝ»ñÇÝ

³. u(a,ϕ) = f(ϕ), u(b,ϕ) = F (ϕ) :

µ. u(a,ϕ) = 0, u(b,ϕ) = A cosϕ :

·. u(a,ϕ) = A, u(b,ϕ) = B sin 2ϕ :

¹. uρ(a,ϕ) = q cosϕ, u(b,ϕ) = Q+ T sin 2ϕ :

». u(a,ϕ) = T + U cosϕ, uρ(b,ϕ)− hu(b,ϕ) = 0 :
½. a = 1, b = 2, u(a,ϕ) = u1, u(b,ϕ)) = u2 :

¾. a = 1, b = 2, u(a,ϕ) = 1 + cos2 ϕ, u(b,ϕ)) = sin2 ϕ :

151. ¶ïÝ»É ρ ≤ a, 0 ≤ ϕ ≤ α ßñç³Ý³ÛÇÝ ë»ÏïáñáõÙ ³ÛÝåÇëÇ

³ÝÁÝ¹Ñ³ï ýáõÝÏóÇ³, áñÁ µ³í³ñ³ñÇ (13) Ñ³í³ë³ñÙ³ÝÁ ¨ Ñ»ï¨Û³É »½-

ñ³ÛÇÝ å³ÛÙ³ÝÝ»ñÇÝ

³. u(a,ϕ) = f(ϕ), u(ρ, 0) = u(ρ,α) = 0 :

µ. u(a,ϕ) = Aϕ, u(ρ, 0) = u(ρ,α) = 0 :

·. u(a,ϕ) = f(ϕ), uϕ(ρ, 0) = u(ρ,α) = 0 :

¹. u(a,ϕ) = Uϕ, uϕ(ρ, 0) = uϕ(ρ,α) = 0 :

». uρ(a,ϕ) = Q, u(ρ, 0) = u(ρ,α) = 0 :

½. uρ(a,ϕ) + γu(ρ,ϕ) = 0,

u(ρ, 0) = uϕ(ρ,α) + hu(ρ,α) = 0, h > 0 :

152. ¶ïÝ»É a ≤ ρ ≤ b, 0 ≤ ϕ ≤ α ûÕ³Ï³Ó¨ ë»ÏïáñáõÙ

³ÛÝåÇëÇ ³ÝÁÝ¹Ñ³ï ýáõÝÏóÇ³, áñÝ ³Û¹ï»Õ µ³í³ñ³ñÇ (13) Ñ³í³ë³ñ-

Ù³ÝÁ ¨

u(a,ϕ) = f(ϕ), u(b,ϕ) = F (ϕ),

u(ρ, 0) = u(ρ,α) = 0

»½ñ³ÛÇÝ å³ÛÙ³ÝÝ»ñÇÝ:
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153. ¶ïÝ»É 0 ≤ x ≤ a, 0 ≤ y ≤ b áõÕÕ³ÝÏÛ³Ý Ù»ç ³ÛÝåÇëÇ
³ÝÁÝ¹Ñ³ï ýáõÝÏóÇ³, áñÁ µ³í³ñ³ñÇ uxx + uyy = 0 Ñ³í³ë³ñÙ³ÝÁ ¨

Ñ»ï¨Û³É »½ñ³ÛÇÝ å³ÛÙ³ÝÝ»ñÇÝ

³. u(x, 0) = f(x), u(x, b) = F (x),

u(0, y) = ϕ(y), u(a, y) = Φ(y) :

µ. u(x, 0) = 0, u(x, b) = F (x),

u(0, y) = ux(a, y) = 0 :

·. u(x, 0) = A, u(x, b) = Bx,

ux(0, y) = ux(a, y) = 0 :

¹. u(x, 0) = 0, uy(x, b) = Bx,

ux(0, y) = u(a, y) = 0 :

». uy(x, 0) = T sin
πx

2a
, u(x, b) = 0,

u(0, y) = U, ux(a, y) = 0 :

½. u(x, 0) = 0, u(x, b) = U,

u(0, y) = 0, ux(a, y) = q :

¾. u(x, 0) = 0, u(x, b) =
sTx

a
,

u(0, y) = 0, u(a, y) = Ty :

Á. u(x, 0) = B sin
πx

a
, u(x, b) = 0,

u(0, y) = A sin
πy

b
, u(a, y) = 0 :

Ã. u(x, 0) = f(x), u(x, b) = ϕ(x),

ux(0, y) = ψ(y), ux(a, y) = κ(y) :

Å. u(x, 0) = 0, u(x, b) = V0,

u(0, y) = V, u(a, y) = 0 :

154. ¶ïÝ»É 0 ≤ x ≤ ∞, 0 ≤ y ≤ l ÏÇë³ß»ñïáõÙ ³ÛÝåÇëÇ

ýáõÝÏóÇ³, áñÁ µ³í³ñ³ñÇ uxx + yy = 0 Ñ³í³ë³ñÙ³ÝÁ ¨ Ñ»ï¨Û³É

»½ñ³ÛÇÝ å³ÛÙ³ÝÝ»ñÇÝ

³. u(x, 0) = uy(x, l) = 0,

u(0, y) = f(y), u(∞, y) = 0 :
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µ. uy(x, 0) = uy(x, l) + hu(x, l) = 0, h > 0,

u(0, y) = f(y), u(∞, y) = 0 :
·. u(x, 0) = u(x, l) = 0,

u(0, y) = y(l − y), u(∞, y) = 0 :
¹. uy(x, 0)− hu(x, 0) = 0, u(x, l) = 0, h > 0,
u(0, y) = l − y, u(∞, y) = 0 :



¶ È àô Ê VI

ÆÜîº¶ð²È²ÚÆÜ Òºì²öàÊàôÂÚàôÜÜºð

§1.È³åÉ³ëÇ Ó¨³÷áËáõÃÛáõÝÁ

ê³ÑÙ³ÝáõÙ.

F (z) =

Z b

a

K(z, t)f(t)dt

ýáõÝÏóÇ³Ý ÏáãíáõÙ ¾ f ýáõÝÏóÇ³ÛÇ ÇÝï»·ñ³É³ÛÇÝ Ó¨³÷áËáõÃÛáõÝ (å³ï-

Ï»ñ), f ýáõÝÏóÇ³Ýª F -Ç Ý³Ë³å³ïÏ»ñ, ÇëÏ K-Ý ÇÝï»·ñ³É³ÛÇÝ Ó¨³÷á-

ËáõÃÛ³Ý ÏáñÇ½:

¸Çóáõù f ýáõÝÏóÇ³Ý µ³í³ñ³ñáõÙ ¾ Ñ»ï¨Û³É å³ÛÙ³ÝÝ»ñÇÝ.

1) f -Ý ³ÝÁÝ¹Ñ³ï ¾ ³Ù»Ýáõñ»ù, µ³óÇ ·áõó», í»ñç³íáñ Ãíáí ³é³çÇÝ

ë»éÇ Ë½Ù³Ý Ï»ï»ñÇ,

2) ·áÛáõÃÛáõÝ áõÝ»Ý ³ÛÝåÇëÇ M > 0 ¨ s > 0 Ñ³ëï³ïáõÝÝ»ñ, áñ

Ï³Ù³Û³Ï³Ý t-Ç Ñ³Ù³ñ ×Çßï ¾ |f(t)| < Mest ³ÝÑ³í³ë³ñáõÃÛáõÝÁ:
²Û¹ ¹»åùáõÙ Ï³Ù³Û³Ï³Ý p-Ç Ñ³Ù³ñ (Rep > s), ·áÛáõÃÛáõÝ áõÝÇ

F (p) =

Z ∞
0

e−ptf(t)dt (F (p) = Lf(t)) (1)

ÇÝï»·ñ³ÉÁ, áñÁ Rep > s ÏÇë³Ñ³ñÃáõÃÛ³Ý Ù»ç ³Ý³ÉÇïÇÏ ýáõÝÏóÇ³ ¾:

(1) µ³Ý³Ó¨áí áñáßíáÕ F ýáõÝÏóÇ³Ý ÏáãíáõÙ ¾ f ýáõÝÏóÇ³ÛÇ È³åÉ³ëÇ

Ó¨³÷áËáõÃÛáõÝ:

È³åÉ³ëÇ Ó¨³÷áËáõÃÛ³Ý É³ÛÝ ÏÇñ³éáõÃÛáõÝÝ»ñÇ ÑÇÙùáõÙ ÁÝÏ³Í

»Ý Ñ»ï¨Û³É ÑÇÙÝ³Ï³Ý Ñ³ïÏáõÃÛáõÝÝ»ñÁ.

1. L[a1f1(t) + a2f2(t)] = a1L[f1(t)] + a2L[f2(t)],

2. L

∙Z t

0

f1(t− τ)f2(τ)dτ

¸
= L[f1(t)]L[f2(t)],

3. L

∙Z t

0

f(τ)dτ

¸
=
F (p)

p
,
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4. L[f (n)(t)] = pnF (p)− pn−1f0 − · · ·− pfn−20 − fn−10 ,

áñï»Õ f
(k)
0 = lim

t→+0

dkf(t)

dtk
,

5. L[f(t− b)] = e−bpL[f(t)],

6. L[f(at)] = 1
aF (

p
a), »Ã» a > 0,

7. L[e−λtf(t)] = F (p+ λ),

8. L[tnf(t)] = (−1)nF (n)(p),

9. ºÃ» f(t)
t ýáõÝÏóÇ³ÛÇ ÝÏ³ïÙ³Ùµ Ï³ñ»ÉÇ ¾ ÏÇñ³é»É È³åÉ³ëÇ

Ó¨³÷áËáõÃÛáõÝ, ³å³ L

∙
f(t)

t

¸
=

Z ∞
p

f(q)dq :

àñáß Éñ³óáõóÇã å³ÛÙ³ÝÝ»ñÇ ¹»åùáõÙ f Ý³Ë³å³ïÏ»ñÁ Ï³ñ»ÉÇ ¾

í»ñ³Ï³Ý·Ý»É F å³ïÏ»ñÇ û·ÝáõÃÛ³Ùµª È³åÉ³ëÇ Ñ³Ï³¹³ñÓ Ó¨³÷áËáõ-

ÃÛ³Ùµ: êïáñ¨ Ý»ñÏ³Û³óÝáõÙ »Ýù å³ïÏ»ñÝ»ñÇ ¨ Ý³Ë³å³ïÏ»ñÝ»ñÇ ÙÇ

÷áùñ ³ÕÛáõë³Ï, áñÁ Ïû·ÝÇ ÉáõÍ»É ³Ûë å³ñ³·ñ³ýÇ ËÝ¹ÇñÝ»ñÁ

Lf(t) f(t)

1
p2+a2

sin at
a

p
(p2+a2)2

t sin at
2a

p
p2+a2 cos at

e−z
√
p z

2
√
πt3/2

e−z
2/4t

ÈáõÍ»É Ñ»ï¨Û³É ËÝ¹ÇñÝ»ñÁ È³åÉ³ëÇ Ó¨³÷áËáõÃÛ³Ý û·ÝáõÃÛ³Ùµ

155. uy = uxx + a
2u+ f(x), 0 < x <∞, 0 < y <∞,

u(0, y) = ux(0, y) = 0, 0 < y <∞ :
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156. uy = uxx + u+B cosx, 0 < x <∞, 0 < y <∞ :

u(0, y) = Ae−3y, ux(0, y) = 0, 0 < y <∞ :

157. ut = a
2uxx, 0 < x < l, 0 < t,

u(+0, t) = δ(t), u(l − 0, t) = 0, 0 < t,
u(x,+0) = 0, 0 < x < l :

158. ut = a
2uxx, 0 < x <∞, 0 < t,

u(+0, t) = δ(t), u(∞− 0, t) = 0, 0 < t,
u(x,+0) = 0, 0 < x <∞ :

159. ut = a
2uxx, 0 < x <∞, 0 < t,

u(+0, t) = µ(t), u(∞− 0, t) = 0, 0 < t,
u(x,+0) = 0, 0 < x <∞ :

160. utt = a
2uxx, 0 < x <∞, 0 < t,

u(0, t) = E(t), 0 < t,

u(x, 0) = ut(x, 0) = 0, 0 < x <∞,
u(x, t) ýáõÝÏóÇ³Ý ë³ÑÙ³Ý³÷³Ï ¾, »ñµ x→∞ :

161. uxx = a
2utt + 2but + c

2u, 0 < x <∞, 0 < t,
u(0, t) = E(t), 0 < t,

u(x, 0) = ut(x, 0) = 0, 0 < x <∞,
u(x, t) ýáõÝÏóÇ³Ý ë³ÑÙ³Ý³÷³Ï ¾, »ñµ x→∞ :

162. utt = a
2uxx, 0 < x <∞, 0 < t,

ux(0, t)− hu(0, t) = ϕ(t), u(∞, t) = 0, 0 < t,
u(x, 0) = ut(x, 0) = 0, 0 < x <∞ :

§2.üáõñÇ»Ç Ó¨³÷áËáõÃÛáõÝÁ

²ÙµáÕç Ãí³ÛÇÝ ³é³ÝóùÇ íñ³ ïñí³Í f ýáõÝÏóÇ³ÛÇ üáõñÇ»Ç Ó¨³÷á-

ËáõÃÛáõÝ ë³ÑÙ³ÝíáõÙ ¾ áñå»ëª

F (p) =
1√
2π

Z ∞
−∞

e−iptf(t)dt : (1)
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²Ûë ÇÝï»·ñ³ÉÇ ·áÛáõÃÛ³Ý Ñ³Ù³ñ µ³í³ñ³ñ ¾, áñå»ë½Ç ï»ÕÇ áõÝ»Ý³

§1.-áõÙ Ýßí³Í (1) å³ÛÙ³ÝÁ ¨ ½áõ·³ÙÇïÇ
Z ∞
−∞

|f(t)|dt ÇÝï»·ñ³ÉÁ: üáõ-
ñÇ»Ç Ó¨³÷áËáõÃÛ³Ý Ñ³Ï³¹³ñÓÁ ïñíáõÙ ¾

f(t) =
1√
2π

Z ∞
−∞

eiptF (p)dp (2)

µ³Ý³Ó¨áí:

ºÃ» f -Á ½áõÛ· ýáõÝÏóÇ³ ¾, ³å³ (1) ¨ (2) Ó¨³÷áËáõÃÛáõÝÝ»ñÁ Ïëï³-

Ý³Ý Ñ»ï¨Û³É ï»ëù»ñÁ

F (p) =

r
2

π

Z ∞
0

cos ptf(t)dt,

f(t) =

r
2

π

Z ∞
0

cos ptF (p)dp,

áñáÝù ÏáãíáõÙ »Ý üáõñÇ»Ç ÏáëÇÝáõë Ó¨³÷áËáõÃÛáõÝÝ»ñ:

ºÃ» f -Á Ï»Ýï ¾, ³å³ Ñ³Ù³å³ï³ëË³Ý³µ³ñ Ïëï³Ý³Ýù

F (p) =

r
2

π

Z ∞
0

sin ptf(t)dt,

f(t) =

r
2

π

Z ∞
0

sin ptF (p)dp,

áñáÝù ÏáãíáõÙ »Ý üáõñÇ»Ç ëÇÝáõë Ó¨³÷áËáõÃÛáõÝÝ»ñ:

Þ³ï Ñ³×³Ë û·ï³·áñÍíáõÙ ¾ Ý³¨ üáõñÇ»Ç µ³½Ù³ã³÷ Ó¨³÷áËáõ-

ÃÛáõÝÁ: ºñÏã³÷ ¹»åùáõÙ ³ÛÝ ïñíáõÙ ¾ Ñ»ï¨Û³É µ³Ý³Ó¨»ñáí

F (ξ, η) =
1
√
2π

2

Z ∞
−∞

Z ∞
−∞

e−i(ξx+ηy)f(x, y)dxdy,

f(x, y) =
1
√
2π

2

Z ∞
−∞

Z ∞
−∞

ei(ξx+ηy)F (ξ, η)dξdη :
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ØÛáõë ÇÝï»·ñ³É³ÛÇÝ Ó¨³÷áËáõÃÛáõÝÝ»ñÇó Ýß»Ýù üáõñÇ»-´»ë»ÉÇ

Ó¨³÷áËáõÃÛáõÝÁª (Jn(t) ýáõÝÏóÇ³ÛÇ Ù³ëÇÝ ï»ë ·ÉáõË VII,§1)

Fn(p) =

Z ∞
0

tJn(pt)f(t)dt,

áñÇ Ñ³Ï³¹³ñÓÁ ïñíáõÙ ¾

f(t) =

Z ∞
0

pJn(pt)Fn(p)dp

µ³Ý³Ó¨áí:

ÈáõÍ»É Ñ»ï¨Û³É ËÝ¹ÇñÝ»ñÁ üáõñÇ»Ç Ó¨³÷áËáõÃÛ³Ý û·ÝáõÃÛ³Ùµ

163.utt = a
2uxx, −∞ < x <∞, t > 0,

u(x, 0) = ϕ(x), ut(x, 0) = ψ(x), −∞ < x <∞ :

164. utt = a
2uxx + f(x, t), −∞ < x <∞, t > 0,

u(x, 0) = ut(x, 0) = 0, −∞ < x <∞ :

165. ut = a
2uxx, −∞ < x <∞, t > 0,

u(x, 0) = ϕ(x), −∞ < x <∞ :

166. ut = a
2uxx + f(x, t), −∞ < x <∞, t > 0,

u(x, 0) = 0, −∞ < x <∞ :

167. ut = a
2uxx, 0 < x <∞, t > 0,

u(x, 0) = 0, 0 < x <∞, u(0, t) = µ(t), t > 0 :
168. ut = a

2uxx, 0 < x <∞, t > 0,
u(x, 0) = 0, 0 < x <∞, ux(0, t) = ν(t), t > 0 :

169. ut = a
2uxx + f(x, t), 0 < x <∞, t > 0,

u(x, 0) = 0, 0 < x <∞, u(0, t) = 0, t > 0 :
170. utt = a

2uxx, 0 < x <∞, t > 0,
u(x, 0) = ϕ(x), ut(x, 0) = ψ(x), 0 < x <∞,
u(0, t) = 0, t > 0 :

171. utt = a
2uxx, 0 < x <∞, t > 0,

u(x, 0) = ϕ(x), ut(x, 0) = ψ(x), 0 < x <∞,
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ux(0, t) = 0, t > 0 :

172. utt = a
2uxx, 0 < x <∞, t > 0,

u(x, 0) = ut(x, 0) = 0, 0 < x <∞,
u(0, t) = µ(t), t > 0 :

173. utt = a
2uxx, 0 < x <∞, t > 0,

u(x, 0) = ut(x, 0) = 0, 0 < x <∞,
ux(0, t) = ν(t), t > 0 :

174. utt = a
2uxx + f(x, t), 0 < x <∞, t > 0,

u(x, 0) = ut(x, 0) = 0, 0 < x <∞,
u(0, t) = 0, t > 0 :

175. utt = a
2uxx + f(x, t), 0 < x <∞, t > 0,

u(x, 0) = ut(x, 0) = 0, 0 < x <∞,
ux(0, t) = 0, t > 0 :

176. ut = a
2uxx, 0 < x <∞, t > 0,

u(x, 0) = f(x), 0 < x <∞,
u(0, t) = 0, t > 0 :

177. ut = a
2uxx, 0 < x <∞, t > 0,

u(x, 0) = f(x), 0 < x <∞,
ux(0, t) = 0, t > 0 :

178. ut = a
2uxx + f(x, t), 0 < x <∞, t > 0,

u(x, 0) = 0, 0 < x <∞,
ux(0, t) = 0, t > 0 :

179. ut = a
2(uxx + uyy), −∞ < x, y <∞, t > 0,

u(x, y, 0) = ϕ(x, y), −∞ < x, y <∞ :

180. ut = a
2(uxx + uyy) + f(x, y, t), −∞ < x, y <∞, t > 0,

u(x, y, 0) = 0, −∞ < x, y <∞ :

181. ut = a
2(uxx + uyy), −∞ < x <∞, 0 < y <∞, t > 0,

u(x, y, 0) = f(x, y), −∞ < x <∞, 0 < y <∞,
u(x, 0, t) = 0, −∞ < x <∞, t > 0 :

182. ut = a
2(uxx + uyy), −∞ < x <∞, 0 < y <∞, t > 0,
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u(x, y, 0) = 0, −∞ < x <∞, 0 < y <∞,
u(x, 0, t) = f(x, t), −∞ < x <∞, t > 0 :

183. ut = a
2(uxx + uyy), −∞ < x <∞, 0 < y <∞, t > 0,

u(x, y, 0) = f(x, y), −∞ < x <∞, 0 < y <∞,
uy(x, 0, t) = 0, −∞ < x <∞, t > 0 :

ÈáõÍ»É Ñ»ï¨Û³É ËÝ¹ÇñÝ»ñÁ üáõñÇ»-´»ë»ÉÇ Ó¨³÷áËáõÃÛ³Ý û·ÝáõÃ-

Û³Ùµ

184.
1

r

∂

∂r

µ
r
∂u

∂r

¶
+

∂2u

∂t2
= 0, 0 ≤ r <∞, t > 0,

u(r, 0) = f(r), u(r,∞) = 0, 0 ≤ r <∞,
u(∞, t) = ur(∞, t) = 0, t > 0 :

ÈáõÍ»É ËÝ¹ÇñÁ Ý³¨ Ù³ëÝ³íáñ ¹»åùáõÙ, »ñµ

u(r, 0) =

½
T, r < R

0, r > R
:

185. b2
µ
1

r

∂

∂r
+

∂2

∂r2

¶2
u+

∂2u

∂t2
= 0, 0 ≤ r <∞, t > 0,

u(r, 0) = f(r), ut(r, 0) = 0, 0 ≤ r <∞ :

ÈáõÍ»É ËÝ¹ÇñÁ Ý³¨ Ù³ëÝ³íáñ ¹»åùáõÙ, »ñµ

f(r) = Ae−
r2

a2 , 0 ≤ r <∞ :

186.
1

r

∂

∂r

µ
r
∂u

∂r

¶
+

∂2u

∂t2
= 0, 0 ≤ r <∞, t > 0,

ut(r, 0) =

½ −q/k + hu(r, 0), 0 ≤ r < R
hu(r, 0), R ≤ r <∞

,

u(r,∞) = 0, 0 ≤ r <∞,
u(∞, t) = ur(∞, t) = 0, t > 0 :
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Ð²îàôÎ üàôÜÎòÆ²Üºð

§1.¶É³Ý³ÛÇÝ ýáõÝÏóÇ³Ý»ñ

x2y
00
+ xy

0
+ (x2 −m2)u = 0, (−∞ < x <∞) (1)

Ñ³í³ë³ñáõÙÁ ÏáãíáõÙ ¾ ´»ë»ÉÇ Ñ³í³ë³ñáõÙ: (1) Ñ³í³ë³ñÙ³Ý Ûáõñ³-

ù³ÝãÛáõñ ÉáõÍáõÙ ÏáãíáõÙ ¾ ·É³Ý³ÛÇÝ ýáõÝÏóÇ³: Î³ñ»ÉÇ ¾ óáõÛó ï³É, áñ

Jm(x) =
∞X
k=0

(−1)k
Γ(k +m+ 1)Γ(k + 1)

³x
2

´2k+m
(2)

ýáõÝÏóÇ³Ý Ñ³Ý¹Çë³ÝáõÙ ¾ (1) Ñ³í³ë³ñÙ³Ý ÉáõÍáõÙ: Jm(x) ·É³Ý³ÛÇÝ

ýáõÝÏóÇ³Ý ³Ýí³ÝáõÙ »Ý ³é³çÇÝ ë»éÇ m-ñ¹ Ï³ñ·Ç ´»ë»ÉÇ ýáõÝÏóÇ³:

Ø³ëÝ³íáñ³å»ëª

J1/2(x) =

r
2

πx

∞X
k=0

(−1)k
(2k + 1)!

x2k+1 =

r
2

πx
sinx,

J−1/2(x) =

r
2

πx

∞X
k=0

(−1)k
(2k)!

x2k =

r
2

πx
cosx :

ºÃ»m > 0, ¨ ³ÙµáÕç ã¾, ³å³ Jm(x) ¨ J−m(x) ýáõÝÏóÇ³Ý»ñÁ ·Íáñ»Ý

³ÝÏ³Ë »Ý, ÇëÏ

y(x) = C1Jm(x) + C2J−m(x)

ÏÑ³Ý¹Çë³Ý³ (1) Ñ³í³ë³ñÙ³Ý ÁÝ¹Ñ³Ýáõñ ÉáõÍáõÙ: ºÃ» m-Á ³ÙµáÕç ¾,

³å³

J−m(x) = (−1)mJm(x) :
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²Ûë ¹»åùáõÙ (1) Ñ³í³ë³ñÙ³Ý »ñÏñáñ¹ ·Íáñ»Ý ³ÝÏ³Ë ÉáõÍáõÙ ¾ Ñ³Ý¹Çë³-

ÝáõÙ

Ym(x) = lim
n→m

Jn(x) cosπn− J−n(x)
sinπn

(3)

ýáõÝÏóÇ³Ý: Ü³¨ Ïáïáñ³Ï³ÛÇÝ m-Ç ¹»åùáõÙ Ym(x) ýáõÝÏóÇ³Ý Ñ³Ý¹Ç-

ë³ÝáõÙ ¾ (1) Ñ³í³ë³ñÙ³Ý ÉáõÍáõÙ ¨ ë³ÑÙ³ÝíáõÙ ¾ ³Ûëå»ë

Ym(x) =
Jm(x) cosπm− J−m(x)

sinπm
: (4)

Ym(x) ýáõÝÏóÇ³Ý ³Ýí³ÝáõÙ »Ý Ü»ÛÙ³ÝÇ Ï³Ù ì»µ»ñÇ ýáõÝÏóÇ³, »ñµ»ÙÝ

¾É, »ñÏñáñ¹ ë»éÇ m-ñ¹ Ï³ñ·Ç ·É³Ý³ÛÇÝ ýáõÝÏóÇ³: ø³ÝÇ áñ, Ym(x) ¨

Jm(x) ýáõÝÏóÇ³Ý»ñÁ ·Íáñ»Ý ³ÝÏ³Ë »Ý (Ï³Ù³Û³Ï³Ým-Ç ¹»åùáõÙ)ª (1)

Ñ³í³ë³ñÙ³Ý ó³ÝÏ³ó³Í ÉáõÍáõÙ ÏáõÝ»Ý³ Ñ»ï¨Û³É ï»ëùÁ

y(x) = C1Jm(x) + C2Ym(x) :

Üß»Ýù ´»ë»ÉÇ ýáõÝÏóÇ³Ý»ñÇ áñáß Ï³ñ¨áñ Ñ³ïÏáõÃÛáõÝÝ»ñ:

³. ºÃ» µ1 ¨ µ2-Á Ñ³Ý¹Çë³ÝáõÙ »Ý

αJm(µ) + βµJ
0

m(µ) = 0, α ≥ 0, β ≥ 0, α+ β > 0 (5)

Ñ³í³ë³ñÙ³Ý ¹ñ³Ï³Ý ³ñÙ³ïÝ»ñ, ³å³ m > −1-Ç Ñ³Ù³ñ áõÝ»ÝùZ 1

0

xJm(µ1x)Jm(µ2x)dx = 0, µ1 6= µ2,

Z 1

0

xJ2m(µ1x)dx =
1

2
(J

0

m(µ1))
2 +

1

2

µ
1− m

2

µ21

¶
J2m(µ1) :

µ. î»ÕÇ áõÝ»Ý Ñ»ï¨Û³É ³Ý¹ñ³¹³ñÓ µ³Ý³Ó¨»ñÁ

J
0

m(x) = Jm−1(x)−
m

x
Jm(x),
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J
0

m(x) = −Jm+1(x) +
m

x
Jm(x),

Jm+1(x) =
2m

x
Jm(x) + Jm−1(x) = 0 :

·. ºÃ»m = 0, 1, 2, · · · , ³å³

Jm+1/2(x) = (−1)m
r
2

π
xm+1/2

µ
1

x

d

dx

¶m
sinx

x
,

J−m−1/2(x) =

r
2

π
xm+1/2

µ
1

x

d

dx

¶m
cosx

x
:

¹. m > −1 ¹»åùáõÙ, (5) Ñ³í³ë³ñÙ³Ý ( »Ã» β = 0, ³å³ (5)-áí áñáßíáõÙ
»Ý ´»ë»ÉÇ ýáõÝÏóÇ³Ý»ñÇ ½ñáÝ»ñÁ) ³ñÙ³ïÝ»ñÁ Çñ³Ï³Ý »Ý, å³ñ½ »Ý,

µ³óÇ, ·áõó» 0-Çó, ëÇÙ»ïñÇÏ »Ý ¹³ë³íáñí³Í 0-Ç ÝÏ³ïÙ³Ùµ ¨ ãáõÝ»Ý

í»ñç³íáñ ë³ÑÙ³Ý³ÛÇÝ Ï»ï»ñ:

». î»ÕÇ áõÝÇ Ñ»ï¨Û³É ³ëÇÙåïáïÇÏ µ³Ý³Ó¨Á

Jm(x) =

r
2

πx
cos
³
x− π

2
m− π

4

´
+O(x−3/2), x→∞,

áñï»ÕÇó Ñ»ï¨áõÙ ¾ Jm(x) ýáõÝÏóÇ³ÛÇ ½ñáÝ»ñÇ Ñ»ï¨Û³É Ùáï³íáñ µ³Ý³-

Ó»íÁ (Ù»Í x-ñÇ Ñ³Ù³ñ)

µ
(m)
k ≈ 3π

4
+

π

2
m+ πk :

½. Jm(µ
(m)
k x), k = 1, 2, · · · ýáõÝÏóÇ³Ý»ñÁ Ï³½ÙáõÙ »Ý ÉñÇí Ñ³Ù³-

Ï³ñ· L2[(0, l);x] Ïßé³ÛÇÝ ï³ñ³ÍáõÃÛáõÝáõÙ: ê³ Ýß³Ý³ÏáõÙ ¾, áñ Ï³-

Ù³Û³Ï³Ý f ∈ L2[(0, l);x] ýáõÝÏóÇ³ Ï³ñ»ÉÇ ¾ Ý»ñÏ³Û³óÝ»É

f(x) =
∞X
k=1

akJm

³
µk
x

l

´
, m > −1 (6)
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ß³ñùÇ ï»ëùáí, áñï»Õ

ak =
2

l2J2m+1(µk)

Z l

0

xf(x)Jm

³
µk
x

l

´
dx, (7)

ÇëÏ µk-Ý (k ∈ Z) Jm(x) = 0 Ñ³í³ë³ñÙ³Ý ¹ñ³Ï³Ý ³ñÙ³ïÝ»ñÝ

»Ýª ¹³ë³íáñí³Í ³×Ù³Ý Ï³ñ·áí: ºÃ» (6) í»ñÉáõÍáõÃÛáõÝáõÙ µk Ãí»ñÁ

Ñ³Ý¹Çë³ÝáõÙ »Ý (5) Ñ³í³ë³ñÙ³Ý ³ñÙ³ïÝ»ñ ¨
α

β
+m > 0, ³å³

ak =
2

l2
³
1 + α2−β2m2

β2µ2
k

´
J2m(µk)

Z l

0

xf(x)Jm

³
µk
x

l

´
dx, (8)

ÇëÏ »Ã»
α

β
+m = 0, ³å³ (6) í»ñÉáõÍáõÃÛáõÝÁ Ñ³ñÏ³íáñ ¾ ÷áË³ñÇÝ»É

Ñ»ï¨Û³Éáí

f(x) = a0x
m +

∞X
k=1

akJm

³
µk
x

l

´
, (m > −1) (9)

áñï»Õ ak Ãí»ñÁ (k = 1, 2, · · ·) áñáßíáõÙ »Ý (8) µ³Ý³Ó¨áí, ÇëÏ

a0 =
2(m+ 1)

l2(m+1)

Z l

0

xm+1f(x)dx : (10)

(6) í»ñÉáõÍáõÃÛáõÝÁ, áñï»Õ ak ·áñÍ³ÏÇóÝ»ñÁ áñáßíáõÙ »Ý (7) µ³Ý³Ó¨áí

³Ýí³ÝáõÙ »Ý üáõñÇ»-´»ë»ÉÇ ß³ñù, ÇëÏ »Ã» (8) µ³Ý³Ó¨áí, ³å³ ¸ÇÝÇ-

´»ë»ÉÇ ß³ñù:

ÎÇñ³éáõÃÛáõÝÝ»ñáõÙ Ï³ñ¨áñ Ýß³Ý³ÏáõÃÛáõÝ áõÝ»Ý Ý³¨ Ñ»ï¨Û³É ·É³-

Ý³ÛÇÝ ýáõÝÏóÇ³Ý»ñÁ

H(1)
m (x) = Jm(x) + iYm(x),

H(2)
m (x) = Jm(x)− iYm(x)
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áñáÝù ÏáãíáõÙ »Ý ³é³çÇÝ ë»éÇ Ð³ÝÏ»ÉÇ ýáõÝÏóÇ³Ý»ñ, Ï³Ù »ññáñ¹ ë»éÇ

·É³Ý³ÛÇÝ ýáõÝÏóÇ³Ý»ñ: ú·ï³·áñÍ»Éáí ³Ûë ýáõÝÏóÇ³Ý»ñÁª (1) Ñ³í³-

ë³ñÙ³Ý ÁÝ¹Ñ³Ýáõñ ÉáõÍáõÙÁ ·ñíáõÙ ¾

y(x) = C1H
(1)
n (x) + C2H

(2)
n (x)

ï»ëùáí, ÇëÏ û·ï³·áñÍ»Éáí

Im(x) = i
−mJm(ix)

Ï»ÕÍ ³ñ·áõÙ»Ýïáí ³é³çÇÝ ë»éÇ ´»ë»ÉÇ ýáõÝÏóÇ³Ý»ñÁ ¨

Km(x) =
πi

2
eπmi/2H(1)

m (ix)

Ï»ÕÍ ³ñ·áõÙ»Ýïáí »ñÏñáñ¹ ë»éÇ ´»ë»ÉÇ ýáõÝÏóÇ³Ý»ñÁ (Ï³Ù Ø³Ï¹áÝ³É-

¹Ç)

x2y
00
+ xy

0 − (x2 +m2)u = 0, (−∞ < x <∞)

Ñ³í³ë³ñÙ³Ý ÁÝ¹Ñ³Ýáõñ ÉáõÍáõÙÁ Ï·ñíÇ

y(x) = C1Im(x) + C2I−m(x)

ï»ëùáí, »ñµ m-Á ³ÙµáÕç ¾ ¨

y(x) = C1Im(x) + C2Km(x)

ï»ëùáí, »ñµ m-Á Ïáïáñ³Ï³ÛÇÝ ¾:

ú·ï³Ï³ñ »Ý Ý³¨ Ñ»ï¨Û³É µ³Ý³Ó¨»ñÁZ x

0

xJ0(x)dx = xJ1(x),

Z x

0

x3J0(x)dx = 2x
2J0(x) + (x

3 − 4x)J1(x) :
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ÈáõÍ»É Ñ»ï¨Û³É ËÝ¹ÇñÝ»ñÁ

187.utt = a
2(xux)x, 0 < x < l, t > 0,

u(l, t) = 0, u(x, 0) = ϕ(x), ut(x, 0) = ψ(x) :

188.utt = a
2(xux)x + f(x, t), 0 < x < l, t > 0,

u(l, t) = 0, u(x, 0) = ϕ(x), ut(x, 0) = ψ(x) :

189.utt = a
2(xux)x +A sinωt, 0 < x < l, t > 0,

u(l, t) = u(x, 0) = ut(x, 0) = 0 :

190.utt = a
2(xux)x + ω2u, 0 < x < l, t > 0,

u(l, t) = 0, u(x, 0) = ϕ(x), ut(x, 0) = ψ(x) :

191.utt =

µ
urr +

1

r
ur

¶
, 0 < r < R, t > 0,

u(R, t) = 0, u(r, 0) = AJ0

³µkr
R

´
, ut(r, 0) = 0 :

192.utt =

µ
urr +

1

r
ur

¶
, 0 < r < R, t > 0,

u(R, t) = 0, u(r, 0) = 0, ut(r, 0) = r :

193.utt = a
2

µ
urr +

1

r
ur

¶
, 0 < r < R, t > 0,

ur(R, t) = 0, u(r, 0) = ϕ(r), ut(r, 0) = ψ(r) :

194.utt = a
2

µ
urr +

1

r
ur

¶
, 0 < r < R, t > 0,

u(R, t) = 0, u(r, 0) = A

µ
1− r2

R2

¶
, ut(r, 0) = 0 :

195. Ð³Ù³ë»é ßñç³Ý³ÛÇÝ (0 < r < R) Ã³Õ³ÝÃÁ Ï³ï³ñáõÙ ¾ ÷áùñ

É³ÛÝ³Ï³Ý ï³ï³ÝáõÙÝ»ñ ¹ÇÙ³¹ñáõÃÛáõÝ ãáõÝ»óáÕ ÙÇç³í³ÛñáõÙ: àñáß»É

Ã³Õ³ÝÃÇ ï³ï³ÝáõÙÝ»ñÁ, »Ã» Ýñ³ Ï»ï»ñÇ ëÏ½µÝ³Ï³Ý ³ñ³·áõÃÛáõÝÁU -

¾: Â³Õ³ÝÃÇ »½ñÁ Ïáßï ³Ùñ³óí³Í ¾:

196.utt = a
2

µ
urr +

1

r
ur +

1

r2
uϕϕ

¶
, 0 < r < R, t > 0,
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u(R,ϕ, t) = 0, u(r,ϕ, 0) = f(r,ϕ), ut(r,ϕ, 0) = F (r,ϕ) :

197.utt = a
2

µ
1

r2
(r2ur)r −

2u

r2

¶
, 0 < r < R, t > 0,

ur(R, t) = 0, u(r, 0) = vr, ut(r, 0) = 0,

198.utt = a
2

µ
urr +

1

r
ur +

1

r2
uϕϕ

¶
,

0 < r < R, 0 < ϕ < 2π, t > 0,

ur(R,ϕ, t) = 0, u(r,ϕ, 0) = v0r cosϕ, ut(r,ϕ, 0) = 0 :

199. ¶ïÝ»É ³Ýí»ñç ßñç³Ý³ÛÇÝ (0 ≤ r ≤ R) ·É³ÝÇ ç»ñÙ³ëïÇ×³ÝÁ,
»Ã» Ý³ áõÝ»ó»É ¾ ½ñáÛ³Ï³Ý ëÏ½µÝ³Ï³Ý ç»ñÙ³ëïÇ×³Ý, ÇëÏ Ù³Ï»ñ¨áõÛÃÁ

å³ÑíáõÙ ¾ H0 cosωt ç»ñÙ³ëïÇ×³ÝáõÙ:

200. ¶ïÝ»É ³Ýí»ñç ßñç³Ý³ÛÇÝ (0 ≤ r ≤ R) ·É³ÝÇ ç»ñÙ³ëïÇ×³ÝÁ,
»Ã» Ý³ áõÝ»ó»É ¾ U0 = const ëÏ½µÝ³Ï³Ý ç»ñÙ³ëïÇ×³Ý, ÇëÏ Ýñ³ Ù³Ï»-

ñ¨áõÛÃÇÝ ¹ñëÇó Ñ³Õáñ¹íáõÙ ¾ q ËïáõÃÛ³Ùµ ç»ñÙ³ÛÇÝ Ñáëù:

201. ¶ïÝ»É ³Ýí»ñç ßñç³Ý³ÛÇÝ (0 ≤ r ≤ R) ·É³ÝÇ ç»ñÙ³ëïÇ×³ÝÁ,
»Ã» Ý³ áõÝ»ó»É ¾ U0

³
1− r2

R2

´
ëÏ½µÝ³Ï³Ý ç»ñÙ³ëïÇ×³Ý, ÇëÏ Ù³Ï»-

ñ¨áõÛÃÁ å³ÑíáõÙ ¾ ½ñáÛ³Ï³Ý ç»ñÙ³ëïÇ×³ÝáõÙ:

202. ¶ïÝ»É ³Ýí»ñç ßñç³Ý³ÛÇÝ (0 ≤ r ≤ R) ·É³ÝÇ ç»ñÙ³ëïÇ×³ÝÁ,
»Ã» Ýñ³ ëÏ½µÝ³Ï³Ý ç»ñÙ³ëïÇ×³ÝÁ »Õ»É ¾ Ur2: ¸Çï³ñÏ»É Ñ»ï¨Û³É

¹»åù»ñÁª

³. ·É³ÝÇ Ù³Ï»ñ¨áõÛÃÁ ç»ñÙ³Ù»Ïáõë³óí³Í ¾,

µ. ·É³ÝÇ Ù³Ï»ñ¨áõÛÃÇÝ Ï³ï³ñíáõÙ ¾ ç»ñÙ³÷áË³Ý³ÏáõÃÛáõÝ ½ñáÛ³-

Ï³Ý ç»ñÙ³ëïÇ×³Ý áõÝ»óáÕ ÙÇç³í³ÛñÇ Ñ»ï,

·. ·É³ÝÇ Ù³Ï»ñ¨áõÛÃÁ å³ÑíáõÙ ¾ T Ñ³ëï³ïáõÝ ç»ñÙ³ëïÇ×³ÝáõÙ:

203. ¶ïÝ»É ³Ýí»ñç ßñç³Ý³ÛÇÝ (0 ≤ r ≤ R) ·É³ÝÇ ç»ñÙ³ëïÇ×³ÝÁ,
»Ã» Ý³ áõÝ»ó»É ¾ U0 = const ëÏ½µÝ³Ï³Ý ç»ñÙ³ëïÇ×³Ý, ÇëÏ Ýñ³ Ù³Ï»-

ñ¨áõÛÃÇÝ Ï³ï³ñíáõÙ ¾ ç»ñÙ³÷áË³Ý³ÏáõÃÛáõÝ U1 = const ç»ñÙ³ë-

ïÇ×³Ý áõÝ»óáÕ ÙÇç³í³ÛñÇ Ñ»ï: ¸Çï³ñÏ»É Ý³¨ ³ÛÝ ¹»åùÁ, »ñµ ³ñï³-

ùÇÝ ÙÇç³í³ÛñÇ ç»ñÙ³ëïÇ×³ÝÁ U1 + αt ¾:
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204. ¶ïÝ»É Ñ³Ù³ë»é ¨ í»ñç³íáñ (0 < r < R, 0 < ϕ < 2π, 0 <

z < l) ·É³ÝÇ ç»ñÙ³ëïÇ×³ÝÁ, »Ã» Ý³ áõÝ»ó»É ¾A(R2−r2)z ëÏ½µÝ³Ï³Ý
ç»ñÙ³ëïÇ×³Ý: ¸Çï³ñÏ»É Ñ»ï¨Û³É ¹»åù»ñÁ

³. ·É³ÝÇ ÏáÕÙÝ³ÛÇÝ Ù³Ï»ñ¨áõÛÃÁ ¨ ëïáñÇÝ ÑÇÙùÁ å³ÑíáõÙ »Ý ½ñá-

Û³Ï³Ý ç»ñÙ³ëïÇ×³ÝáõÙ, ÇëÏ í»ñÇÝ ÑÇÙùÁ ç»ñÙ³Ù»Ïáõë³óí³Í ¾,

µ. í»ñÇÝ ÑÇÙùÁ å³ÑíáõÙ ¾ ½ñáÛ³Ï³Ý ç»ñÙ³ëïÇ×³ÝáõÙ, ëïáñÇÝÁª

ç»ñÙ³Ù»Ïáõë³óí³Í ¾, ÇëÏ ÏáÕÙÝ³ÛÇÝ Ù³Ï»ñ¨áõÛÃÇÝ Ï³ï³ñíáõÙ ¾ ç»ñÙ³-

÷áË³Ý³ÏáõÃÛáõÝ ½ñáÛ³Ï³Ý ç»ñÙ³ëïÇ×³Ý áõÝ»óáÕ ÙÇç³í³ÛñÇ Ñ»ï:

205.ut = a
2

µ
urr +

1

r
ur

¶
, r1 < r < r2, t > 0,

u(r1, t) = u(r, 0) = 0, ur(r2, t) =
q0
λ
:

206. ¶ïÝ»É Ñ³Ù³ë»é ¨ í»ñç³íáñ (0 < r < R, 0 < ϕ < 2π, 0 <

z < l) ·É³ÝÇ ëï³óÇáÝ³ñ ç»ñÙ³ëïÇ×³ÝÁ: ¸Çï³ñÏ»É Ñ»ï¨Û³É ¹»åù»ñÁª

³. ëïáñÇÝ ÑÇÙùÝ áõÝÇ T ç»ñÙ³ëïÇ×³Ý, ÙÝ³ó³Í Ù³Ï»ñ¨áõÛÃÁ ½ñá-

Û³Ï³Ý ç»ñÙ³ëïÇ×³Ý,

µ. ëïáñÇÝ ÑÇÙùÝ áõÝÇ ½ñáÛ³Ï³Ý ç»ñÙ³ëïÇ×³Ý, í»ñÇÝ ÑÇÙùÁ ç»ñÙ³-

Ù»Ïáõë³óí³Í ¾, ÇëÏ ÏáÕÙÝ³ÛÇÝ Ù³Ï»ñ¨áõÛÃÇ ç»ñÙ³ëïÇ×³ÝÁ f(z) ¾,

·. ·É³ÝáõÙ Ï³Ý Q Í³í³É³ÛÇÝ ËïáõÃÛ³Ùµ ç»ñÙ³ÛÇÝ ³ÕµÛáõñÝ»ñ, ÇëÏ

Ù³Ï»ñ¨áõÛÃÝ áõÝÇ ½ñáÛ³Ï³Ý ç»ñÙ³ëïÇ×³Ý:

207.
1

r
(rur)r + uzz = 0, 0 < r < R, 0 < z < l,

u(R, z) = T, u(r, 0) = u(r, l) = 0 :

208.
1

r
(rur)r +

1

r2
uϕϕ + uzz = 0,

0 < r < R, 0 < z < l, 0 < ϕ < 2π,

u(R,ϕ, z) = 0, u(r,ϕ, 0) = f(r,ϕ), u(r,ϕ, l) = F (r,ϕ) :

209. ¶ïÝ»É í»ñç³íáñ ·É³ÝáõÙ ³ÛÝåÇëÇ Ñ³ñÙáÝÇÏ ýáõÝÏóÇ³, áñÝ ÁÝ¹áõ-

ÝáõÙ ¾ ½ñáÛ³Ï³Ý ³ñÅ»ùÝ»ñ ·É³ÝÇ ÑÇÙù»ñÇ íñ³, ÇëÏ r = R Ù³Ï»ñ¨áõÛÃÇ

íñ³ª Az
³
1− z

l

´
:
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§2. êý»ñÇÏ ¨ ·Ý¹³ÛÇÝ ýáõÝÏóÇ³Ý»ñ,
È»Å³Ý¹ñÇ µ³½Ù³Ý¹³ÙÝ»ñ

S1 ⊂ Rn ÙÇ³íáñ ëý»ñ³ÛÇ íñ³ áñáßí³Í, Ï³Ù³Û³Ï³Ý `-ñ¹ Ï³ñ·Ç
Ñ³Ù³ë»é Ñ³ñÙáÝÇÏ µ³½Ù³Ý¹³Ù ³Ýí³ÝáõÙ »Ý `-ñ¹ Ï³ñ·Ç ëý»ñÇÏ ýáõÝÏ-

óÇ³ (ëý»ñÇÏ Ñ³ñÙáÝÇÏ) ¨ Ýß³Ý³ÏáõÙ »Ý Y`(s)-áí, áñïáÕ s ∈ S1:
¶ïÝ»Ýù µáÉáñ `-ñ¹ Ï³ñ·Ç (l = 0, 1, 2, · · ·) ëý»ñÇÏ ýáõÝÏóÇ³Ý»ñÁ

ßñç³Ý³·ÍÇ íñ³ (n = 2): ¸³ Ñ³ñÙ³ñ ¾ Çñ³Ï³Ý³óÝ»É (r,ϕ) (0 ≤
r < ∞, 0 ≤ ϕ < 2π) µ¨»é³ÛÇÝ Ïááñ¹ÇÝ³ïÝ»ñáõÙ: u`(x) = r

`Y`(ϕ)

Ñ³ñÙáÝÇÏ µ³½Ù³Ý¹³ÙÇ íñ³ ÏÇñ³é»Éáí È³åÉ³ëÇ ûå»ñ³ïáñÁ ëï³ÝáõÙ

»Ýù

Y
00

` + `
2Y` = 0,

¹Çý»ñ»ÝóÇ³É Ñ³í³ë³ñáõÙÁ, áñï»ÕÇó

Y`(ϕ) = a` cos `ϕ+ b` sin `ϕ, l = 0, 1, · · · ,

u`(x) = r
`(al cos `ϕ+ b` sin `ϕ) :

²ÛëåÇëáí ßñç³Ý³·ÍÇ íñ³ áñáßí³Í ëý»ñÇÏ ýáõÝÏóÇ³Ý»ñÁª »é³ÝÏÛáõÝ³-

ã³÷³Ï³Ý ýáõÝÏóÇ³Ý»ñÝ »Ý:

²ÛÅÙ ·ïÝ»Ýù µáÉáñ ëý»ñÇÏ ýáõÝÏóÇ³Ý»ñÁ ÙÇ³íáñ ëý»ñ³ÛÇ íñ³

(n = 3) : ¸³ Ñ³ñÙ³ñ ¾ Çñ³Ï³Ý³óÝ»É (r, θ,ϕ) (0 ≤ r ≤ ∞, 0 ≤
θ ≤ π, 0 ≤ ϕ < 2π) ëý»ñÇÏ Ïááñ¹ÇÝ³ïÝ»ñáõÙ: ÎÇñ³é»Éáí È³åÉ³ëÇ

ûå»ñ³ïáñÁ u`(x) = r
`Y`(θ,ϕ) Ñ³ñÙáÝÇÏ µ³½Ù³Ý¹³ÙÇ íñ³ ëï³ÝáõÙ

»Ýù

1

sin θ

∂

∂θ

µ
sin θ

∂Y`
∂θ

¶
+

1

sin2 θ

∂2Y`
∂ϕ2

+ `(`+ 1)Y` = 0 : (1)

Ð³ÛïÝÇ ¾ Ñ»ï¨Û³É ÷³ëïÁª áñå»ë½Ç Y`-Á Ñ³Ý¹Çë³Ý³ `-ñ¹ Ï³ñ·Ç ëý»ñÇÏ

ýáõÝÏóÇ³ ³ÝÑñ³Å»ßï ¾ ¨ µ³í³ñ³ñ, áñå»ë½Ç ³ÛÝ Ñ³Ý¹Çë³Ý³ (1) Ñ³-

í³ë³ñÙ³Ý ÉáõÍáõÙ ¨ å³ïÏ³ÝÇ C∞(S1) ¹³ëÇÝ:
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(1) Ñ³í³ë³ñÙ³Ý ÉáõÍáõÙÝ»ñÇ áñáÝÙ³Ý Ñ³Ù³ñ ÏÇñ³é»Ýù üáõñÇ»Ç

Ù»Ãá¹Á: Y`-Á ÷Ýïñ»Ýù

Y`(θ,ϕ) = P (cos θ)Φ(ϕ) (2)

ï»ëùáí: î»Õ³¹ñ»Ýù (2)-Á (1)-Ç Ù»ç ¨ ³Ýç³ï»Ýù ÷á÷áË³Ï³ÝÝ»ñÁª (ν =

const)

Φ
00
+ νΦ = 0, (3)

1

sin θ

d

dθ

µ
sin θ

dP (cos θ)

dθ

¶
+

+

∙
`(`+ 1)− ν

sin2 θ

¸
P (cos θ) = 0 : (4)

àñå»ë½Ç (2) ýáõÝÏóÇ³Ý ÙÇ³ñÅ»ù ÉÇÝÇ S1-Ç íñ³, ³ÝÑñ³Å»ßï ¾, áñ Φ(ϕ)

ýáõÝÏóÇ³Ý áõÝ»Ý³ 2π å³ñµ»ñáõÃÛáõÝ: ²Û¹åÇëÇ ÉáõÍáõÙÝ»ñ (3) Ñ³í³ë³-

ñáõÙÝ áõÝÇ ÙÇ³ÛÝ ν = m2 ¹»åùáõÙ (m = 0, 1, · · ·) ¨

Φ(ϕ) = eimϕ :

²ÛëåÇëáí (4) Ñ³í³ë³ñáõÙÁ å»ïù ¾ ÉáõÍ»É ν = m2, m = 0, 1, · · ·
¹»åùáõÙ: Î³ï³ñ»Ýù ÷á÷áË³Ï³ÝÇ ÷áË³ñÇÝáõÙ µ = cos θ

−
³
(1− µ2)P 0

´0
+

m2

1− µ2P = `(`+ 1)P : (5)

Ø»½ Ñ³ñÏ³íáñ »Ý (5) Ñ³í³ë³ñÙ³Ý ³ÛÝ ÉáõÍáõÙÝ»ñÁ, áñáÝù ÁÝ¹áõÝáõÙ »Ý

í»ñç³íáñ ³ñÅ»ùÝ»ñ ±1 Ï»ï»ñáõÙ:
m = 0 ¹»åùáõÙ (5) Ñ³í³ë³ñáõÙÁ ÏÁÝ¹áõÝÇ Ñ»ï¨Û³É ï»ëùÁ

³
(1− µ2)P 0

´0
+ `(`+ 1)P : (6)
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(6) Ñ³í³ë³ñÙ³Ý ÉáõÍáõÙ »Ý Ñ³Ý¹Çë³ÝáõÙ

P`(µ) =
1

2``!

d`

dµ`
(µ2 − 1)`, ` = 0, 1, · · · (7)

ýáõÝÏóÇ³Ý»ñÁ, áñáÝó ³Ýí³ÝáõÙ »Ý È»Å³Ý¹ñÇ µ³½Ù³Ý¹³ÙÝ»ñ, ÇëÏ (7)

Ý»ñÏ³Û³óáõÙÁ Ñ³ÛïÝÇ ¾ áñå»ë èá¹ñÇ·»ëÇ µ³Ý³Ó¨:

È»Å³Ý¹ñÇ µ³½Ù³Ý¹³ÙÝ»ñÁ Ï³½ÙáõÙ »Ý ÉñÇí ûñÃá·áÝ³É Ñ³Ù³Ï³ñ·

L2(−1, 1) ï³ñ³ÍáõÃÛáõÝáõÙ ¨ µ³óÇ ³Û¹Z 1

−1
P 2` (µ)dµ =

2

2`+ 1
:

²Ûëï»ÕÇó Ñ»ï¨áõÙ ¾, áñ Ï³Ù³Û³Ï³Ý f ∈ L2(−1, 1) ýáõÝÏóÇ³ í»ñÉáõÍ-
íáõÙ ¾ ß³ñùÇ Áëï È»Å³Ý¹ñÇ µ³½Ù³Ý¹³ÙÝ»ñÇ

f(µ) =
∞X
`=0

2`+ 1

2
(f, P`)P`(µ) :

´³ó³Ñ³Ûï Ý»ñÏ³Û³óÝ»Ýù ³é³çÇÝ ãáñë µ³½Ù³Ý¹³ÙÝ»ñÁª

P0(µ) = 1, P1(µ) = µ, P2(µ) =
3

2
µ2 − 1

2
, P3(µ) =

5

2
µ3 − 3

2
µ :

Üß»Ýù È»Å³Ý¹ñÇ µ³½Ù³Ý¹³ÙÝ»ñÇ áñáß å³ñ½³·áõÛÝ Ñ³ïÏáõÃÛáõÝ-

Ý»ñÁª

³. P`(−x) = (−1)`P`(x) :
µ. P2`−1(0) = 0, P2`(0) = (−1)`

1 · 3 · 5 · · · (2`− 1)
`!2`

:

·. P`(1) = 1, P`(−1) = (−1)` :
¹. ÖÇßï ¾ Ñ»ï¨Û³É ³Ý¹ñ³¹³ñÓ µ³Ý³Ó¨Á

(2`+ 1)P`(µ) = P
0

`+1(µ)− P
0

`−1(µ),

». È»Å³Ý¹ñÇ P`(x) µ³½Ù³Ý¹³ÙÇ µáÉáñ ³ñÙ³ïÝ»ñÁ Çñ³Ï³Ý »Ý, ï³ñµ»ñ

¨ ÁÝÏ³Í »Ý (−1, 1) µ³ó ÙÇç³Ï³ÛùáõÙ:
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½.
1√

1− 2xz + z2
=

⎧⎪⎨⎪⎩
P∞
n=0 Pn(x)z

n, |z| < 1

P∞
n=0

Pn(x)
zn+1 , |z| > 1

,−1 ≤ x ≤ 1 :

Î³ñ»ÉÇ ¾ óáõÛó ï³É, áñ

Pm` (µ) = (1− µ2)P
(m)
` (µ), l = 0, 1, · · · ; m = 0, 1, · · · , l

ýáõÝÏóÇ³Ý»ñÁ (È»Å³Ý¹ñÇ Ñ³Ù³Ïóí³Í µ³½Ù³Ý¹³ÙÝ»ñ) Ñ³Ý¹Çë³ÝáõÙ »Ý

(5) Ñ³í³ë³ñÙ³Ý ÉáõÍáõÙÝ»ñ: Ð³ÛïÝÇ ¾, áñ Ï³Ù³Û³Ï³Ým ≥ 0-Ç Ñ³Ù³ñ,
Pm` (` = m,m+1, · · ·) ýáõÝÏóÇ³Ý»ñÇ Ñ³Ù³Ï³ñ·Á ÉñÇí ¾ ¨ ûñÃá·áÝ³É
L2(−1, 1) ï³ñ³ÍáõÃÛáõÝáõÙ ¨Z 1

−1
(Pm` )

2
dx =

(`+m)!

(`−m)!
2

2`+ 1
:

²ÛëåÇëáí, ëï³ó³Ýù (1) Ñ³í³ë³ñÙ³Ý ÉáõÍáõÙÝ»ñÇ Ñ»ï¨Û³É Ñ³Ù³ËáõÙµÁ

Y m` (θ,ϕ) =

(
Pm` (cos θ) cosmϕ, m = 0, 1, · · · , `
P
|m|
` (cos θ) sin |m|ϕ, m = −1,−2, · · · ,−`

,

` = 0, 1, · · ·

²Ûë ýáõÝÏóÇ³Ý»ñÁ å³ïÏ³ÝáõÙ »Ý C∞(S1) ¹³ëÇÝ ¨ Ñ»ï¨³µ³ñ Ñ³Ý¹Ç-

ë³ÝáõÙ »Ý ëý»ñÇÏ ýáõÝÏóÇ³Ý»ñ: `-ñ¹ Ï³ñ·Ç Y m` , m = 0,±1, · · · ,±`
ëý»ñÇÏ ýáõÝÏóÇ³Ý»ñÁ ·Íáñ»Ý ³ÝÏ³Ë »Ý ¨ Ýñ³Ýó ·Í³ÛÇÝ ÏáÙµÇÝ³óÇ³Ý

Y`(s) =
X̀
m=−`

am` Y
m
` (s)

ÝáõÛÝå»ë Ñ³Ý¹Çë³ÝáõÙ ¾ `-ñ¹ Ï³ñ·Ç ëý»ñÇÏ ýáõÝÏóÇ³: Ð³ÛïÝÇ ¾, áñ

{Y m` } Ñ³Ù³Ï³ñ·Á ÉñÇí ¾ ¨ ûñÃá·áÝ³É L2(S1) ï³ñ³ÍáõÃÛáõÝáõÙ ¨Z
S1

(Y m` (s))
2
ds = 2π

1 + δ0m
2`+ 1

(`+ |m|)!
(`− |m|)! :
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ê³ Ýß³Ý³ÏáõÙ ¾, áñ Ï³Ù³Û³Ï³Ý ýáõÝÏóÇ³ L2(s) ¹³ëÇó Ï³ñ»ÉÇ ¾ Ý»ñ-

Ï³Û³óÝ»É

f(s) =
∞X
`=0

X̀
m=−`

am` Y
m
` (s) =

∞X
`=0

Y`(s)

ß³ñùÇ ï»ëùáí, áñï»Õ

am` =
2`+ 1

2π(1 + δ0m)

(`− |m|)!
(`+ |m|)!×

×
Z π

0

Z 2π

0

f(θ,ϕ)Y m` (θ,ϕ) sin θdθdϕ

²ÛÅÙ Ï³éáõó»Ýù È³åÉ³ëÇ Ñ³í³ë³ñÙ³Ý ÉáõÍáõÙÝ»ñÁ (r, θ,ϕ) ëý»ñÇÏ

Ïááñ¹ÇÝ³ïÝ»ñáõÙ: ÈáõÍáõÙÁ ÷Ýïñ»Ýù

u(r, θ,ϕ) = R(r)Y (θ,ϕ)

ï»ëùáí: î»Õ³¹ñ»Éáí ³Ûë ÉáõÍáõÙÁ∆u = 0 Ñ³í³ë³ñÙ³Ý Ù»ç Ïëï³Ý³Ýù

Ñ»ï¨Û³É Ñ³í³ë³ñáõÙÝ»ñÁ R ¨ Y ýáõÝÏóÇ³Ý»ñÇ áñáßÙ³Ý Ñ³Ù³ñ

(r2R
0
)
0 − µR = 0, (8)

1

sin θ

∂

∂θ

µ
sin θ

∂Y

∂θ

¶
+

1

sin2 θ

∂2Y

∂ϕ2
+ µY = 0, (9)

áñï»Õ µ-Ý ³ÝÑ³Ûï å³ñ³Ù»ïñ ¾, ÇëÏ Y ∈ C∞(S1): ºÃ» µ = `(` +

1), ³å³ (9) Ñ³í³ë³ñáõÙÝ áõÝÇ C∞(S1) ¹³ëÇó ÉáõÍáõÙÝ»ñ, áñáÝù Ù»½

³ñ¹»Ý Ñ³ÛïÝÇ Y m` , m = 0,±1, · · · ,±` ëý»ñÇÏ ýáõÝÏóÇ³Ý»ñÝ »Ý:
µ = `(` + 1) ¹»åùáõÙ (8)-Ý áõÝÇ »ñÏáõ ·Íáñ»Ý ³ÝÏ³Ë ÉáõÍáõÙÝ»ñ r`

¨ r−`−1: ²ÛëåÇëáí È³åÉ³ëÇ Ñ³í³ë³ñáõÙÝ áõÝÇ ÉáõÍáõÙÝ»ñÇ Ñ»ï¨Û³É

·Íáñ»Ý ³ÝÏ³Ë Ñ³Ù³ËáõÙµÁ

r`Y`(θ,ϕ), r
−`−1Y`(θ,ϕ), ` = 0, 1, · · · (10)
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áñï»Õ r`Y`-Á ` -ñ¹ Ï³ñ·Ç Ñ³ñÙáÝÇÏ µ³½Ù³Ý¹³Ù ¾, ÇëÏ r
−`−1Y`(θ,ϕ)-

Ý `-ñ¹ Ï³ñ·Ç Ñ³ñÙáÝÇÏ ýáõÝÏóÇ³ ¾ R3 \ {0}-áõÙ: (10) ýáõÝÏóÇ³Ý»ñÝ
³Ýí³ÝáõÙ »Ý ·Ý¹³ÛÇÝ ýáõÝÏóÇ³Ý»ñ:

ÈáõÍ»É Ñ»ï¨Û³É ËÝ¹ÇñÝ»ñÁ

210.utt = a
2((l2 − x2)ux)x, 0 < x < l, t > 0,

u(0, t) = 0, u(x, 0) = ϕ(x), ut(x, 0) = ψ(x),

|u(x, t)| <∞ :

211.utt = a
2((l2 − x2)ux)x + f(x, t), 0 < x < l, t > 0,

u(0, t) = 0, u(x, 0) = 0, ut(x, 0) = 0, |u(x, t)| <∞ :

212. ÈáõÍ»É ¸ÇñÇËÉ»Ç Ý»ñùÇÝ ËÝ¹ÇñÁ a ß³é³íÕáí ëý»ñ³ÛÇ Ñ³Ù³ñª

f(θ,ϕ) »½ñ³ÛÇÝ å³ÛÙ³Ýáí: ¸Çï³ñÏ»É Ñ»ï¨Û³É Ù³ëÝ³íáñ ¹»åù»ñÁ

³. f(θ,ϕ) = cos θ :

µ. f(θ,ϕ) = cos2 θ :

·. f(θ,ϕ) = cos 2θ :

¹. f(θ,ϕ) = sin2 θ :

213. ÈáõÍ»É ¸ÇñÇËÉ»Ç ³ñï³ùÇÝ ËÝ¹ÇñÁ a ß³é³íÕáí ëý»ñ³ÛÇ Ñ³Ù³ñª

f(θ,ϕ) »½ñ³ÛÇÝ å³ÛÙ³Ýáí:

214. ÈáõÍ»É Ü»ÛÙ³ÝÇ Ý»ñùÇÝ ËÝ¹ÇñÁ a ß³é³íÕáí ëý»ñ³ÛÇ Ñ³Ù³ñª

f(θ,ϕ) »½ñ³ÛÇÝ å³ÛÙ³Ýáí:

215. ÈáõÍ»É Ü»ÛÙ³ÝÇ ³ñï³ùÇÝ ËÝ¹ÇñÁ a ß³é³íÕáí ëý»ñ³ÛÇ Ñ³Ù³ñª

f(θ,ϕ) »½ñ³ÛÇÝ å³ÛÙ³Ýáí:

216. ¶ïÝ»É ¾É»Ïïñ³ëï³ïÇÏ ¹³ßïÇ åáï»ÝóÇ³ÉÁ a ß³é³íÕáí ³ÛÝ

ëý»ñÇ Ý»ñëáõÙ ¨ ¹ñëáõÙ, áñÇ í»ñÇÝ Ï»ëÝ áõÝÇ V1 åáï»ÝóÇ³É, ÇëÏ ëïá-

ñÇÝÁª V2 :

217. ¶ïÝ»É e Ï»ï³ÛÇÝ ÉÇóùÇ ëï»ÕÍ³Í åáï»ÝóÇ³ÉÁ, áñÁ ·ïÝíáõÙ ¾ a

ß³é³íÕáí, ÑáÕ³Ïóí³Í, Ç¹»³É³Ï³Ý Ñ³Õáñ¹Çã ëý»ñ³ÛÇ

³. Ý»ñëáõÙ,

µ. ¹ñëáõÙ:
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218. ¶ïÝ»É e Ï»ï³ÛÇÝ ÉÇóùÇ ëï»ÕÍ³Í åáï»ÝóÇ³ÉÁ, áñÁ ·ïÝíáõÙ ¾ a

ß³é³íÕáí, Ù»Ïáõë³óí³Í, Ç¹»³É³Ï³Ý Ñ³Õáñ¹Çã ëý»ñ³ÛÇ ¹ñëáõÙ:

219. Q Ñ½áñáõÃÛ³Ùµ Ï»ï³ÛÇÝ ³ÕµÛáõñÁ ï»Õ³íáñí³Í ¾ a ß³é³íÕáí

ëý»ñ³ÛÇ Ý»ñëáõÙ, áñÇ Ù³Ï»ñ¨áõÛÃÇÝ Ï³ï³ñíáõÙ ¾ ç»ñÙ³÷áË³Ý³ÏáõÃ-

ÛáõÝ ½ñáÛ³Ï³Ý ç»ñÙ³ëïÇ×³Ý áõÝ»óáÕ ÙÇç³í³ÛñÇ Ñ»ï: ¶ïÝ»É ç»ñÙ³ë-

ïÇ×³ÝÇ ëï³óÇáÝ³ñ µ³ßËáõÙÁ ëý»ñ³ÛÇ Ý»ñëáõÙ:

220. ¶ïÝ»É a ¨ b ß³é³íÇÕÝ»ñáí Ñ³Ù³Ï»ÝïñáÝ ÑáÕ³Ïóí³Í ëý»ñ³Ý»ñÇ

ÙÇç¨ ï»Õ³¹ñí³Í e Ï»ï³ÛÇÝ ÉÇóùÇ ëï»ÕÍ³Í åáï»ÝóÇ³ÉÁ:

221. ut = a
2

µ
urr +

2

r
ur +

1

r2 sin θ
(sin θuθ)θ +

1

r2 sin2 θ
uϕϕ

¶
,

u(r0, θ,ϕ, t) = 0, u(r, θ,ϕ, 0) = f(r, θ,ϕ) :

222. utt = a
2

µ
1

r2
(r2ur)r +

1

r2 sin θ
(sin θuθ)θ

¶
,

0 ≤ r ≤ r0, 0 ≤ θ ≤ π, t > 0,

ur(r0, θ, t) = Pn(cos θ)f(t), u(r, θ, 0) = ut(r, θ, 0) = 0 :

223.

utt = a
2

µ
1

r2
(r2ur)r +

1

r2 sin θ
(sin θuθ)θ +

1

r2 sin2 θ
uϕϕ

¶
,

0 ≤ r ≤ r0, 0 ≤ θ ≤ π, 0 ≤ ϕ ≤ 2π, t > 0,
ur(r0, θ,ϕ, t) = f(t)P

m
n (cos θ) cosmϕ, f(0) = f

0
(0) = 0,

u(r, θ,ϕ, 0) = ut(r, θ,ϕ, 0) = 0 :
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1.

³. àã: µ. ²Ûá: ·. àã: ¹. àã: ». àã: ½. àã:

2.

³. ²é³çÇÝ: µ. ºñÏñáñ¹: ·. ²é³çÇÝ: ¹. ²é³çÇÝ: ». ºñÏñáñ¹:

½. ºñÏñáñ¹:

3.

³. àã·Í³ÛÇÝ: µ. øí³½Ç·Í³ÛÇÝ: ·. ¶Í³ÛÇÝ, ³ÝÑ³Ù³ë»é: ¹. ¶Í³ÛÇÝ,

Ñ³Ù³ë»é: ». ¶Í³ÛÇÝ, ³ÝÑ³Ù³ë»é:: ½. àã·Í³ÛÇÝ: ¾. ¶Í³ÛÇÝ, ³ÝÑ³Ù³ë»é,

»Ã» h(x, y) 6≡ 0: Á. øí³½Ç·Í³ÛÇÝ: Ã. øí³½Ç·Í³ÛÇÝ: Å. øí³½Ç·Í³ÛÇÝ:
Ç. øí³½Ç·Í³ÛÇÝ ( ³í³· ³Í³ÝóÛ³ÉÝ»ñÇ ÝÏ³ïÙ³Ùµ ·Í³ÛÇÝ ¾): É. ¶Í³ÛÇÝ,

Ñ³Ù³ë»é:

4.

³. z = f(x2 + y2): µ. z = f(xy + y2): ·. u = f(y/x, z/x):

¹. u = f((x− y)/z, (x+ y + 2z)2/z):
». F (x2 − y2, x− y + z) = 0:

½. F

µ
e−x − y−1, z + x− ln|y|

e−x − y−1

¶
= 0:

¾. F (x2 − 4z, (x+ y)2/x) = 0: Á. F (x2 + y2, z/x) = 0:

Ã. F

µ
x2

y
, xy − 3z

x

¶
= 0: Å. F

µ
1

x+ y
+
1

z
,
1

x− y +
1

z

¶
= 0:

Ç. F (x2 + y4, y(z +
p
z2 + 1)) = 0:

É. F

µ
1

x
− 1
y
, ln|xy|− z

2

2

¶
= 0:

Ë. F (x2 + y2, arctg(x/y) + (z + 1)e−x) = 0:

Í. F (z2 − y2, x2 + (y − z)2) = 0:
Ï. F (

z

x
, 2x− 4z − y2) = 0: Ñ. F (z − ln|x|, 2x(z − 1)− y2) = 0:

Ó. F (tgz + ctgx, 2y + 2tgzctgx+ ctg2x) = 0:

Õ. F ((x+ y + z)/(x− y)2, (x− y)(x+ y − 2z)) = 0:
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×. F ((x− y)(z + 1), (x+ y)(z − 1)) = 0:
Ù. F (u(x− y), u(y − z), (x+ y + z)/u2)) = 0:
Û. F (x/y, xy − 2u, (z + u− xy)/x)) = 0:
Ý. F ((x− y)/z, (2u+ x+ y)z, (u− x− y)/z2)) = 0:

5.

³. z = 2xy: µ. z = yex − e2x + 1: ·. z = y2e2
√
x−2:

¹. u = (1− x+ y)(2− 2x+ z): ». u = (xy − 2z)(x
y
+
y

x
):

6.

³. y2 − x2 − ln
p
y2 − x2 = z − ln|y|:

µ. 2x2(y + 1) = y2 + 4z − 1: ·. (x+ 2y)2 = 2x(z + xy):
¹.
p
z/y3 sinx = sin

p
z/y: ». 2xy + 1 = x+ 3y + z−1:

½. x− 2y = x2 + y2 + z: ¾. 2x2 − y2 − z2 = a2:
Á. ((y2z − 2)2 − x2 + z)y2z = 1: Ã. x2 + z2 = 5(xz − y):
Å. 3(x+ y + z)2 = x2 + y2 + z2: Ç. xz(xz − y − x+ 2z)2:
É. (1 + yz)3 = 3yz(1 + yz − x) + y3: Ë. x+ y + z = 0:
Í. 2(x3 − 4z3 − 3yz)2 = 9(y + z2)3:
Ï. (x− y)(3x+ y + 4z) = 4z: Ñ. xz + y2 = 0:

7.

³. ÐÇå»ñµáÉ³Ï³Ý: µ. ¾ÉÇåï³Ï³Ý: ·. ä³ñ³µáÉ³Ï³Ý: ¹. ¾ÉÇåï³Ï³Ý:

». ÐÇå»ñµáÉ³Ï³Ý: ½. ä³ñ³µáÉ³Ï³Ý: ¾. ÐÇå»ñµáÉ³Ï³Ý:

Á. ÐÇå»ñµáÉ³Ï³Ý: Ã. ä³ñ³µáÉ³Ï³Ý: Å. ¾ÉÇåï³Ï³Ý:

Ç. ä³ñ³µáÉ³Ï³Ý, »ñµ y = 0, ÑÇå»ñµáÉ³Ï³Ý, »ñµ y < 0, ¾ÉÇåï³Ï³Ý,

»ñµ y > 0: É. ä³ñ³µáÉ³Ï³Ý, »ñµ x = 0, y 6= 0, å³ñ³µáÉ³Ï³Ý, »ñµ

y = 0, x 6= 0, ÑÇå»ñµáÉ³Ï³Ý, »ñµ signx 6= signy, ¾ÉÇåï³Ï³Ý, »ñµ

signx = signy:

Ë. y2(x − x1)(x − x2) ³ñï³Ñ³ÛïáõÃÛáõÝÁ Ñ³í³ë³ñÙ³Ý áñáßÇãÝ ¾,

áñï»Õ x1 = −
1−
√
1− 4l
2

, x2 = −
1 +
√
1− 4l
2

: ÂáÕ l < 1/4 :

²Ûë ¹»åùáõÙ x1-Á ¨ x2-Á Çñ³Ï³Ý »Ý ¨ »ñµ x < x1, Ï³Ù x > x2 ª
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Ñ³í³ë³ñáõÙÁ ÑÇå»ñµáÉ³Ï³Ý ¾, ÇëÏ x1 < x < x2 ¹»åùáõÙª ¾ÉÇåï³Ï³Ý:

ºÃ» x = x1, Ï³Ù x = x2, ³å³ Ñ³í³ë³ñáõÙÁ å³ñ³µáÉ³Ï³Ý ¾: l =

1/4 ¹»åùáõÙ ¾ÉÇåï³Ï³ÝáõÃÛ³Ý ïÇñáõÛÃÝ ³ÝÑ»ï³ÝáõÙ ¾, ù³ÝÇ áñ x1 =

x2 = −1/2 ¨ ³Ûë ¹»åùáõÙ x = −1/2 áõÕÕÇ íñ³ Ñ³í³ë³ñáõÙÁ å³ñ³-
µáÉ³Ï³Ý ¾: l > 1/4 ¹»åùáõÙ Ñ³í³ë³ñáõÙÝ ³Ù»Ýáõñ»ù ÑÇå»ñµáÉ³Ï³Ý

¾:

Í. ºÃ» x < 0 ³å³ ÑÇå»ñµáÉ³Ï³Ý ¾, x > 0ª ¾ÉÇåï³Ï³Ý, x = 0ª

å³ñ³µáÉ³Ï³Ý:

Ï. ²é³çÇÝ ¨ »ññáñ¹ ù³éáñ¹Ý»ñáõÙ ¾ÉÇåï³Ï³Ý ¾, »ñÏñáñ¹ ¨ ãáññáñ¹

ù³éáñ¹Ý»ñáõÙª ÑÇå»ñµáÉ³Ï³Ý:

Ñ. ²é³çÇÝ ¨ »ñÏñáñ¹ ù³éáñ¹Ý»ñáõÙ å³ñ³µáÉ³Ï³Ý ¾, »ññáñ¹ ¨ ãáññáñ¹

ù³éáñ¹Ý»ñáõÙª ÑÇå»ñµáÉ³Ï³Ý:

Ó. ²é³çÇÝ ¨ »ñÏñáñ¹ ù³éáñ¹Ý»ñáõÙ ÑÇå»ñµáÉ³Ï³Ý ¾, »ññáñ¹ ¨ ãáññáñ¹

ù³éáñ¹Ý»ñáõÙª ¾ÉÇåï³Ï³Ý:

Õ. ²é³çÇÝ ¨ »ññáñ¹ ù³éáñ¹Ý»ñáõÙ å³ñ³µáÉ³Ï³Ý ¾, »ñÏñáñ¹ ¨ ãáññáñ¹

ù³éáñ¹Ý»ñáõÙª ÑÇå»ñµáÉ³Ï³Ý:

×. ÐÇå»ñµáÉ³Ï³Ý ¾ ³Ù»Ýáõñ»ù, µ³óÇ Ïááñ¹ÇÝ³ï³Ï³Ý ³é³ÝóùÝ»ñÇó,

áñï»Õ å³ñ³µáÉ³Ï³Ý ¾:

Ù. ä³ñ³µáÉ³Ï³Ý ¾ ³Ù»Ýáõñ»ù:

8.

³. ²Ù»Ýáõñ»ù ¾ÉÇåï³Ï³Ý ¾:

vξξ + vηη = 0, ξ = y, η = arctgx:

µ. ²Ù»Ýáõñ»ù å³ñ³µáÉ³Ï³Ý ¾, µ³óÇ Ïááñ¹ÇÝ³ïÝ»ñÇ ëÏ½µÝ³Ï»ïÇó:

vηη −
ξ

2η(ξ + η)
+
1

2η
vη = 0, ξ = y

2 − x2, η = x2:
·. ²Ù»Ýáõñ»ù ÑÇå»ñµáÉ³Ï³Ý ¾: vξη = 0,

ξ = x+ arctgy, η = x− arctgy:
¹. ²Ù»Ýáõñ»ù ¾ÉÇåï³Ï³Ý ¾: vξξ + vηη − 2v = 0,
ξ = ln(x+

√
1 + x2), η = ln(y +

p
1 + y2):

». ²Ù»Ýáõñ»ù å³ñ³µáÉ³Ï³Ý ¾, µ³óÇ Ïááñ¹ÇÝ³ïÝ»ñÇ ëÏ½µÝ³Ï»ïÇó:
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vηη + 2
ξ2

η2
vξ +

1

η
eξ = 0, ξ =

y

x
, η = y:

½. ²Ù»Ýáõñ»ù å³ñ³µáÉ³Ï³Ý ¾, µ³óÇ x = 0 ³é³ÝóùÇó:

vηη + 2
η2

ξ−η2 vξ −
1
ηvη = 0, ξ = x

2 + y2, η = x:

¾. ²Ù»Ýáõñ»ù ÑÇå»ñµáÉ³Ï³Ý ¾:

vξη = 0, ξ = x+ y − cosx, η = −x+ y − cosx:
Á. ²Ù»Ýáõñ»ù å³ñ³µáÉ³Ï³Ý ¾:

vηη −
ξ

1 + ξeη
vξ − ηe−2η = 0, ξ = e−η − e−x, η = x:

Ã. ä³ñ³µáÉ³Ï³Ý ¾, »Ã» x = 0 ¨ ³Û¹ ¹»åùáõÙ uxx = 0:

ÐÇå»ñµáÉ³Ï³Ý ¾, »Ã» x 6= 0 ¨ ³Û¹ ¹»åùáõÙ
vξη −

1

2(ξ − η)
vξ = 0, ξ = x

2 + y, η = y:

Å. ä³ñ³µáÉ³Ï³Ý ¾, »Ã» x = 0 ¨ ³Û¹ ¹»åùáõÙ uyy = 0:

ÐÇå»ñµáÉ³Ï³Ý ¾, »Ã» x > 0 ¨ ³Û¹ ¹»åùáõÙ

vξη +
1

2(ξ − η)
(vξ − vη) = 0, ξ = y−x+2

√
x, η = y−x−2√x:

¾ÉÇåï³Ï³Ý ¾, »Ã» x < 0 ¨ ³Û¹ ¹»åùáõÙ

vξξ + vηη −
1

η
vη = 0, ξ = y − x, η = 2

√
−x:

Ç. ä³ñ³µáÉ³Ï³Ý ¾, »Ã» y = 0 ¨ ³Û¹ ¹»åùáõÙ uyy = 0:

ÐÇå»ñµáÉ³Ï³Ý ¾, »Ã» y < 0 ¨ ³Û¹ ¹»åùáõÙ

vξη +
1

6(ξ + η)
(vξ + vη) = 0,

ξ = 2
3(−y)3/2 + x, η =

2
3(−y)3/2 − x:

¾ÉÇåï³Ï³Ý ¾, »Ã» y > 0 ¨ ³Û¹ ¹»åùáõÙ

vξξ + vηη −
1

3ξ
vξ = 0, ξ =

2
3y
3/2, η = x:

É. ä³ñ³µáÉ³Ï³Ý ¾ x = 0 ¨ y = 0 ³é³ÝóùÝ»ñÇ íñ³ ¨ ³Û¹ ¹»åùáõÙ

uxx = 0: ÐÇå»ñµáÉ³Ï³Ý ¾, »Ã» x > 0, y < 0 Ï³Ù x < 0, y > 0

¨ ³Û¹ ¹»åùáõÙ

vξη −
1

3(ξ2 − η2)
((2ξ − η)vξ − (2η − ξ)vη) = 0,

ξ = −2(−y)1/2 + 2
3
x3/2,
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η = −2(−y)1/2 − 2
3
x3/2, »Ã» x > 0, y < 0,

ξ = −2y1/2 + 2
3
(−x)3/2,

η = −2y1/2 − 2
3
(−x)3/2, »Ã» x < 0, y > 0:

¾ÉÇåï³Ï³Ý ¾, »Ã» x > 0, y > 0 Ï³Ù x < 0, y < 0 ¨ ³Û¹ ¹»åùáõÙ

vξξ + vηη −
1

ξ
vξ +

1

3η
vη,

ξ = 2
√
y, η =

2

3
x3/2, »Ã» x > 0, y > 0,

ξ = 2
√−y, η = 2

3
(−x)3/2, »Ã» x < 0, y < 0:

Ë. ²Ù»Ýáõñ»ù å³ñ³µáÉ³Ï³Ý ¾:

27vηη − 105vξ + 30vη − 150v − 2ξ + 5η = 0,
ξ = x+ 3y, η = x:

Í. ²Ù»Ýáõñ»ù å³ñ³µáÉ³Ï³Ý ¾:

vηη + 18vξ + 9vη − 9v = 0, ξ = y + x, η = x:

9.

³. wξξ + wηη −
15

2
w = 0, ξ = 2x+ y, η = x,

v(ξ, η) = u(η, ξ − 2η) = e
5ξ+3η

2 w(ξ, η):

µ. wηη − wξ = 0, ξ = 3x+ y, η = x,
v(ξ, η) = u(η, ξ − 3η) = e

−ξ+2η
4 w(ξ, η):

·. wξη +
1

2
w +

η

2
eξ/2 = 0, ξ = 2x+ y,

η = x, v(ξ, η) = u(η, ξ − 2η) = e
−ξ
2 w(ξ, η):

¹. wξη − 7w = 0, ξ = 2x− y, η = x,
v(ξ, η) = u(η, 2η − ξ) = e−ξ−6ηw(ξ, η):

». wξξ + wηη −
3

2
w = 0, ξ = 2y − x, η = x,

v(ξ, η) = u(η,
ξ + η

2
) = e−ξ−ηw(ξ, η):

½. wηη − 2wξ = 0, ξ = y − x, η = x+ y,
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v(ξ, η) = u(
η − ξ

2
,
ξ + η

2
) = e

16ξ+8η
32 w(ξ, η):

¾. wξη − w = 0, ξ = x− y, η = x+ y,
v(ξ, η) = u(

η + ξ

2
,
η − ξ

2
) = e−ξ/2w(ξ, η):

Á. wξη + 9w + 4(ξ − η)eξ+η = 0, ξ = y − x, η = y,
v(ξ, η) = u(η − ξ, η) = e−ξ−ηw(ξ, η):

Ã. wξη − w + ξeη = 0, ξ = y, η = x− 3y,
v(ξ, η) = u(η + 3ξ, ξ) = e−ηw(ξ, η):

Å. wξξ + wηη − w = 0, ξ = 2x− y, η = x,
v(ξ, η) = u(η, 2η − ξ) = eξ+ηw(ξ, η):

Ç. wξξ + wηη + 2w = 0, ξ = y, η = 4x− 2y,
v(ξ, η) = u(

η + 2ξ

2
, ξ) = e−ξ−ηw(ξ, η):

É. wξξ + wη = 0, ξ = 2x− y, η = x+ y,
v(ξ, η) = u(

η + ξ

3
,
2η − ξ

3
) = eξ−2ηw(ξ, η):

Ë. vηη + 6vξ + 3vη = 0, ξ = 2x+ y, η = x :

Í. 4vξη − vξ + uη − v = 0, ξ = 3x+ y, η = x+ y :

10.

³. vξξ + vηη + vζζ = 0, ξ = x, η = −x+ y, ζ = 2x− 2y + z :
µ. vξξ − 2vξ = 0, ξ = x, η = −2x+ y, ζ = −3x+ z :
·. vξξ + 2v = 0, ξ = x, η = −2x+ y, ζ = −x+ z :
¹. vξξ − vηη + 4v = 0, ξ = y + z, η = −y − 2z, ζ = x− z :
». vξξ − vηη − vζζ + 2vη = 0,
ξ = x+ y, η = −x+ y, ζ = −x− y + z :

½. vξξ + vηη − vζζ + 3vξ +
3

2
vη −

9

2
vζ = 0,

ξ = x, η = 1
2(x+ y + z), ζ = −

1
2(3x+ y − z) :

¾. vξξ − vηη + vζζ = 0, ξ = x, η =
√
2x+ 1√

2
y, ζ = z :

Á. vηη + vξξ = 0, ξ = x, η = −x+ y, ζ = −x+ y + z :
Ã. vξξ + vηη + vζζ = 0, ξ = x− 2y, η = y, ζ = 2y + z :
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11.

utt = a
2uxx, 0 < x < l, t > 0, a

2 =
E

ρ
,

u(x, 0) = ϕ(x), ut(x, 0) = ψ(x), 0 < x < l,

áñï»Õ ρ-Ý ÓáÕÇ ËïáõÃÛáõÝÝ ¾, ÇëÏ E-Ý ÚáõÝ·Ç ³é³Ó·³Ï³ÝáõÃÛ³Ý

Ùá¹áõÉÁ: º½ñ³ÛÇÝ å³ÛÙ³ÝÝ»ñÝ áõÝ»Ý Ñ»ï¨Û³É ï»ëùÁ:

³. u(0, t) = u(l, t) = 0, t > 0 :

µ. ux(0, t) = ux(l, t) = 0, t > 0 :

·. u(0, t) = F (t), u(l, t) = Ψ(t), t > 0 :

¹. ux(0, t)− hu(0, t) = ux(l, t) + hu(l, t) = 0, t > 0,
h = k

ES , áñï»Õ S-Á É³ÛÝ³Ï³Ý Ñ³ïáõÛÃÇ Ù³Ï»ñ»ëÝ ¾, ÇëÏ k-Ýª ³é³Ó-

·³Ï³ÝáõÃÛ³Ý ·áñÍ³ÏÇóÁ:

». u(0, t) = 0, ESux(l, t) = kut(l, t), t > 0,

áñï»Õ k-Ý ¹ÇÙ³¹ñáõÃÛ³Ý ·áñÍ³ÏÇóÝ ¾:

12.

utt = a
2uxx + g, 0 < x < l, t > 0,

u(0, t) = ux(l, t) = 0, t > 0,

u(x, 0) = 0, ut(x, 0) = v0, 0 < x < l,

áñï»Õ g-Ý ³½³ï ³ÝÏÙ³Ý ³ñ³·³óáõÙÝ ¾:

13.

utt = a
2uxx − αut, 0 < x < l, t > 0, a

2 =
E

ρ
,

u(0, t) = u(l, t) = 0, t > 0,

u(x, 0) = ϕ(x), ut(x, 0) = ψ(x), 0 < x < l,

áñï»Õ α-Ý Ñ³Ù»Ù³ï³Ï³ÝáõÃÛ³Ý ·áñÍ³ÏÇóÝ ¾:

14.

³.

∙
r +

R− r
l

x

¸2
utt =

E

ρ

∂

∂x

Ã∙
r +

R− r
l

x

¸2
ux

!
,

0 < x < l, t > 0,

u(0, t) = u(l, t) = 0, t > 0,
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u(x, 0) = ϕ(x), ut(x, 0) = ψ(x), 0 < x < l,

áñï»Õ r-Á ¨ R-Á Ñ³ï³Í ÏáÝÇ ÑÇÙù»ñÇ ß³é³íÇÕÝ»ñÝ »Ý:

µ. ρSutt = E
∂

∂x
(Sux) , 0 < x < l, t > 0,

S(0)Eu(0, t)− σu(0, t) = 0, Eux(l, t) = F (t), t > 0,

u(x, 0) = ϕ(x), ut(x, 0) = ψ(x), 0 < x < l :

15.

ρ1u1tt = E1u1xx, −∞ < x < 0, t > 0,

ρ2u2tt = E2u2xx, 0 < x <∞, t > 0,
u1(0, t) = u2(0, t) = 0, E1u1x(0, t) = E2u2x(0, t), t > 0,

u(x, 0) = ϕ(x), ut(x, 0) = ψ(x), −∞ < x <∞,

áñï»Õ u(x, t) =

½
u1(x, t), −∞ < x < 0

u2(x, t), 0 < x <∞
:

16.

utt = a
2uxx, 0 < x < l, t > 0,

u(0, t) = 0, t > 0,Mutt(l, t) = −ESux(l, t), t > 0,
ut(l, 0) = −v,
u(x, 0) = ut(x, 0) = 0, 0 < x < l :

17.

ρutt = Tuxx + g, 0 < x < l, t > 0,

u(x, 0) = ϕ(x), ut(x, 0) = ψ(x), 0 < x < l,

ÇëÏ »½ñ³ÛÇÝ å³ÛÙ³ÝÝ»ñÝ áõÝ»Ý Ñ»ï¨Û³É ï»ëùÁª

³. Tux(0, t)− σ1u(0, t) = 0, Tux(l, t) + σ2u(l, t) = 0, t > 0,

µ. ux(0, t) = ux(l, t) = 0, t > 0,

·. Tux(0, t) = −F (t), Tux(l, t) = Ψ(t), t > 0 :

18.

utt =
T

ρ
uxx +

F (x, t)

ρ
, 0 < x < l, t > 0,

u(0, t) = u(l, t) = 0, t > 0,

u(x, 0) = ϕ(x), ut(x, 0) = ψ(x), 0 < x < l :
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19.

utt = a
2uxx − 2ν2ut, 0 < x < l, t > 0,

u(0, t) = u(l, t) = 0, t > 0,

u(x, 0) = ϕ(x), ut(x, 0) = ψ(x), 0 < x < l,

2ν2 = k
ρ , áñï»Õ ρ-Ý É³ñÇ ·Í³ÛÇÝ ËïáõÃÛáõÝÝ ¾, ÇëÏ k-Ýª ¹ÇÙ³¹ñáõÃÛ³Ý

·áñÍ³ÏÇóÁ:

20.

v ¨ i ýáõÝÏóÇ³Ý»ñÁ áñáß»Éáõ Ñ³Ù³ñ ëï³óíáõÙ ¾ Ñ»ï¨Û³É Ñ³Ù³Ï³ñ·Á½
vx + Lit +Ri = 0

ix + Cvt +Gv = 0
,

áñï»ÕÇó

vxx = CLvtt + (CR+GL)vt +GRv, 0 < x < l, t > 0,

v(0, t) = 0, vt(l, t) = −E(t), t > 0,
v(x, 0) = F (x), vt(x, 0) =

GF (x)− f 0(x)
C

, 0 < x < l :

21.

ºÃ» Ox ³é³ÝóùÁ áõÕÕí³Í ¾ ·É³ÝÇ ³é³Ýóùáí, ³å³

utt = a
2uxx, 0 < x < l, t > 0, a

2 =
GI

K
,

u(x, 0) = ϕ(x), ut(x, 0) = ψ(x), 0 < x < l,

áñï»Õ G-Ý ë³ÑùÇ Ùá¹áõÉÝ ¾, J -Ý É³ÛÝ³Ï³Ý Ñ³ïáõÛÃÇ ÇÝ»ñóÇ³ÛÇ µ¨»-

é³ÛÇÝ ÙáÙ»ÝïÁ ³ÛÝ Ï»ïÇ ÝÏ³ïÙ³Ùµ, áñï»Õ Ñ³ïíáõÙ ¾ Ox ³é³ÝóùÁ

³Û¹ Ñ³ïáõÛÃÇ Ñ»ï,K-Ý ÙÇ³íáñ »ñÏ³ñáõÃÛ³Ý ÇÝ»ñóÇ³ÛÇ ÙáÙ»ÝïÝ ¾, ÇëÏ

»½ñ³ÛÇÝ å³ÛÙ³ÝÝ»ñÝ áõÝ»Ý Ñ»ï¨Û³É ï»ëùÁª

³. ux(0, t) = ux(l, t), t > 0,

µ. u(0, t) = u(l, t) = 0, t > 0,

·. ux(0, t)− hu(0, t) = 0, ux(l, t) + hu(l, t) = 0, t > 0 :

22.

³,µ,·,¹ ¹»åù»ñáõÙ áõÝ»Ýùª

utt = a
2(uxx + uyy), x, y ∈ D, t > 0,

u(x, y, 0) = ϕ(x, y), ut(x, y, 0) = ψ(x, y), x, y ∈ D,
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ÇëÏ »½ñ³ÛÇÝ å³ÛÙ³ÝÝ»ñÁ ÏÉÇÝ»Ý

³. u(x, y, t) = 0, x, y ∈ L, t > 0,
µ.

∂

∂ν
u(x, y, t) = 0, x, y ∈ L, t > 0,

ν-Ý L-ÇÝ ï³ñí³Í ³ñï³ùÇÝ ÝáñÙ³ÉÝ ¾,

·.
∂

∂ν
u(x, y, t) =

F (x, y, t)

T
, x, y ∈ L, t > 0,

¹. T
∂

∂ν
u(x, y, t) + σu(x, y, t) = 0, x, y ∈ L, t > 0,

áñï»Õ σ-Ý ³é³Ó·³Ï³ÝáõÃÛ³Ý ·áñÍ³ÏÇóÝ ¾,

». utt = a
2(uxx + uyy) +

F (x, y, t)

ρ
, x, y ∈ D, t > 0,

u(x, y, 0) = ϕ(x, y), ut(x, y, 0) = ψ(x, y), x, y ∈ D,
u(x, y, t) = 0, x, y ∈ L, t > 0 :

½. utt = a
2(uxx + uyy)− αu, x, y ∈ D, t > 0, α = β

ρ
,

u(x, y, 0) = ϕ(x, y), ut(x, y, 0) = ψ(x, y), x, y ∈ D,
u(x, y, t) = 0, x, y ∈ L, t > 0,
áñï»Õ β-Ý Ñ³Ù»Ù³ï³Ï³ÝáõÃÛ³Ý ·áñÍ³ÏÇóÝ ¾, ÇëÏ ρ-Ý Ã³Õ³ÝÃÇ

ËïáõÃÛáõÝÝ ¾:

23.

³. 3x2 + y2 :

µ.
1

2
e(3y−5x)/2

µ
2y +

µ
x+ y +

3

4

¶
e−(x+y)

2

+

+

µ
x− y − 3

4

¶
e−(x−y)

2

¶
:

·.
5

2
sin

x+ y

2
− 3
2
sin

5x+ y

6
:

¹. cos(y − x− sinx), ξ = y − x− sinx, η = y + x− sinx :

».

µ
x− 2y

3

3

¶2
+
1

2

µ
sin(x+ 2y)− sin

µ
x− 2y

3

3

¶
+

+

µ
x− 2y

3

3

¶
cos(x− 2y

3

3
)− (x+ 2y) cos(x+ 2y)

¶
,
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ξ = x− 2/3y3, η = x+ 2y :
½. 2(x+ y)ey, ξ = y, η = y + 2x :

¾. x+ cos(x− y + sinx), ξ = y − x− sinx, η = y + x− sinx :
Á. 1− sin(y − x+ cosx) + ey+cosx sin(x+ y + cosx),
ξ = −x+ y +− cosx, η = y + x+ cosx :

Ã. x+ 3(e−y + y − 1) + 1
2
e−1/2(x+3y)(2x+ 2y + 3xy + 6y2),

ξ = x+ 3y, η = y + x :

Å. 2e(−2x−y−sin x)/4 sinx sin
y + sinx

2
:

Ç. −1/3− e2x + ey − e2y + 4/3e3y :
É. −x2/2 + cos(x− 1 + ey)− cosx, ξ = x, η = x+ ey :
Ë. exsh

y − cosx
2

+ sinx cos
y − cosx

2
,

ξ = 2x− y + cosx, η = 2x+ y − cosx :
Í. e3x+2y − e3(x+y) :
Ï. −xe(x−y)/2 :

25.

³. x31x
2
2 + (3x1x

2
2 + x

3
1)t

2 + x1t
4 + (x21x

4
2 − 3x31)t+

+
1

3
(x42 − 9x1 + 6x21x22)t3 +

1

5
(2x22 + x

2
1)t

5 +
1

35
t7 :

µ. x1x2x3 + x
2
1x
2
2x
2
3t+

1

3
(x21x

2
2 + x

2
1x
2
3 + x

2
2x
2
3)t

3+

+
1

15
(x21 + x

2
2 + x

2
3)t

5 +
1

105
t7 :

·. x21 + x
2
2 + x

2
3 + 3t

2 + x1x2t :

¹. ex1 cosx2 + t(x
2
1 − x22) :

». x21 + x
2
2 + t+ 2t

2 :

½. ex1cht+ e−x1sht :

¾.
x1

x21 − t2
:

27.

³. xyz + t(xy + z) +
axt2

2
+
bt3

6
:
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µ. z cos 2t sin
√
2(x+ y) + (tarctgt− 1

2
ln(1 + t2))xey cos z :

·. x sin y cos t+ y cos z sin t+ x(
t

2
ln(1 + t2)− t+ arctgt) :

¹. az + bxy +
xy

a3
(at− sin at) sin az :

». 2xy +
axyz

b2
(bt+ e−bt − 1) + 1

2
x sin

√
2y cos

√
2z sin 2t :

½. x2yz2 +
a

b
xyzt+ yt sinωxeωz + yt2(x2 + z2)− a

b2
xyz sin bt :

¾. yex sin z + xz sin y sin t+

+xyz

µ
t2 − 1
2

ln(1 + t2) + 2arctgt− 3
2
t2
¶
:

Á. xeycht+ yezsht+ ayz

µ
t3

6
+ t− t

2
ln(1 + t2)− arctgt

¶
:

Ã. xyt− 1
6
xyt3 :

Å. ϕ(x, y, z) + tψ(x, y, z) :

Ç. ϕ(x, y, z) + tψ(x, y, z) +
t2
f(x, y, z) :

É. ϕ(x, y, z) + tψ(x, y, z) + f(x, y, z)

Z t

0

(t− τ)g(τ)dτ :

28.

³. at+
1

2
bx2t2 +

1

12
bt4 + e−xcht :

µ. x+
axt3

6
+ sinx sin t :

·. at+ a(e−t − 1) + b sinx cos t+ c cosx sin t :
¹.
at

b
− a

b2
sin bt+ cos(x− t) :

». x(t− sin t) + sin(x+ t) :
31.

³.

(
x2t+ a2t3

3 + sinx cos at, x > 0, t < x
a

x3

3a + xat
2 + sinx cos at, x > 0, t > x

a

:
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µ.

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1− exchat+ 1

2ach(x+ at)−
1
2ach(x− at),

x > 0, t < x
a

−eatshx+ 1
2ach(x+ at)−

1
2ach(x− at),

x > 0, t > x
a

:

·.

(
x− exchat+ x2t+ a2t3

3 , x > 0, t < x
a

at−−eatchx+ tx2 + a2t3

3 , x > 0, t > x
a

:

¹.

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1 + 3a2t2x+ x3 + exshat

a (2 + a2t2 − 2x+ x2)+
+2extchat(x− 1), x > 0, t < x

a

1 + a3t3 + 3atx2 − 2
a +

2−2at+a2t2+x2
2 eatchx+

+2at−1a xeatshx, x > 0, t > x
a

:

».

(
chat−cos t
1+a2 ex, x > 0, t < x

a

eatshx
1+a2 −

ex cos t
1+a2 +

cos(t−x
a )

1+a2 , x > 0, t > x
a

:

½.

(
cosx(at−sin at)

a3 , x > 0, t < x
a

x−at+at cos x−cos at sinx
a3 , x > 0, t > x

a

:

¾.

( (a sin t−sin at) sinx
a(a2−1) , x > 0, t < x

a

1
a +

sin t sinx
a2−1 + cos at cos x

a(a2−1) −
a cos(t−x

a )

a2−1 , x > 0, t > x
a

:

Á.

(
ex(shat−at)

a3 , x > 0, t < x
a

− 1
a3 +

eatchx
a3 − ext

a2 −
(x−at)2
2a3 , x > 0, t > x

a

:

Ã.

⎧⎪⎪⎨⎪⎪⎩
chat−cht
a2−1 chx+ chxshat

a + chatshx, x > 0, t < x
a

chtchx
1−a2 +

shatshx
a2−1 +

ch(t−x
a )

a2−1 −

− a2+1
a(a−1)chatshx, x > 0, t >

x
a

:

Å.

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
a2t3

3 + x+ tx2 + t cos x
a2 − cosx sin at

a3 ,

x > 0, t < x
a

− t
a2 + x+

x
a3 + at

2x+ x3

3a +
t cosx
a2 − cos at sin x

a3 ,

x > 0, t > x
a

:
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Ç.

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

a2t3

3 + tx2 + sinx
a(a2−1) (a sin t− sin at) + cos at cosx,
x > 0, t < x

a

1
a +

a2t3

3 + tx2 + a3−a+1
a(a2−1) cos at cosx+

sin t sinx
a2−1 +

+
a cos(t− x

a )

1−a2 , x > 0, t > x
a

:

É.

⎧⎪⎪⎪⎨⎪⎪⎪⎩
−x+ etx+ cos at cosx− exshat

a ,

x > 0, t < x
a

1
a − a−

chxeat

a + aet−x/a − at+ etx+ cos at cosx,
x > 0, t > x

a

:

32.

³.

½
0, 0 < t ≤ x/a
µ(t− x/a), t ≥ x/a

:

µ. u(x, t) = f(x+ at)− f(x− at), f(u) = 1

2a

Z u

−2c
ϕ(z)dz,

áñï»Õ

ϕ(z) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

0, −∞ < z < −2c
v0, −2c < z < −c
0, −c < z < c
v0, c < z < 2c

0, 2c < z <∞

:

·.

(
0, 0 < t ≤ x/a
−a
R t− x

a

0
ν(s)ds, t ≥ x/a

:

¹.

(
0, 0 < t ≤ x/a
−aeh(x−at)

R t−x
a

0
eahsχ(s)ds, t ≥ x/a

:

».

½
ωt, 0 < at < x
ω(t−ht)
1−ah , x < at

:

½.

½
f(x+ at), 0 < at < x

f(x+ at)− f(at− x), x ≤ at
:

¾.

½
f(x+ at), 0 < at < x

f(x+ at) + f(at− x), x ≤ at
:
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Á.

⎧⎪⎨⎪⎩
f(x+ at), 0 < at < x

f(x+ at) + f(at− x)+
+2heh(x−at)

R x−at
0

e−hsf(−s)ds, x < at
:

Ã.

½
f(x+ at), 0 < at < x

f(x+ at) + 1+ah
1−ahf(at− x), x < at

:

Å. u(x, t) = ϕ(t− x
a ) + ψ(t+ x

a ),

áñï»Õ

−ϕ(−z) = ψ(z) =

½
1/2 sin πaz

l , 0 ≤ z ≤
l
a

0, l
a ≤ z

,

ϕ(z) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

1
π2+h2l2

µ
π2−h2l2

2 sin πaz
l +

+πhl(cos πazl − e−ahz)
¶
, 0 ≤ z ≤ l

a

− πhl
π2+h2l2 (1 + e

hl)e−ahz, l
a ≤ z, t ≥ x/a

:

Ç. A sin πx
l cos

πat
l , 0 < x < l, t > 0 :

É.u(x, t) = ϕ(x−at)+ϕ(x+at)
2 , 0 < x < l, t > 0,

ϕ(z) =

½
Az, −l < z < l
A(2l − z), l < z < 3l

,

ϕ(z) = ϕ(z + 4l), −∞ < z <∞ :

Ë. 12 cos
π(x−at)

l + 1
2 cos

π(x+at)
l :

Í. u(x, t) = ϕ(at− x)− ϕ(at+ x),

ϕ(x) = 0, »ñµ −l < x < l, ÇëÏ (−l, l) ÙÇç³Ï³ÛùÇó ¹áõñë ϕ(x)

ýáõÝÏóÇ³Ý ß³ñáõÝ³ÏíáõÙ ¾

ϕ
00
(x) + 1

mlϕ
0(x) = ϕ

00
(x− 2l)− 1

mlϕ
0(x− 2l)

¹Çý»ñ»ÝóÇ³É Ñ³í³ë³ñÙ³Ý û·ÝáõÃÛ³Ùµ:

33.

³.

⎧⎪⎨⎪⎩
exshat
a + x(1− cos t) + cos 2at sin 2x, t < x

a

eatshx
a + x(1− cost) + cos 2at sin 2x+ sin(t− x

a ),

t > x
a

:
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µ.

(
t3x
6 + chxshat

a + chatshx, t < x
a

t− x
a +

t3x
6 + 1+a

a chatshx, t >
x
a

:

·.

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1+a
2a cos(at− x) +

t cosx
a2 + a−1

2a cos(at+ x)+

+ cos at sin x
a3 , t < x

a
1
a + a+

a−1
a cos at cosx+ t cosx

a2 −
−ach(t− x

a ) +
cos at sinx

a3 t > x
a

:

34. u(r, t) =
f1(r + t)

r
+
f2(r − t)

r
, r 6= 0 :

²ÝóÝ»É ëý»ñÇÏ Ïááñ¹ÇÝ³ïÝ»ñÇ ¨ Ñ³ßíÇ ³éÝ»É, áñ uϕϕ ¨ uθθ ýáõÝÏ-

óÇ³Ý»ñÁ ÝáõÛÝ³µ³ñ ½ñá »Ý:

35. u(r, t) =
(r − at)ϕ(r − at) + (r + at)ϕ(r + at)

2r
+

+
1

2ar

Z r+at

r−at
ξψ(ξ)dξ,

áñï»Õ ϕ(ξ) ¨ ψ(ξ) ýáõÝÏóÇ³Ý»ñÁ ½áõÛ· ß³ñáõÝ³Ïí³Í »Ý µ³ó³ë³-

Ï³Ý ξ-ñÇ Ñ³Ù³ñ: lim
r→0

= atϕ0(at) + ϕ(at) + tψ(at) :

36. u(r, t) =
1

2ar

Z t

0

dτ

Z r+a(t−τ)

r−a(t−τ)
ξf(ξ, τ)dξ :

37.

³.

⎧⎪⎨⎪⎩
u0, 0 ≤ t < r0−r

a

u0
r−at
2r ,

r0−r
a < t < r0+r

a

0, r0+r
a < t

,

»Ã» 0 < r < r0 ¨⎧⎪⎨⎪⎩
0, 0 ≤ t < r−r0

a

u0
r−at
2r ,

r−r0
a < t < r0+r

a

0, r0+r
a < t

,

»Ã» r0 < r:
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µ.

⎧⎪⎨⎪⎩
u0t, 0 ≤ t < r0−r

a

u0
r20−(r−at)2

4ar , r0−r
a < t < r0+r

a

0, r0+r
a < t

,

»Ã» 0 < r < r0 ¨⎧⎪⎨⎪⎩
0, 0 ≤ t < r−r0

a

u0
r20−(r−at)2

4ar , r−r0
a < t < r0+r

a

0, r0+r
a < t

,

»Ã» r0 < r:

38. èÇÙ³ÝÇ ýáõÝÏóÇ³Ý R ≡ 1-Ý ¾, ÇëÏ ËÝ¹ñÇ ÉáõÍáõÙÁ
ϕ(x− at) + ϕ(x+ at)

2
+

+
1

2a

Z x+at

x−at
ψ(z)dz +

1

2a

Z t

0

dτ

Z x+a(t−τ)

x−a(t−τ)
f(z, τ)dz :

39. L(u) = utt − a2uxx + c2u ûå»ñ³ïáñÇ èÇÙ³ÝÇ ýáõÝÏóÇ³Ý

R = J0

µ
c
q
(t− τ)2 + (x−ξ)2

a2

¶
-Ý ¾, ÇëÏ L(u) = utt−a2uxx− c2u

ûå»ñ³ïáñÇÝÁª R = I0

µ
c
q
(t− τ)2 + (x−ξ)2

a2

¶
: Ð³Ù³å³ï³ëË³Ý

ËÝ¹ÇñÝ»ñÇ ÉáõÍáõÙÝ»ñÝ »Ý

³.
ϕ(x− at) + ϕ(x+ at)

2
−

−ct
2

Z x+at

x−at

J1

µ
c
q
t2 + (x−ξ)2

a2

¶
q
t2 + (x−ξ)2

a2

ψ(ξ)dξ+

+
1

2a

Z t

0

dτ

Z x+a(t−τ)

x−a(t−τ)
J0

Ã
c

r
t2 +

(x− ξ)2

a2

!
f(ξ, τ)dξ :

µ.
ϕ(x− at) + ϕ(x+ at)

2
−
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−ct
2

Z x+at

x−at

I1

µ
c
q
t2 + (x−ξ)2

a2

¶
q
t2 + (x−ξ)2

a2

ψ(ξ)dξ+

+
1

2a

Z t

0

dτ

Z x+a(t−τ)

x−a(t−τ)
I0

Ã
c

r
t2 +

(x− ξ)2

a2

!
f(ξ, τ)dξ :

40.
1

2
ϕ(xy) +

y

2
ϕ

µ
x

y

¶
+

√
xy

y

Z x
y

xy

ϕ(z)

z3/2
dz−

−
√
xy

2

Z x
y

xy

ψ(z)

z3/2
dz :

41.

³. ÎáßÇÇ ËÝ¹ñÇ ÉáõÍáõÙÁª

1

2
e−

a
2 x

µ
ϕ(x+ t) + ϕ(t− x) +

Z x+t

t−x

ha
2
ϕ(τ) + ψ(τ)

i
dτ

¶
:

¶áõñë³ÛÇ ËÝ¹ñÇ ÉáõÍáõÙÁª

e−
a
2 x

µ
e
a
4 (x+t)ϕ

µ
x+ t

2

¶
+ e

a
4 (x−t)ψ

µ
x− t
2

¶
− ϕ(0)

¶
:

µ. ÎáßÇÇ ËÝ¹ñÇ ÉáõÍáõÙÁª

1

2

h
e−

b
2xϕ(x+ t) + e

b
2xϕ(t− x)

i
+
1

2

Z x+t

t−x
e
b
2 (t−τ)ψ(τ)dτ :

¶áõñë³ÛÇ ËÝ¹ñÇ ÉáõÍáõÙÁª

e
b
2 t

∙
e−

b
4 (x+t)ϕ

µ
x+ t

2

¶
+ e

b
4 (x−t)ψ

µ
x− t
2

¶
− ϕ(0)

¶
:

·. ÎáßÇÇ ËÝ¹ñÇ ÉáõÍáõÙÁª
1

2
e−

a
2 x+

b
2 t

µ
e−

b
2 (x+t)ϕ(x+ t) + e

b
2 (x−t)ϕ(t− x)+

+

Z x+t

t−x
e−

b
2 τ
ha
2
ϕ(τ) + ψ(τ)

i
dτ

¶
:

¶áõñë³ÛÇ ËÝ¹ñÇ ÉáõÍáõÙÁª

e−
a
2 x+

b
2 t

∙
e
(a−b)(x+t)

4 ϕ

µ
x+ t

2

¶
+
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+e
(a+b)(x−t)

4 ψ

µ
x− t
2

¶
− ϕ(0)

¸
:

42.

³. e−
a
4 (x−t)ψ

µ
x+ t

2

¶
+ e−

a
2 tϕ(x− t)− e− a

4 (x+t)ψ

µ
x− t
2

¶
:

µ. e−
b
4 (x−t)ψ

µ
x+ t

2

¶
+ e

b
2 tϕ(x− t)−−e− b

4 (x−3t)ψ

µ
x− t
2

¶
:

·.e−
a
2 x+

b
2 t

∙
e
(a−b)(x+t)

4 ψ

µ
x+ t

2

¶
+

+e
a(x−t)

2 ϕ(x− t)− e
(a−b)(x−t)

4 ψ(x− t)
¸
:

43.

³. u =
1

2
(ϕ(x+ y) + ψ(x+ y) + ϕ(x− y)− ψ(x− y)),

v =
1

2
(ϕ(x+ y) + ψ(x+ y)− ϕ(x− y) + ψ(x− y)) :

µ. u =
1

2
(ϕ(

x+ y

2
)− ψ(

x− y
2

) + ψ(0)),

v =
1

2
(ϕ(

x+ y

2
) + ψ(

x− y
2

)− ϕ(0)) :

·. u =
1

2
(ϕ(x+ y)− ψ(

x+ y

2
)− ψ(

x− y
2

)),

v =
1

2
(ϕ(x+ y) + ψ(

x+ y

2
) + ψ(

x− y
2

)− ϕ(0)− ψ(0)) :

¹. u =
1

2
(ψ(

x+ y

2
) + ϕ(x− y)− ψ(

x− y
2

)),

v =
1

2
(ψ(

x+ y

2
)− ϕ(x− y) + ψ(

x− y
2

) + ϕ(0)− ψ(0)) :

». u = f1(x+ y) + f2(x− y),
v = f1(x+ y)− f2(x− y),

f1(z) =
∞X
k=0

(−1)k
µ
ϕ
³ z
3k

´
+ ψ

µ
2z

3k+1

¶¶
,

f2(z) = ϕ(z)− f1(z) :
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44.

u(x, y) =
1√
a

∙√
aϕ

µ
x+
√
ay

2

¶
+ ψ

µ
x−√ay

2

¶
− ψ(0)

¸
,

v(x, y) = −
√
aϕ

µ
x+
√
ay

2

¶
+ ψ

µ
x−
√
ay

2

¶
−
√
aϕ(0) :

45.

Sut = a
2(Sux)x, 0 < x < l, t > 0, a

2 = k
cρ ,

u(x, 0) = ϕ(x), 0 < x < l,

³. ux(0, t) = ux(l, t) = 0, t > 0,

µ. ux(0, t) = − 1
kS(0)q(t), ux(l, t) =

1
kS(l)Q(t), t > 0,

·. ux(0, t)− h1(u(0, t)− τ(t)) = 0,

ux(l, t) + h2(u(l, t)− θ(t)) = 0, t > 0,

hi − χi
k , i = 1, 2,

áñï»Õ χi-Ý ç»ñÙ³÷áË³Ý³ÏáõÃÛ³Ý ¹»åùáõÙ ³ñï³ùÇÝ ç»ñÙáõÝ³ÏáõÃ-

Û³Ý ·áñÍ³ÏÇóÝ ¾, S(x) É³ÛÝ³Ï³Ý Ñ³ïáõÛÃÇ Ù³Ï»ñ»ëÁ, ρ -Ý ËïáõÃ-

ÛáõÝÝ ¾:

46.

³. ut = a
2∆ru− βu, 0 ≤ r < R, t > 0, a2 = k

cρ
, β =

α

cρ
,

ur(R, t) = 0, t > 0, u(r, 0) = T, 0 ≤ r < R,
∆ru = urr +

2

r
ur =

1

r2
(r2ur)r,

áñï»Õ α-Ý ç»ñÙáõÃÛ³Ý ÏÉ³ÝÙ³Ý ·áñÍ³ÏÇóÝ ¾:

µ. ut = a
2∆ru+

Q

cρ
, 0 ≤ r < R, t > 0, a2 = k

cρ
,

kur(R, t) + αu(R, t) = 0, t > 0, u(r, 0) = T, 0 ≤ r < R,
∆ru = urr +

2

r
ur =

1

r2
(r2ur)r,

áñï»Õ α-Ý ç»ñÙ³÷áË³Ý³ÏáõÃÛ³Ý ·áñÍ³ÏÇóÝ ¾:

47. ut = a
2uxx, 0 < x < l, t > 0, a

2 =
αD

c
,

u(x, 0) = ϕ(x), 0 < x < l,
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³. u(0, t) = µ(t), ux(l, t) = 0, t > 0,

µ. ux(0, t) = −
1

αSD
q(t), ux(l, t) +

d

D
u(l, t) = 0, t > 0,

α-Ý Ñ³ïáõÛÃÇ Í³ÏáïÏ»ÝáõÃÛ³Ý ·áñÍ³ÏÇóÝ ¾ª Ñ³ïáõÛÃáõÙ ³Ýóù»ñÇ Ù³Ï»-

ñ»ëÇ Ñ³ñ³µ»ñáõÃÛáõÝÁ Ñ³ïáõÛÃÇ Ù³Ï»ñ»ëÇ íñ³, d-Ýª Í³ÏáïÏ»Ý ÙÇçÝáñ-

Ùáí Ï³ï³ñíáÕ ³ñï³ùÇÝ ¹Çýáõ½Ç³ÛÇ ·áñÍ³ÏÇóÁ:

48.

³. ut = Duxx − γ
√
u− σd

S
(u− v(t)), 0 < x < l, t > 0,

ux(0, t)−
d

D
(u(0, t)− v(t)) = 0,

ux(l, t) +
d

D
(u(l, t)− v(t)) = 0,

u(x, 0) = ϕ(x),

µ. ut = Duxx + γuut −
σd

S
(u− v(t)), 0 < x < l, t > 0,

ux(0, t)−
d

D
(u(0, t)− v(t)) = 0,

ux(l, t) +
d

D
(u(l, t)− v(t)) = 0,

u(x, 0) = ϕ(x),

γ-Ý ïñáÑÙ³Ý ·áñÍ³ÏÇóÝ ¾, d-Ýª ³ñï³ùÇÝ ¹Çýáõ½Ç³ÛÇ ·áñÍ³ÏÇóÁ:

49. ut = a
2(urr +

1

r
ur),

u(R, t) = 0, u(r, 0) = ϕ(r) :

50. ut = a
2(urr +

1

r
ur +

1

r2
uθθ + uzz),

u(r, θ,−h, t) = u(r, θ, h, t) = u(R, θ, z, t) = 0,
u(r, θ, z, 0) = ϕ(r, θ, z) :

51. ut = a
2(urr +

2
rur), t > 0, 0 ≤ r < R,

u(R, t) = ψ(t), u(r, 0) = ϕ(r) :

52. ut = a
2(urr +

2

r
ur +

1

r2 sin θ
(sin θuθ)θ +

1

r2θ2
uϕϕ),

u(R, θ,ϕ, t) = 0, u(r, θ,ϕ, 0) = ψ(r, θ,ϕ) :

53. ut = a
2(uxx + uyy),
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u(0, y, t) = u(a, y, t) = u(x, 0, t) = u(x, b, t) = 0,

u(0, x, y) = ϕ(x, y) :

54. ut = a
2uxx,

kux(−R, t) + q = −kux(R, t) + q = ux(0, t) = u(x, 0) = 0 :
55. Trr +

1
rTr +

1
r2Tϕϕ =

1
kTt,

T (a,ϕ, t) = T (b,ϕ, t) = 0,

T (r,ϕ, 0) = f(r,ϕ) :

59.

³.
1

2a
√
πt

Z ∞
0

µ
e−

(x−ξ)2

4a2t − e−
(x+ξ)2

4a2t

¶
ϕ(ξ)dξ :

ϕ(x) ýáõÝÏóÇ³Ý Ï»Ýï Ó¨áí ß³ñáõÝ³Ï»É −∞ < x < 0 ÏÇë³³é³óùÇ

íñ³:

µ.
1

2a
√
πt

Z ∞
0

µ
e−

(x−ξ)2

4a2t + e−
(x+ξ)2

4a2t

¶
ϕ(ξ)dξ :

ϕ(x) ýáõÝÏóÇ³Ý ½áõÛ· Ó¨áí ß³ñáõÝ³Ï»É −∞ < x < 0 ÏÇë³³é³óùÇ

íñ³:

·.
e−ht

2a
√
πt

Z ∞
0

µ
e−

(x−ξ)2

4a2t − e−
(x+ξ)2

4a2t

¶
ϕ(ξ)dξ :

áñáÝ»ÉÇ ýáõÝÏóÇ³Ý ÷Ýïñ»É e−htv(x, t) ï»ëùáí:

¹.
e−ht

2a
√
πt

Z ∞
0

µ
e−

(x−ξ)2

4a2t + e−
(x+ξ)2

4a2t

¶
ϕ(ξ)dξ :

áñáÝ»ÉÇ ýáõÝÏóÇ³Ý ÷Ýïñ»É e−htv(x, t) ï»ëùáí:

».
1

2a
√
π

Z t

0

Z ∞
0

1√
t− τ

∙
e
− (x−ξ)2

4a2(t−τ) − e−
(x+ξ)2

4a2(t−τ)

¸
f(ξ, τ)dξdτ :

Þ³ñáõÝ³Ï»É f(x, t) ýáõÝÏóÇ³Ý Ï»Ýï Ó¨áí Áëï x-Ç II-ñ¹ ù³éáñ¹Ç

íñ³:

½.
1

2a
√
π

Z t

0

Z ∞
0

1√
t− τ

∙
e
− (x−ξ)2

4a2(t−τ) + e
− (x+ξ)2

4a2(t−τ)

¸
f(ξ, τ)dξdτ :

Þ³ñáõÝ³Ï»É f(x, t) ýáõÝÏóÇ³Ý ½áõÛ· Ó¨áí Áëï x-Ç II-ñ¹ ù³éáñ¹Ç



ä³ï³ëË³ÝÝ»ñ ¨ óáõóáõÙÝ»ñ 143

íñ³:

¾.
1

2a
√
π

Z t

0

Z ∞
0

e−h(t−τ)√
t− τ

∙
e
− (x−ξ)2

4a2(t−τ) − e−
(x+ξ)2

4a2(t−τ)

¸
×

×f(ξ, τ)dξdτ :
àñáÝ»ÉÇ ýáõÝÏóÇ³Ý ýáõÝÏóÇ³Ý ÷Ýïñ»É e−htv(x, t) ï»ëùáí:

Á.
1

2a
√
π

Z t

0

Z ∞
0

e−h(t−τ)√
t− τ

∙
e
− (x−ξ)2

4a2(t−τ) + e
− (x+ξ)2

4a2(t−τ)

¸
×

×f(ξ, τ)dξdτ :
àñáÝ»ÉÇ ýáõÝÏóÇ³Ý ýáõÝÏóÇ³Ý ÷Ýïñ»É e−htv(x, t) ï»ëùáí:

Ã.
1

2a
√
πt

Z ∞
0

µ
e−

(x−ξ)2

4a2t − e−
(x+ξ)2

4a2t

¶
ϕ(ξ)dξ+

+
1

2a
√
π

Z t

0

Z ∞
0

e−h(t−τ)√
t− τ

∙
e
− (x−ξ)2

4a2(t−τ) − e−
(x+ξ)2

4a2(t−τ)

¸
×

×f(ξ, τ)dξdτ :

Å.
1

2a
√
πt

Z ∞
0

µ
e−

(x−ξ)2

4a2t + e−
(x+ξ)2

4a2t

¶
ϕ(ξ)dξ+

+
1

2a
√
π

Z t

0

Z ∞
0

e−h(t−τ)√
t− τ

∙
e
− (x−ξ)2

4a2(t−τ) + e
− (x+ξ)2

4a2(t−τ)

¸
×

×f(ξ, τ)dξdτ :

61.

³. 1− x2 − y2 − 4t :
µ. 1− (x2 + y2)2 − 16(x2 + y2)t− 32t2 :
·. x2 + y2 + 4t :

¹. ex+y+2t :

». 32t2 + 16t(x2 + y2) + (x2 + y2)2 :

½. 384t3 + 288t2(x2 + y2) + 36t(x2 + y2)2 + (x2 + y2)3 :

64.

³. e−l
2t sin lx1 :

µ. e−l
2t cos lx1 :
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·. el
2tchlx1 :

¹. el
2tshlx1 :

». e−(l
2
1+l

2
2)t sin l1x1 sin l2x2 :

½. e−(l
2
1+l

2
2)t sin l1x1 cos l2x2 :

¾. e−(l
2
1+l

2
2)t cos l1x1 cos lnxn :

Á. e−(l
2
1+l

2
2)t cos l1x1 sin l2x2 :

Ã. et
Pn

i=1
l2i sin l1x1 sin l2x2 · · · sin lnxn :

Å. e−l
2
1t sin l1x1 + e

−l2nt cos lnxn :

Ç. el1x1e−l
2
1t :

É. el1x1 · · · e−lnxne−t
Pn

i=1
l2i :

Ë. 2t(x+ y) + xy(1 + x+ y) :

Í. 240t2(x+ y) + 40t(x+ y)2 + (x+ y)5 :

Ï. 60t2 + 20t(x2 + y2 + z2) + (x2 + y2 + z2)2 :

Ñ. (2t+ x2)(2t+ y2)(2t+ z2) :

Ó. x(6t+ x2)y(6t+ y2)z(6t+ z2) :

Õ. 12t2 + y2z2 + x2(y2 + z2) + 4t(x2 + y2 + z2) :

×. x3 + y3 + z3 + 6t(x+ y + z) :

66.

³. el
4t sin lx1 :

µ. el
4t cos lx1 :

·. el
4tchlx1 :

¹. el
4tshlx1 :

». e(l
2
1+l

2
2)
2t sin l1x1 sin l2x2 :

½. e(l
2
1+l

2
2)
2t sin l1x1 cos l2x2 :

¾. e(l
2
1+l

2
2)
2t cos l1x1 cos lnxn :

Á. e(l
2
1+l

2
2)
2t cos l1x1 sin l2x2 :

Ã. et(
Pn

i=1
l2i )

2

sin l1x1 sin l2x2 · · · sin lnxn :
Å. el

4
1t sin l1x1 + e

l4nt cos lnxn :

Ç. el
4
1tel1x1 :

É. el1x1 · · · elnxnet(
Pn

i=1
l2i )

2

:
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Ë. xy + x2y + xy2 :

Í. 480t(x+ y) + (x+ y)5 :

Ï. 120t+ (x2 + y2 + z2)2 :

Ñ. (xyz)2 + 8t(x2 + y2 + z2) :

Ó. xyz(x2y2z2 + 72t(x2 + y2 + z2)) :

Õ. 24t+ y2z2 + x2(y2 + z2) :

×. x3 + y3 + z3 :

67.

³. sinx1cht+ cosx1sht :

µ. tx2y2z2 + 4/3t3(x2 + y2 + z2) + (x3 + y3 + z3)2+

+36t2(5x2 + 5y2 + 2yz + 5z2 + 2x(y + z)) :

·. t(xyz)3 + (x+ y + z)3 + 12t3xyz(x2 + y2 + z2) :

¹. chlx1chl
2t+ shmx1shm

2t :

». eax1cha2t+ ebx1shb2t :

70.

³. u|S = 0, S-Á Ñ³Õáñ¹ãÇ Ù³Ï»ñ¨áõÛÃÝ ¾,
µ.

∂u

∂n
|S = 0, S-Á ¹Ç¾É»ÏïñÇÏÇ ¨ Ñ³Õáñ¹ãÇ ë³ÑÙ³Ý³ÛÇÝ Ù³Ï»ñ¨áõÛÃÝ

¾:

71.

³. ¶ïÝ»É ³ÛÝåÇëÇ ϕ ýáõÝÏóÇ³, áñÁ µ³í³ñ³ñÇ∆ϕ = 0 Ñ³í³ë³ñÙ³ÝÁª

Ñ³Õáñ¹ÇãÝ»ñÇ Ñ³Ù³Ï³ñ·Çó ¹áõñë ·ïÝíáÕ Ï»ï»ñáõÙ, ½ñá ¹³éÝ³ ³Ýí»ñ-

çáõÃÛáõÝáõÙ ¨ ÁÝ¹áõÝÇ ϕi ïñí³Í ³ñÅ»ùÝ»ñÁ i-»ñáñ¹ Ñ³Õáñ¹ãÇ Ù³Ï»ñ¨áõÛ-

ÃÇÝ:

µ. Ü³Ëáñ¹ ËÝ¹ñÇ å³ÛÙ³ÝÝ»ñÇÝ ³í»É³ÝáõÙ ¾

I
Si

∂ϕ

∂n
dσ = −4πei å³Û-

Ù³ÝÁ, áñï»Õ ei-ÇÝ i-»ñáñ¹ Ñ³Õáñ¹ãÇ ÉñÇí ÉÇóùÝ ¾, ÇëÏ Si-Ýª Ýñ³ Ù³Ï»ñ»-

íáõÛÃÁ:

72. ∆u = 0, áñï»Õ u(x, y, z)-Á ÏáÝó»Ýïñ³óÇ³Ý ¾:

73.
∂ϕ

∂n
|S = 0, áñï»Õ S-Á åÇÝ¹ Ù³ñÙÝÇ Ù³Ï»ñ¨áõÛÃÝ ¾:
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74.

³. ∆ =
1

r

∂

∂r

µ
r
∂

∂r

¶
+
1

r2
∂2

∂ϕ2
:

µ. ∆ =
1

r

∂

∂r

µ
r
∂

∂r

¶
+
1

r2
∂2

∂ϕ2
+

∂2

∂z2
:

·. ∆ =
1

r2
∂

∂r

µ
r2

∂

∂r

¶
+

1

r2 sin θ

∂

∂θ

µ
sin θ

∂

∂θ

¶
+

+
1

r2 sin2 θ

∂2

∂ϕ2
:

75.

³. A :µ.
A

a
x =

A

a
ρ cosϕ : ·. A+By = A+Bρ sinϕ :

¹. Axy =
A

2
ρ2 sin 2ϕ : ». A+

B

a
y = A+

B

a
ρ sinϕ :

½.
A+B

2
+
B −A
2a2

(x2 − y2) :

76.

³. u = const, »Ã» A = 0 ¨ ËÝ¹ÇñÁ ×Çßï ã¾ ¹ñí³Í, »Ã» A 6= 0 :
µ. Aax+ const :

·.
A

2
a(x2 − y2) + const :

¹.
A

a
x+ const, »Ã» B = 0 ¨ ËÝ¹ÇñÁ ×Çßï ã¾ ¹ñí³Í, »Ã» B 6= 0 :

». (A+ 0.75B)y − 0.25B
3a2

(3(x2 + y2)y − 4y3) + const :

77.

³. A : µ.
Aa

ρ
cosϕ : ·. A+

Ba2

ρ
sinϕ : ¹.

1

2
A
a4

ρ2
sin 2ϕ :

». A+B
a

ρ
sinϕ : ½.

A+B

2
− A−B

2

a2

ρ2
cos 2ϕ :

78.

³. ÈáõÍáõÙ ãáõÝÇ: µ. −Aa
3

ρ
cosϕ+ const :
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·. −Aa
5

2ρ2
cos 2ϕ+ const : ¹. ÈáõÍáõÙ ãáõÝÇ:

». −(A+ 0.75B)a
2

ρ
sinϕ+ 0.25B

a4

3ρ3
sin 3ϕ+ const :

79. u(ρ) = u1 + (u2 − u1)
ln ρa
ln ba

:

80.
u0
α
ϕ =

u0
α
arctg

y

x
:

81. ϕ1 +
ϕ2 − ϕ1

π
arctg

y

x
:

82.

³. u = u0 : µ . u(ρ) =
a

ρ
u0 :

83. u(z) = u1 + (u2 − u1)
z

h
:

84. u1 + (u2 − u1)
y

b
:

85.
1

4
(ρ2 − a2) :

86. B =
aA

2
, u(ρ) =

Aρ2

4
+ const :

87.

³. u2 +
A

4
(ρ2 − b2) +

u1 − u2 + A
4 (b

2 − a2)
ln ba

ln
b

ρ
:

µ. u1 +
A

4
(ρ2 − a2) + b(C − Ab

2
)ln

ρ

a
:

·.
Aρ2

4
− a(aA

2
−B)lnρ+ const, C = A(b2 − a2) + 2ab

2b
:

88.

³. u(ρ) =
1

6
(ρ2 − a2);

µ.
A

12
(r3 − a3) + B

6
(r2 − a2) :
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89.

³. u(ρ) =
1

6
(r2 − a2)− 1

6
ab(a+ b)(

1

a
− 1
r
) :

µ .
A

6
(r2 − a2) + B

2
(r − a)− ab(A

6
(b+ a) +

B

2
)(
1

a
− 1
r
) :

90. u(ρ) = u2 +
u1 − u2
1
a −

1
b

(
1

ρ
− 1
b
) :

91.

³. ²Ûá: µ. ²Ûá: ·. ²Ûá: ¹. ²Ûá: ». àã: ½. ²Ûá: ¾. àã: Á. ²Ûá: Ã. ²Ûá: Å. àã:

92.

³. k = −3 : µ. k = −2 : ·. k = ±2i : ¹. k = ±3 : ». k = 0, »Ã»
n = 2 ¨ k = n− 2, »Ã» n > 2 :

99.

³. x+ 2y + z(2x− y2) + z
3

3
: µ. xey cos z : ·. x(x + y) + z(y −

z) + ex sin z : ¹. x sin ychz + shz cos y :

». x3 + z(2x2 − y)− 3xz2 − 2
3
z3 + 2 :

½. xz + cos 2xch2z − sin 2ych2z :

100.

³. u(a) =
T0ln

b
a − T ln

c
a

ln bc
:

µ. u(a) = T − bUln c
a
:

·. u(a) =
T (1 + bhln ba )− bWln

c
a

1 + bhln bc
:

¹. T − cUln b
a
:

101.

³. u(a) =
T0ln

a
d − T1ln

a
c

ln cd
:
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u(b) =
T0ln

b
d − T1ln

b
c

ln cd
:

µ. u(a) = T + cUln
a

d
, u(b) = T + cUln

b

d
:

102.

³. u(b) =
T0ln

b
a − T ln

b
c

ln ca
:

µ. u(b) = T − aUlnx
a
:

·. u(b) =
T (1 + ahln ba )− aWln

c
b

1 + ahln ca
:

¹. T + cUln
b

a
:

105.

³. z3 + iC : µ. −iez + i(1 + C) : ·. sin z + iC :

106.

³. 14 (x
4 + y4 − 6x2y2) +C : µ. ey cosx+C : ·. −chx cos y +C :

¹. shx sin y + C : ». chx sin y + C : ½. −shx cos y + C :

107.

³. x3y − xy3 + Cy + C0 : µ. ex sin y + Cx + C0 : ·. ex sin y +
Cy + C0 : ¹. x

2y − 1/3y3 + xy + 1/2(y2 − x2) + Cx + C0 : ».
1/2x2y − xy2 + 1/3x3 − 1/6y3 + Cy + C0 :

109.

G(M,P ) =
1

r0
− 1

r1
,

r0 =MP =
p
(x− ξ)2 + (y − η)2 + (z − ζ)2,

r0 =MP =
p
(x− ξ)2 + (y − η)2 + (z + ζ)2 :

110. u = e

µ
1

r0
− 1

r1

¶
, r0-Ý ¨ r1-Á áñáßíáõÙ »Ý ÇÝãå»ë Ý³Ëáñ¹

ËÝ¹ñáõÙ:
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σ = −e ζ

[(x− ξ)2 + (y − η)2 + ζ2]3/2
,

u(x, y, z) =
1

2π

Z ∞
−∞

zf(ξ, η)

[(x− ξ)2 + (y − η)2 + z2]
3/2
dξdη,

ÆÝ¹áõÏóí³Í Ù³Ï»ñ¨áõÛÃ³ÛÇÝ ÉÇóù»ñÇ ËïáõÃÛáõÝÁ Ñ³ßííáõÙ ¾

σ = −ε
µ
∂u

∂n

¶
S

µ³Ý³Ó¨áí, áñï»Õ ε-Á ³ÛÝ ÙÇç³í³ÛñÇ ¹Ç¾É»ÏïñÇÏ Ñ³ëï³ïáõÝÝ ¾, áñï»Õ

ï»Õ³¹ñí³Í ¾ S Ù³Ï»ñ¨áõÛÃÁ, ÇëÏ n-Á S-ÇÝ ï³ñí³Í ³ñï³ùÇÝ ÝáñÙ³ÉÝ

¾:

111.

G(M,P )
∞X

n=−∞

µ
1

rn
− 1

r0n

¶
,

rn =
p
(x− ξ)2 + (y − η)2 + (z − (2nl + ζ))2,

r
0

n =
p
(x− ξ)2 + (y − η)2 + (z − (2nl − ζ))2,

M =M(x, y, z), P = P (ξ, η, ζ) :

²Ûë ß³ñùÁ ¨ ÙÛáõë ß³ñù»ñÁ, áñáÝù ëï³óíáõÙ »Ý »ñÏáõ ³Ý·³Ù ³Ý¹³Ù-³é-

³Ý¹³Ù ³Í³Ýó»Éáíª 0 < z < l ß»ñïáõÙ Ñ³í³ë³ñ³ã³÷ ¨ µ³ó³ñÓ³Ï

½áõ·³Ù»ï »Ý:

112.

G(x, y, z; ξ, η, ζ) =
∞X

n=−∞

Ã
1

rn
− 1

r0n
− 1

rn
+
1

r0n

!
,

rn =
p
(x− ξ)2 + (y − η)2 + (z − (2nl + ζ))2,

r
0

n =
p
(x− ξ)2 + (y − η)2 + (z − (2nl − ζ))2,

rn =
p
(x+ ξ)2 + (y − η)2 + (z − (2nl + ζ))2,

r
0

n =
p
(x+ ξ)2 + (y − η)2 + (z − (2nl − ζ))2,

²Ûë ß³ñùÁ ¨ ÙÛáõë ß³ñù»ñÁ, áñáÝù ëï³óíáõÙ »Ý »ñÏáõ ³Ý·³Ù ³Ý¹³Ù-³é-

³Ý¹³Ù ³Í³Ýó»Éáíª 0 < z < l ß»ñïáõÙ, Ñ³í³ë³ñ³ã³÷ ¨ µ³ó³ñÓ³Ï

½áõ·³Ù»ï »Ý:
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113.

G(M,P ) =
n−1X
k=0

µ
1

rk
− 1

r
0
k

¶
,

rk =
p
r2 + s2 − 2rs cos(ϕ− (ψ + 2αk)) + (z − ζ)2,

r
0

k =
p
r2 + s2 − 2rs cos(ϕ− (2αk − ψ)) + (z − ζ)2,

M =M(r,ϕ, z), P = P (s,ψ, ζ) :

114.

G(x, y; ξ, η) = ln
r
0

0

r0
,

r0 =
p
(x− ξ)2 + (y − η)2,

r
0

0 =
p
(x− ξ)2 + (y + η)2,

u(x, y) = V (1− 1
π
arctg

y

x
) :

115.

G(r,ϕ; s,ψ) =
n−1X
k=0

ln
r
0

k

rk
,

rk =
p
r2 + s2 − 2rs cos(ϕ− (ψ + 2αk)),

rk =
0 p

r2 + s2 − 2rs cos(ϕ− (2αk − ψ)) :

116.

G(M,M0) =
1

r0
− R

ρ0r1
,

r0 =MM0, ρ0 = OM0, r1 =MM1,

M1-Á ·ïÝíáõÙ ¾ OM0-Ç ß³ñáõÝ³ÏáõÃÛ³Ý íñ³ ¨ OM1 ·OM0 = R
2 :

117.

u = e

µ
1

r0
− R

ρ0r1

¶
, σ = −eR

2 − ρ20
Rr30

,

u =
1

4π

Z
S

R2 − ρ20
Rr30

fdS :

²Ûëï»Õ å³Ñå³Ýí³Í »Ý Ý³Ëáñ¹ ËÝ¹ñÇ Ýß³Ý³ÏáõÙÝ»ñÁ:
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118.

³. G(M,M0) = ln
1

r0
− ln R

ρ0r1
,

µ. G(ρ,ϕ; ρ0,ϕ0) = G
∗(ρ,ϕ; ρ0,ϕ0)−G∗(ρ,ϕ; ρ0, 2π − ϕ0),

áñï»Õ 0 ≤ ϕ ≤ π, G∗ = G(M,M0) :

·. G(ρ,ϕ; ρ0,ϕ0) = G
∗(ρ,ϕ; ρ0,ϕ0)−G∗(ρ,ϕ; ρ0, 2π − ϕ0)−

−G∗(ρ,ϕ; ρ0,π − ϕ0) +G
∗(ρ,ϕ; ρ0,π + ϕ0),

áñï»Õ 0 ≤ ϕ ≤ π
2 , G

∗ = G(M,M0) :

¹. G(ρ,ϕ; ρ0,ϕ0) =

=
n−1X
k=0

(G∗(ρ,ϕ; ρ0, 2kα+ ϕ0)−G∗(ρ,ϕ; ρ0, 2kα− ϕ0)) ,

áñï»Õ ρ ≤ R, 0 ≤ ϕ ≤ α =
π

n
, G∗ = G(M,M0) :

». G = G(M,M0)−G(M,M
0

0),

G(M,M0) =
1

r0
− R

ρ0r1
,

áñï»ÕM
0

0 Ï»ïÁ ëÇÙ»ïñÇÏ ¾M0 Ï»ïÇÝ z = 0 Ñ³ñÃáõÃÛ³Ý ÝÏ³ïÙ³Ùµ:

²Ûëï»Õ å³Ñå³Ýí³Í »Ý 116 ËÝ¹ñÇ Ýß³Ý³ÏáõÙÝ»ñÁ:

½. G = G(M,M0)−G(M,M
0

0) +G(M,M
00

0 )−G(M,M
000

0 ) :

²Ûëï»Õ »ÝÃ³¹ñíáõÙ ¾, áñ ù³éáñ¹ ëý»ñ³Ý ë³ÑÙ³Ý³÷³Ïí³Í ¾ z = 0

¨ x = 0 Ñ³ñÃáõÃÛáõÝÝ»ñáí: M0, M
0

0, M
00

0 , M
000

0 Ï»ï»ñáõÙ ·ïÝíáõÙ

»Ý ÉÇóùÁ ¨ Çñ ³ñï³óáÉáõÙÝ»ñÁ:

²Ûëï»Õ å³Ñå³Ýí³Í »Ý Ý³Ëáñ¹ ËÝ¹ñÇ Ýß³Ý³ÏáõÙÝ»ñÁ:

119. G(M,M0) =
∞X
n=0

Ã
en
rn
− e

0

n

r0n

!
,

M =M(ρ, θ,ϕ), M0 =M0(ρ0, θ0,ϕ0), rn =MMn,

r
0

n =MM
0

n, Mn =M(ρn, θ0,ϕ0), M
0

n =M(ρ
0

n, θ0,ϕ0),

en =

(¡
a
b

¢k
, n = 2k¡

b
a

¢k+1
, n = 2k + 1

, e
0

n =

⎧⎨⎩
¡
a
b

¢k a
ρ0
, n = 2k¡

b
a

¢k b
ρ0
, n = 2k + 1

,
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ρn =

⎧⎪⎨⎪⎩
³
a2

b2

´k
, n = 2k³

b2

a2

´k+1
ρ0, n = 2k + 1

,

ρ
0

n =

⎧⎪⎨⎪⎩
³
a2

b2

´k
a2

ρ0
, n = 2k³

b2

a2

´k
b2

ρ0
, n = 2k + 1

,

²Ûë ß³ñùÁ ¨ ÙÛáõë ß³ñù»ñÁ, áñáÝù ëï³óíáõÙ »Ý »ñÏáõ ³Ý·³Ù ³Ý¹³Ù-³é-

³Ý¹³Ù ³Í³Ýó»Éáíª Ñ³í³ë³ñ³ã³÷ ¨ µ³ó³ñÓ³Ï ½áõ·³Ù»ï »Ý:

120.

G(M,M0) =
∞X
n=0

ln
enr

0

n

rne
0
n

,

M =M(ρ,ϕ), M0 =M0(ρ0,ϕ0), rn =MMn,

r
0

n =MM
0

n, Mn =M(ρn,ϕ0), M
0

n =M(ρ
0

n,ϕ0) :

ØÛáõë Ù»ÍáõÃÛáõÝÝ»ñÝ áñáßíáõÙ »Ý ÇÝãå»ë Ý³Ëáñ¹ ËÝ¹ñáõÙ: ²Ûë ß³ñùÁ

¨ ÙÛáõë ß³ñù»ñÁ, áñáÝù ëï³óíáõÙ »Ý »ñÏáõ ³Ý·³Ù ³Ý¹³Ù-³é-³Ý¹³Ù

³Í³Ýó»Éáíª Ñ³í³ë³ñ³ã³÷ ¨ µ³ó³ñÓ³Ï ½áõ·³Ù»ï »Ý:

121.
1

4π

Z
S

f(y)

∙
2

|y − x| −
1

R
ln(R− |x| cos γ + |y − x|)

¸
dσ + C,

áñï»Õ γ-Ý x ¨ y − x í»ÏïáñÇÝ»ñÇ Ï³½Ù³Í ³ÝÏÛáõÝÝ ¾:
122.

³. G(z, ξ) = ln

¯̄̄̄
z − ξ

z − ξ

¯̄̄̄
,

µ. G(z, ξ) = ln

¯̄̄̄
(z − ξ∗)(z − ξ)

(z − ξ)(z − ξ∗)

¯̄̄̄
,

áñï»Õ ξ∗-Á ξ Ï»ïÇ ëÇÙ»ïñÇÏ Ï»ïÝ ¾ |z| = R ßñç³Ý³·ÍÇ ÝÏ³ïÙ³Ùµ,

·. G(z, ξ) = ln

¯̄̄̄
¯z2 − ξ2

z2 − ξ2

¯̄̄̄
¯ ,

¹. G(z, ξ) = ln

¯̄̄̄
¯ez−ξ − 1ez−ξ − 1

¯̄̄̄
¯ :
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123. u(r) =

(
2πµ0(a

2 − r2

3 ), r ≤ a
4π
3 µ0

a3

r , r ≥ a
:

äáï»ÝóÇ³ÉÝ ûÅïí³Í ¾ ëý»ñÇÏ ëÇÙ»ïñÇ³Ûáí:

124. î»ë Ý³Ëáñ¹ ËÝ¹ñÇ å³ï³ëË³ÝÁ:

2πµ0

Z a

0

Z π

0

ξ2 sin θdξdθ

R
, R2 = ξ2 + r2 − 2ξr cos θ :

125.

⎧⎪⎨⎪⎩
2πµ0(b

2 − a2), r < a
2πµ0b

2 − 2πµ0
3 (r2 + 2a3

r ), a < r < b
4πµ0
3 (b3 − a3)1r , r > b

:

126.

⎧⎪⎨⎪⎩
2π(µ1(a

2 − r2

3 ) + µ2(c
2 − b2)), r < a

2πµ2(c
2 − b2) + 4π

3 µ1a
3 1
r , a < r < b

4π(µ2(c
3−b3)+a3µ1)
3r , r > c

:

127.

(
M(c)
r , r > c

M(r)
r + 4π

R c
r
ξµ(ξ)dξ, r < c

, M(r) = 4π

Z r

0

µ(ξ)ξ2dξ :

128.

(
4πaµ0, r ≤ a
4πa2µ0

r , r > a
,

a-Ý ëý»ñ³ÛÇ ß³é³íÇÕÝ ¾:

129. î»ë Ý³Ëáñ¹ ËÝ¹ñÇ å³ï³ëË³ÝÁ:

130. ºÃ» a ß³é³íÕáí ·Ý¹Ç Ï»ÝïñáÝÁ ï»Õ³¹ñí³Í ¾ x = 0, y = 0,

z = b Ï»ïáõÙ, ³å³ ¾É»Ïïñ³ëï³ïÇÏ ¹³ßïÇ åáï»ÝóÇ³ÉÝ áõÝÇ Ñ»ï¨Û³É

ï»ëùÁª(
2πµ0(a

2 − r2

3 )−
4π
3 µ0

a3

r1
, r < a

4π
3 µ0a

3( 1r −
1
r1
), r > a

,

r =
p
x2 + y2 + (z − b)2, r1 =

p
x2 + y2 + (z + b)2 :

ú·ïí»É Ñ³Û»É³ÛÇÝ ³ñï³óáÉÙ³Ý »Õ³Ý³ÏÇó:
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131.

(
µ0πa

2(12 − lna−
1
2
r2

a2 ), r < a

πa2µ0ln
1
r , r > a

,

áñï»Õ a-Ý ßñç³ÝÇ ß³é³íÇÕÝ ¾:

132. î»ë Ý³Ëáñ¹ ËÝ¹ñÇ å³ï³ëË³ÝÁ: ú·ïí»É

ln
1p

1 + r2 − 2r cosϕ
=
∞X
n=1

rn

n
cosnϕ (|r| < 1)

í»ñÉáõÍáõÃÛáõÝÇó:

133. 2a− y arctg 2ay

y2 + x2 − a2−

−a− x
2

ln(y2 + (a− x)2)− a+ x
2

ln(y2 + (a+ x)2) :

134. µ0

∙
arctg

x+ a

y
− arctg x− a

y

¸
:

135. (ρ,ϕ) Ïááñ¹ÇÝ³ïÝ»ñáõÙ ÉáõÍáõÙÝ áõÝÇ Ñ»ï¨Û³É ï»ëùÁª

1

2π

Z 2π

0

(a2 − ρ2)f(ψ)dψ

a2 + ρ2 − 2aρ cos(ϕ− ψ)
:

136. (ρ,ϕ) Ïááñ¹ÇÝ³ïÝ»ñáõÙ ÉáõÍáõÙÝ áõÝÇ Ñ»ï¨Û³É ï»ëùÁª

1

2π

Z 2π

0

(ρ2 − a2)f(ψ)dψ
a2 + ρ2 − 2aρ cos(ϕ− ψ)

:

137. ÈáõÍáõÙÁ Ñ³ñÏ³íáñ ¾ ÷Ýïñ»É

a

Z 2π

0

ln
1p

a2 + ρ2 − 2aρ cos(ϕ− ψ)
µ(ψ)dψ + const

ï»ëùáí: Ð³Ù³å³ï³ëË³Ý ÇÝï»·ñ³É³ÛÇÝ Ñ³í³ë³ñáõÙÇó Ïëï³Ý³Ýùª

µ(ϕ) =
1

π
f(ϕ) :

138. ¸ÇñÇËÉ»Ç ËÝ¹ñÇ ÉáõÍáõÙÁ z > 0 ÏÇë³ï³ñ³ÍáõÃÛáõÝáõÝ ïñíáõÙ ¾

1

2π

Z ∞
−∞

Z ∞
−∞

zf(ξ, η)dξdη

[(x− ξ)2 + (y − η)2 + z2]3/2
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(µ(x, y) =
1

2π
f(x, y)) µ³Ý³Ó¨áí:

Ü»ÛÙ³ÝÇ ËÝ¹ñÇ ÉáõÍáõÙÁ z > 0 ÏÇë³ï³ñ³ÍáõÃÛáõÝáõÝ ïñíáõÙ ¾

1

2π

Z ∞
−∞

Z ∞
−∞

f(ξ, η)dξdη

[(x− ξ)2 + (y − η)2 + z2]3/2
+ const

(µ(x, y) = 1
2πf(x, y)) µ³Ý³Ó¨áí:

139. ¸ÇñÇËÉ»Ç ËÝ¹ñÇ ÉáõÍáõÙÁ y > 0 ÏÇë³Ñ³ñÃáõÃÛ³Ý Ñ³Ù³ñ áõÝÇ

Ñ»ï¨Û³É ï»ëùÁª

1

π

Z ∞
−∞

yf(ξ)dξ

(x− ξ)2 + y2
(µ(x) =

1

π
f(x)) :

140.

(h³Ù³ë»é »½ñ³ÛÇÝ å³ÛÙ³ÝÝ»ñ)

³.
l

2πa
sin

2πat

l
sin

2πx

l
:

µ.
2l

aπ
sin

aπt

2l
sin

πx

2l
+ cos

5aπt

2l
sin

5πx

2l
:

·.
2l

aπ
sin

aπt

2l
sin

πx

2l
+

2l

3aπ
sin

3aπt

2l
sin

3πx

2l
+

+
8l

π2

∞X
k=0

(−1)k
(2k + 1)2

cos
πa(2k + 1)

2l
sin

π(2k + 1)x

π2l
:

¹. cos
aπt

2l
cos

πx

2l
+

2l

3aπ
sin

3aπt

2l
cos

3πx

2l
+

+
2l

5aπ
sin

5aπt

2l
cos

5πx

2l
:

».
2hl2

π2c(l − c)

∞X
k=1

1

k2
sin

πkc

l
sin

πkx

l
cos

πkat

l
:

½.
8hl2

π3

∞X
k=0

1

(2k + 1)3
sin

π(2k + 1)x

l
cos

πa(2k + 1)t

l
:
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¾.
8hl3

π4a

∞X
k=0

1

(2k + 1)4
sin

π(2k + 1)x

l
sin

πa(2k + 1)t

l
:

Á. cos
πat

l
cos

πx

l
+

l

5aπ
sin

5aπt

l
cos

5πx

l
:

Ã.
4hv0
π2a

∞X
k=1

1

k

sin πkc
l cos

πkh
2l

1−
¡
kh
l

¢2 sin
πkx

l
cos

πkat

l
:

Å.
8lr

π2

∞X
k=0

(−1)k
(2k + 1)2

cos
π(2k + 1)at

2l
sin

π(2k + 1)x

2l
:

Ç.
4v0l

π2a

∞X
k=1

1

k2
sin

πkc

l
sin

πkδ

l
sin

πkat

l
sin

πkx

l
:

É.
8εl

π2

∞X
k=0

(−1)k+1
(2k + 1)2

sin
π(2k + 1)x

2l
cos

π(2k + 1)at

2l
:

Ë. t+
l

2
− 4l

π2

∞X
k=0

1

(2 + 1)k2
cos

π(2k + 1)x

l
cos

π(2k + 1)at

l
:

Í.
2h

a

∞X
k=1

p
h2 + λ2k

λ2k(l(h
2 + λ2k) + h)

sin aλkt cosλkx, áñï»Õ λk-ñÁ

λtgλl = h Ñ³í³ë³ñÙ³Ý ¹ñ³Ï³Ý ³ñÙ³ïÝ»ñÝ »Ý:

Ï.

∞X
k=1

4h

λkl(h2 + λ2k) + 2hλk
cos aλkt(λk cosλkx+ h sinλkx),

áñï»Õ λk-ñÁ ctgλl =
λ−h2
2hλ Ñ³í³ë³ñÙ³Ý ¹ñ³Ï³Ý ³ñÙ³ïÝ»ñÝ »Ý:

Ñ.
2h

a

∞X
k=1

p
h2 + λ2k

λ2k(l(h
2 + λ2k) + h)

sin aλkt cosλkx, áñï»Õ λk-ñÁ

λtgλl = h Ñ³í³ë³ñÙ³Ý ¹ñ³Ï³Ý ³ñÙ³ïÝ»ñÝ »Ý:

Ó. −2
a

∞X
k=1

(λk + lh)

p
h2 + λ2k
λ2k

sin aλkt sinλkx, áñï»Õ λk-ñÁ

htgλl = −h Ñ³í³ë³ñÙ³Ý ¹ñ³Ï³Ý ³ñÙ³ïÝ»ñÝ »Ý:

Õ.
1

l

Z l

0

(ϕ(x) + tψ(x))dx+
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+
∞X
k=1

(ak cos
akπt

l
+ bk sin

akπt

l
) cos

πkx

l
,

ak =
2

l

Z l

0

ϕ(x) cos
πkx

l
dx, bk =

2

aπk

Z l

0

ψ(x) cos
πkx

l
dx :

×.

∞X
k=1

(ak cos aλkt+ bk sin aλkt)(λk cosλkx+ h sinλkx),

ak =
1

||Ψk(x)||2
Z l

0

(λk cosλkx+ h sinλkx)ϕ(x)dx,

bk =
1

aλk||Ψk(x)||2
Z l

0

(λk cosλkx+ h sinλkx)ψ(x)dx,

||Ψk(x)||2 =
Z l

0

(λk cosλkx+ h sinλkx)
2dx =

l(h2 + λ2k) + h

2
,

áñï»Õ λk-ñÁ hctgλl = λ Ñ³í³ë³ñÙ³Ý ¹ñ³Ï³Ý ³ñÙ³ïÝ»ñÝ »Ý:

Ù.

∞X
k=1

(ak cos aλkt+ bk sin aλkt) cosλkx,

ak =
1

||Ψk(x)||2
Z l

0

cosλkxϕ(x)dx,

bk =
1

aλk||Ψk(x)||2
Z l

0

cosλkxψ(x)dx,

||Ψk(x)||2 =
Z l

0

cos2 λkxdx =
l

2

µ
1 +

h

l(h2 + λ2k)

¶
,

áñï»Õ λk-ñÁ λtgλl = h Ñ³í³ë³ñÙ³Ý ¹ñ³Ï³Ý ³ñÙ³ïÝ»ñÝ »Ý:

Û.î»ë Ñ³çáñ¹ ËÝ¹ñÇ å³ï³ëË³ÝÁ, áñï»Õ å»ïù ¾ ï»Õ³¹ñ»É h1 = h2 :

Ý.

∞X
k=1

(ak cos aλkt+ bk sin aλkt) sin(λkx+ ϕn),

ϕn = arctg
λn
h1
, ak =

1

||Ψk(x)||2
Z l

0

sin(λkx+ ϕn)ϕ(x)dx,

bk =
1

aλk||Ψk(x)||2
Z l

0

sin(λkx+ ϕn)ψ(x)dx,
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||Ψk(x)||2 =
Z l

0

sin2(λkx+ ϕn)dx =

=
1

2

µ
l +

(λ2k + h1h2)(h1 + h2)

(λ2k + h
2
1)(λ

2
k + h

2
2)

¶
,

áñï»Õ λk-ñÁ ctgλl =
λ2 − h1h2
λ(h1 + h2)

Ñ³í³ë³ñÙ³Ý ¹ñ³Ï³Ý ³ñÙ³ïÝ»ñÝ

»Ý:

ß.

∞X
k=1

(ak cos aλkt+ bk sin aλkt) sinλkx,

ak =
1

||Ψk(x)||2
Z l

0

sinλkxϕ(x)dx,

bk =
1

aλk||Ψk(x)||2
Z l

0

sinλkxψ(x)dx,

||Ψk(x)||2 =
Z l

0

sin2 λkxdx =
l(h2 + λ2k) + h

2(h2 + λ2k)
,

áñï»Õ λk-ñÁ htgλl = −λ Ñ³í³ë³ñÙ³Ý ¹ñ³Ï³Ý ³ñÙ³ïÝ»ñÝ »Ý:
(³Ýh³Ù³ë»é »½ñ³ÛÇÝ å³ÛÙ³ÝÝ»ñ)

á.
Hx− 8hl

π2

∞X
k=0

(−1)k
(2k + 1)2

sin
π(2k + 1)x

2l
cos

πa(2k + 1)t

2l
:

ã. ÈáõÍáõÙÁ ÷Ýïñ»É u(x, t) = v(x, t) +w(x, t) ï»ëùáí, áñïáÕ w(x, t)

ýáõÝÏóÇ³Ý µ³í³ñ³ñáõÙ ¾ ³ÝÑ³Ù³ë»é »½ñ³ÛÇÝ å³ÛÙ³ÝÝ»ñÇÝ:

å. ºÃ» ω 6= ωn =
πna

l
, n = 1, 2, · · ·, ³å³

2Aω

π

∞X
k=1

(−1)k
kωk

sinωkt sin
πkx

l
+
Ax

l
sinωt+

+
2Aω2

π

∞X
k=1

(−1)k+1
kωk(ω2k − ω2)

(ωk sinωt− ω sinωkt) sin
πkx

l
,

»Ã» ω = ωn0 =
πn0a

l
, ³å³

2Aω

π

∞X
k=1

(−1)k
kωk

sinωkt sin
πkx

l
+
Ax

l
sinωt+
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+
2Aω2

π

∞X
k=1
k 6=n0

(−1)k+1
kωk(ω2k − ω2)

(ωn sinωt− ω sinωkt) sin
πkx

l
+

+
A

πn0
(−1)n0 (ωt cosωt− sinωt) sin πn0x

l
:

ç.
Aa

sh la
e−tch

x

a
: ÈáõÍáõÙÁ ÷Ýïñ»É u(x, t) = v(x, t) + e−tf(x) ï»ë-

ùáí:

é. ÈáõÍáõÙÁ ÷Ýïñ»É u(x, t) = v(x, t) + w(x, t) ï»ëùáí, áñï»Õ

w(x, t) =
(g(x− l)− 1)µ(t) + (1 + hx)ν(t)

g + h(1 + lg)
:

ë. ÈáõÍáõÙÁ ÷Ýïñ»É u(x, t) = v(x, t) + w(x, t) ï»ëùáí, áñï»Õ

w(x, t) = (x− l)µ(t) + ν(t) :

í. Axtm +
∞X
k=0

uk(t) sin
π(2k + 1)x

2l
,

uk(t) =
αk
ωk

Z t

0

τm−2 sinωk(t− τ)dτ, ωk =
π(2k + 1)a

l
,

αk = −
2A

(m− 1)(m− 2)l

Z l

0

x sin
π(2k + 1)x

2l
dx :

ï. ÈáõÍáõÙÁ ÷Ýïñ»É u(x, t) = v(x, t) + w(x, t) ï»ëùáí, áñï»Õ

w(x, t) =
³
1− x

l

´
µ(t) +

x

l
ν(t) :

141.

³.
2l2he−νt

π2x0(l − x0)

∞X
k=1

1

k2
sin

πkx0
l

sin
πkx

l
θk(t), áñï»Õ

θk(t) = chωkt+
ν

ωkt
shωkt, ωk =

r
ν2 − a

2k2π2

l2
, »Ã»

kπa

l
< ν,

θk(t) = 1 + νt, »Ã»
kπa

l
= ν,

θk(t) = cosωkt+
ν

ωkt
sinωkt, ωk =

r
a2k2π2

l2 − ν2
, »Ã»

kπa

l
> ν :
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µ.
8kle−νt

π2

∞X
n=0

(−1)n
(2n+ 1)2

sin
π(2n+ 1)x

2l
θn(t),

áñï»Õ θn(t) ýáõÝÏóÇ³Ý áñáßíáõÙ ¾ ÇÝãå»ë Ý³Ëáñ¹ ËÝ¹ñáõÙ:

·. a0 + b0e
−2νt + e−νt

∞X
k=1

θk(t) cos
πkx

l
, áñï»Õ

θk(t) = akchωkt+ bkshωkt, ωk =

r
ν2 − a

2k2π2

l2
, »Ã»

kπa

l
< ν,

θk(t) = ak + bkt, »Ã»
kπa

l
= ν,

θk(t) = ak cosωkt+ bk sinωkt, ωk =

r
a2k2π2

l2 − ν2
, »Ã»

kπa

l
> ν,

ak =
2

l

Z l

0

ϕ(x) cos
πkx

l
dx, k = 1, 2, ...,

bkωk − νak =
2

l

Z l

0

ψ cos
πkx

l
dx, k = 1, 2, ...,

b0 =
1

2νl

Z l

0

ψ(x)dx, a0 =
1

l

Z l

0

φ(x)dx+
1

2νl

Z l

0

ψ(x)dx :

¹. e−νt
∞X
k=1

θk(t) cosλkx, áñï»Õ

θk(t) = akchωkt+ bkshωkt, ωk =
q
ν2 − λ2ka

2, »Ã» aλk < ν,

θk(t) = ak + bkt, »Ã» aλk = ν,

θk(t) = ak cosωkt+ bk sinωkt, ωk =
q
a2λ2k − ν2, »Ã» aλk > ν,

ak =
2

l(1 + h
l(λ2

k
+h2)

)

Z l

0

ϕ(x) cosλkxdx,

bkωk − νak =
2

l(1 + h
l(λ2

k
+h2)

)

Z l

0

ψ cosλkxdx,

ÇëÏ λk-ñÁ λtgλl = h Ñ³í³ë³ñÙ³Ý ¹ñ³Ï³Ý ³ñÙ³ïÝ»ñÝ »Ý:

». e−νt
∞X
k=1

θk(t) sin(λkx+ ϕn) (ϕn = arctg
λk
h1
),
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áñï»Õ θk(t)-Ý ¨ ωk-Ý áñáßíáõÙ »Ý ÇÝãå»ë Ý³Ëáñ¹ ËÝ¹ñáõÙ: λk-ñÁ

ctgλl =
λ2 − h1h2
λ(h1 + h2)

Ñ³í³ë³ñÙ³Ý ¹ñ³Ï³Ý ³ñÙ³ïÝ»ñÝ »Ý, ÇëÏ

ak =
2³

l +
(λ2

k
+h1h2)(h1+h2)

(λ2
k
+h21)(λ

2
k
+h22)

´ Z l

0

ϕ(x) sin(λkx+ ϕk)dx,

bkωk − νak =
2³

l +
(λ2

k
+h1h2)(h1+h2)

(λ2
k
+h21)(λ

2
k
+h22)

´ Z l

0

ψ(x) sin(λkx+ ϕk)dx,

k = 1, 2, 3, · · · :

½.e−νt
∞X
k=1

(ak cos qkt+ bk sin qkt) sin
πkx

l
, qk =

r
k2π2a2

l2
− ν2,

ak =
2

l

Z l

0

ϕ(x) sin
πkx

l
dx, bk =

h

qk
+
2

lqk

Z l

0

ψ(x) sin
πkx

l
dx :

¾.w(x, t) + e−νt
∞X
n=0

(an cos
π(2n+ 1)at

2l
+

+bn sin
π(2n+ 1)at

2l
) sin

π(2n+ 1)x

2l
,

an = −
2

l

Z l

0

w(x, 0) sin
π(2n+ 1)x

2l
dx,

bn = −
4ν

(2n+ 1)πal

Z l

0

wt(x, 0) sin
π(2n+ 1)x

2l
dx,

w(x, t) = Im

µ
A(α− βi)

α2 + β2
e(α+βi)x − e−(α+βi)x
e(α+βi)l − e−(α+βi)l e

iωt

¶
,

α+ βi =

√
ω2 − 2ωνi

a
:

142.

³.
gx

a2
(l − x

2
) +

∞X
n=0

µ
gl2

(2n+ 1)3π3
cos

(2n+ 1)πat

2l
+

+
2v0l

2

(2n+ 1)2π2a
sin

(2n+ 1)πat

2l

¶
sin

(2n+ 1)πx

2l
:
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µ.
1

aπ

∞X
k=1

∙
1

k

Z t

0

fk(ξ) sin
kaπ(t− ξ)

l
dξ

¸
cos

πkx

l
+

+

Z t

0

Z τ

0

f0(ξ)dξdτ, f0(ξ) =
1

l

Z l

0

f(x, ξ)dx,

fk(ξ) =
2

l

Z l

0

f(x, ξ) cos
πkx

l
dx :

·.
2l

aπ

∞X
k=0

1

2k + 1

∙Z t

0

τk(ξ) sin
(2k + 1)aπ(t− ξ)

2l
dξ

¸
×

× sin (2k + 1)πx
2l

:

¹.
1

a2l

"
l

Z x

0

dξ

Z ξ

0

Φ(z)dz − x
Z l

0

dξ

Z ξ

0

Φ(z)dz

#
t+

+
∞X
n=1

bn sin
πnx

l
sin

πnat

l
,

bn = −
2

πna3l

Z l

0

∙
l

Z x

0

dξ

Z ξ

0

Φ(z)dz−

−x
Z l

0

dξ

Z ξ

0

Φ(z)dz

¸
sin

πnx

l
dx :

».
1

1 +
¡
aπ
l

¢2 µe−t − cos πatl +
l

aπ
sin

πat

l

¶
sin

πx

l
:

½.
4l

π

∞X
k=1

(−1)k+1

k
³
1 +

¡
πak
l

¢2´ µe−t − cos πkatl +
l

kaπ
sin

πakt

l

¶
×

× sin πkx
l
:

¾.
1

π

∞X
k=0

sin (2k+1)πx2l

(2k + 1)

µ³
aπ(2k+1)

2l

´2
− 1
¶×

×
µ
sin t− 2l

aπ(2k + 1)
sin

aπ(2k + 1)

2l

¶
:
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Á. (e−t − cos t+ sin t) cos x
2
:

Ã. u(x, t) = v(x) + w(x, t) + z(x, t),

v(x) =
k sin kx

cos kl

Z l

0

ξ cos k(l − ξ)dξ − k
Z x

0

ξ sin k(x− ξ)dξ,

w(x, t) = X(x) sinωt =
g

2ω2

"
cos ω(l−x)

√
2

2

cos ωl
√
2

a

− 1
#
sinωt,

z(x, t) =
∞X
n=0

(An cosωnt+Bn sinωnt) sin
π(2n+ 1)x

2l
,

An = −
2

l

Z l

0

v(ξ) sin
π(2n+ 1)ξ

2l
dξ,

Bn = −
2

lωn

Z l

0

X(ξ) sin
π(2n+ 1)ξ

2l
dξ,

ωn = −
r
ω2 − (2n+ 1)π

2a2

4l2
:

Å.

∞X
n=1

un(t) sin
πnx

l
, un(t) =

αn
ωn

Z t

0

τm sinωn(t− τ)dτ,

ωn =
πna

l
, αn =

2

l

Z l

0

Φ(x) sin
πnx

l
dx :

Ç. Ð³çáñ¹ ËÝ¹ñÇ å³ï³ëË³ÝáõÙ Φn-Á ÷áË³ñÇÝ»É 2
1−(−1)n

πn -áí:

É. ºÃ» ω 6= ωn =
πna

l
, n = 1, 2, · · · , ³å³

∞X
n=1

Φn
ω2n − ω2

(cosωt− cosωnt) sin
πnx

l
:

ºÃ» ω 6= ωn0 =
πn0a

l
, n = 1, 2, · · · , ³å³

∞X
n=1
n6=0

Φn
ω2n − ω2

(cosωt− cosωnt) sin
πnx

l
+

+
Φn0t sinωt

2ω
sin

πn0x

l
, Φn =

2

l

Z l

0

Φ(x) sin
πnx

l
dx :
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Ë. ºÃ» ω 6= ωn =
πna

l
, n = 1, 2, 3, · · · , ³å³

∞X
n=1

Φn
ωn(ω2n − ω2)

(ωn sinωt− ω sinωnt) sin
πnx

l
:

ºÃ» ω = ωn0 =
πn0l

a
, ³å³

∞X
n=1
n6=0

Φn
ωn(ω2n − ω2)

(ωn sinωt− ω sinωnt) sin
πnx

l
+

+
Φn0
2ω2n0

(sinωn0t− ωn0t cosωn0t) sin
πn0x

l
,

Φn =
2

l

Z l

0

Φ(t) sin
πnt

l
dt :

Í. Ü³Ëáñ¹ ËÝ¹ñÇ å³ï³ëË³ÝáõÙΦn-Á ÷áË³ñÇÝ»É 2
1− (−1)n

πn
Φ0-áí:

Ï. − g

2a2
(x2 − lx) + 2l

2

π2
e−νt

∞X
n=1

µ
h

n2x0(l − x0)
sin

πnx0
l
+

+
g

πn3a2
(−1 + (−1)n)

¶µ
cosωnt+

ν

ωn
sinωnt

¶
sin

πnx

l
:

Ñ.

∞X
n=1

un(t) sin
πnx

l
, un(t) =

αn
ωn

Z t

0

τe−ν(t−τ) sinω∗n(t− τ)dτ,

αn =
2

l

Z l

0

Φ(z) sin
πnz

l
dz, ωn =

πna

l
, ω∗n =

p
ω2n − ν2,

³Ûëï»Õ »ÝÃ³¹ñíáõÙ ¾, áñ ωn > ν, Ñ³Ï³é³Ï ¹»åùáõÙ ÉáõÍáõÙÁ Ïå³ñáõ-

Ý³ÏÇ shω∗n ï»ëùáí ³Ý¹³ÙÝ»ñ:

Ó. u(x, t) = U(x, t) + e−νt
∞X
n=1

µ
an cos

πnat

l
+ bn sin

πnat

l

¶
×

× sin πnx
l
, an = −

2

l

Z l

0

U(z, 0) sin
πnz

l
dz,

bn =
νl

nπa
an −

2

πna

Z l

0

Ut(z, 0) sin
πnz

l
dz,
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U(x, t) = Im

µ
α− iβ

(α2 + β2)a2

µ
X(x)

X(l)

Z l

0

Φ(ξ)X(l − ξ)dξ−

−eiωt
Z x

0

Φ(ξ)X(x− ξ)dξ

¶¶
,

X(x) = e(α+iβ)x − e−(α+iβ)x, α+ iβ =
√
ω2 − 2ωνi

a
:

Ø³ëÝ³ÏÇ ÉáõÍáõÙÁ ÷Ýïñ»É X(x)eiωt ï»ëùáí ¨ ³ÛÝáõÑ»ï¨ í»ñóÝ»É

Ï»ÕÍ Ù³ëÁ:

Õ. u(x, t) = v(x, t) + w(x),

v(x, t) =
∞X
k=1

ak cos
kaπ

l
sin

πkx

l
,

ak = −
2

l

Z l

0

w(x) sin
πkx

l
dx,

w(x) = − 1
a2

Z x

0

Z y

0

f(ξ)dξdy+

+
x

la2

Z l

0

Z y

0

f(ξ)dξdy +
β − α

l
x+ α :

×.
β − α

2l
x2 + αx+ Φ0 + ψ0t+

F0
2
t2+

+
∞X
k=1

µµ
i

akπ

¶2
Fk +

Ã
Φk −

µ
l

akπ

¶2
Fk

!
cos

akπt

l
+

+
lψk
akπ

¶
cos

πkx

l
,

Fk =
εk
l

Z l

0

∙
f(x)− (β − α)x2

2l

¸
cos

πkx

l
dx,

Φk =
εk
l

Z l

0

∙
ϕ(x)− (β − α)x2

2l
− αx

¸
cos

πkx

l
dx,

ψk =
εk
l

Z l

0

ψ(x) cos
πkx

l
dx,

ε0 = 1, εk = 2, k = 1, 2, · · · .
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Ù. w(x) +
∞X
k=1

(ak cos aλkt+ bk sin aλkt)(λk cosλkx+ h sinλkx),

w(x) = − 1
a2

Z x

0

Z y

0

f(ξ)dy+

+

Ã
β − αl +

1

a2

Z l

0

Z y

0

f(ξ)dξdy

!
1 + hx

1 + hl
+ αx

ak =
2

h+ l(h2 + λ2k)

Z l

0

(ϕ(x)− w(x))×

×(λk cosλkx+ h sinλkx)dx,

bk =
2

aλk(h+ l(h2 + λ2k))

Z l

0

ψ(x)(λk cosλkx+ h sinλkx)dx,

áñï»Õ λk-ñÁ htgλl = −λ Ñ³í³ë³ñÙ³Ý ¹ñ³Ï³Ý ³ñÙ³ïÝ»ñÝ »Ý:

Û. w(x)− 2
∞X
k=1

"
h2 + λ2k

h+ l(h2 + λ2k)

Z l

0

w(ξ) cosλkξdξ

#
×

× cos aλkt cosλkx,
w(x) = − 1

a2

Z x

0

Z y

0

f(ξ)dξdy +
β − α

h
− α(l − x)+

+
1

a2

Z l

0

Z y

0

f(ξ)dξdy +
1

a2h

Z l

0

f(ξ)dξ,

áñï»Õ λk-ñÁ λtgλl = h Ñ³í³ë³ñÙ³Ý ¹ñ³Ï³Ý ³ñÙ³ïÝ»ñÝ »Ý:

Ý. ÈáõÍáõÙÁ ÷Ýïñ»É u(x, t) = v(x, t) + w(x, t) ï»ëùáí ¨ v(x, t)

ýáõÝÏóÇ³ÛÇ Ñ³Ù³ñ ëï³Ý³É Ñ³Ù³ë»é »½ñ³ÛÇÝ å³ÛÙ³ÝÝ»ñáí Ë³éÁ ËÁÝ-

¹Çñ:

w(x, t) =

µ
1− hx

1 + lh

¶
µ(t) +

x

1 + lh
ν(t) :

ß. ÈáõÍáõÙÁ ÷Ýïñ»É u(x, t) = v(x, t) + w(x, t) ï»ëùáí ¨ v(x, t)

ýáõÝÏóÇ³ÛÇ Ñ³Ù³ñ ëï³Ý³É Ñ³Ù³ë»é »½ñ³ÛÇÝ å³ÛÙ³ÝÝ»ñáí Ë³éÁ ËÁÝ-

¹Çñ:

w(x, t) = − 1
h
µ(t) + (x+

1

h
)ν(t) :

á.
t

2
−
µ
1

4
+ cos

2

a

¶
x sin 2t :
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ÈáõÍáõÙÁ ÷Ýïñ»É u(x, t) = v(x, t) + f(x) sin 2t ï»ëùáí:

ã. 2xt+ (2et − e−t − 3te−t) cosx :
å. xt+ (2et − e2t)e−x sinx :

143.

³.
16Al21l

2
2

π6

∞X
m,n=0

sin (2m+1)πxl1
sin (2n+1)πyl1

(2m+ 1)3(2n+ 1)3
×

× cosπat

s
(2m+ 1)2

l1
+
(2n+ 1)2

l2
:

µ.
16Al21l

2
2

π7a

∞X
m,n=0

sin (2m+1)πxl1
sin (2n+1)πyl1

(2m+ 1)3(2n+ 1)3
×

×
sinπat

q
(2m+1)2

l1
+ (2n+1)2

l2q
(2m+1)2

l1
+ (2n+1)2

l2

:

·.cos

p
s2 + p2aπt

sp
sin

πx

s
sin

πy

p
:

¹.
64Asp

π4

∞X
k,n=0

(−1)k+n
sin (2k+1)πx2s sin (2n+1)πy2p

(2k + 1)2(2n+ 1)2
×

× cosπat

s
(2k + 1)2

4s2
+
(2n+ 1)2

4p2
:

». 3 cos
√
5t sinx sin 2y + sin 5t sin 3x sin 4y :

½.

∞X
m,n=0

Amn(sinωt−
ω

ωmn
sinωmnt) sin

mπx

l1
sin

nπy

l2
,

Amn =
4

l1l2(ω2mn − ω2)

Z l1

0

dx

Z l2

0

A(x, y) sin
mπx

l1
sin

nπy

l2
dy,

ωmn = πa

s
m2

l21
+
n2

l22
:
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¾. sin
2πy

p

∞X
k=1

ak(e
−t − cos aπωkt+

1

aπωk
sin aπωkt) sin

πkx

s
,

ak =
(−1)k+12s

πρk(1 + a2π2ωk)
, ωk =

s
k2

s2
+
4

p2
:

Á. u(r, t) =

µ2aε³ωa cos ωa r2 − 1
r2
sin ω

a r2

´
³
1
r1
− 1

r2

´
cos ωa (r1 − r2)

cos ωa r

r
+

+
2aε

³
ω
a sin

ω
a r2 +

1
r2
cos ωa r2

´
³
1
r1
− 1

r2

´
cos ωa (r1 − r2)

sin ω
a r

r

¶
cosωt :

ÈáõÍáõÙÁ ÷Ýïñ»É R(r) cosωt ï»ëùáí:

Ã. u(r, t) =
∞X
n=1

An
cosλnr + γn sinλnr

r
sin aλnt,

λn = (2n+ 1)
π

2(r2 − r1)
, γn =

λn sinλnr2 +
1
r2
cosλnr2

λn cosλ+ nr2 − 1
r2
sinλnr2

,

An = −
a2

ρ0

Z r2

r1

rf(r)(cosλnr + γn sinλnr)dr :

ÈáõÍáõÙÁ ÷Ýïñ»É rv(r, t) ï»ëùáí:

144.

³.

∞X
n=1

ane
−n2π2a2t

l2 sin
πnx

l
, an =

2

l

Z l

0

ϕ(x)sin
πnx

l
dx :

µ.
4u0
π

∞X
k=0

1

2k + 1
e−

(2k+1)2π2a2t

l2 sin
(2k + 1)πx

l
:

·.
a0
2
+
∞X
n=1

ane
−n2π2a2t

l2 cos
πnx

l
, an =

2

l

Z l

0

ϕ(x) cos
πnx

l
dx :

¹. u(x, t) = w(x) + v(x, t),

w(x) = H
u2 − u1
2 + lH

x+
u2 + (1 + lH)u1

2 + lH,
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v(x, t) =
∞X
n=1

ane
−a2λ2nt

µ
cosλnx+

H

λn
sinλnx

¶
,

an =
2λ2n

(λ2n +H
2)l + 2H

Z l

0

(ϕ(x)− w(x))×

×
µ
cosλnx+

H

λn
sinλnx

¶
dx,

λn =
zn
l
, áñï»Õ zn-ñÁ ctgz =

1

2

µ
z

lH
− lH
z

¶
Ñ³í³ë³ñÙ³Ý ¹ñ³-

Ï³Ý ³ñÙ³ïÝ»ñÝ »Ý:

».
16l2

π3

∞X
k=0

1

(2k + 1)3
e−

(2k+1)2π2a2t

l2 sin
(2k + 1)πx

l
:

½.
2

π

∞X
n=1

1

n
((u0 − u1)(1− (−1)n) + (−1)n+1(u1 − u2))× :

×e−
n2π2a2t

l2 sin
nπx

l
+ u1 + (u2 − u1)

x

l
:

¾. Q0x+ U0 +
∞X
n=0

∙
an −

4

π2
(2n+ 1)πU0 + lQ0

(2n+ 1)2

¸
×

×e−
(2n+1)2π2a2t

4l2 sin
(2n+ 1)πx

2l
,

an =
2

l

Z l

0

ϕ(z) sin
(2n+ 1)πz

2l
dz :

Á. u0 −
4u0
π

∞X
k=0

1

2k + 1
e−

(2k+1)2π2a2t

4l2 sin
(2k + 1)πx

2l
,

Ã. Q

"
a2t

l
+
3x2 − l2
6l

+
2l

π2

∞X
k=1

(−1)k+1
cos πkxl
k2

e−
k2π2a2t

l2

#
:

Å.
A

l
xt+

Ax

6a2l
(x2 − l2) + v(x, t),

v(x, t) =
∞X
n=1

ane
−n2π2a2t

l2 sin
nπx

l
,
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an = −
A

3a2l2

Z l

0

x(x2 − l2) sin πnx
l
dx :

Ç. qx+
(A− q)l

2
− 4l(A− q)

π2

∞X
k=0

1

(2k + 1)2
e−

(2k+1)2π2a2t

l2 ×

× cos (2k + 1)πx
l

:

É.
aA

cos la
e−t sin

x

a
+
2

l

∞X
k=0

∙
T

ωk
+
(−1)kAa2
1− a2ω2k

¸
×

×e−a2ω2kt sinωkx, ωk =
(2k + 1)π

2l
, ωk 6=

1

a
, k = 0, 1, · · · .

ÈáõÍáõÙÁ ÷Ýïñ»É u(x, t) = f(x)e−t + v(x, t) ï»ëùáí:

Ë.
Ax

l
cosωt+

2Aω

π

∞X
n=1

sin
πnx

l

(−1)n+1
n(ω2 + ω2n)

×

×(ωn sinωt− ω cosωt+ ωe−ωnt) +
∞X
n=1

an sin
πnx

l
e−ωnt,

ωn =
π2n2a2

l2
, an =

2

l

Z l

0

(ϕ(x)− Ax
l
) sin

πnx

l
dx :

Í.
Ax2

2l
cosωt+

∞X
n=0

an sin
(2n+ 1)πx

2l
e−ωt+

+
∞X
n=0

wn(t) sin
(2n+ 1)πx

2l
,

an =
2

l

Z l

0

µ
ϕ(x)− Ax

2

2l

¶
sin

(2n+ 1)πx

2l
dx,

Wn(t) =
4a2A

πl(2n+ 1)(ω2 + ω2n)
(ωn cosωt+ ω sinωt)+µ

8Al(−1)n
π2(2n+ 1)2

− 16Al

π3(2n+ 1)3

¶
ωn sinωt− ω cosωt

ω2n + ω2
+

+Cne
−ωnt, Cn =

ω

ω2 + ω2n

µ
8Al(−1)n
π2(2n+ 1)2

− 16Al

π3(2n+ 1)3

¶
−
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− 4a2Aωn
πl(2n+ 1)(ω2 + ω2n)

, ωn =
a2π2(2n+ 1)2

4l2
:

Ï. −a
2A

2l
t2 −

µ
A

2l
x2 −Ax+ Al

3
− a

2T

l

¶
t+

T

2l
x2−

− lt
6
+

2l

a2π4

∞X
k=1

1

k4

∙
Al2 − (Al2 + (−1)kT (akπ)2)×

×e−(akπl )
2
t

¸
cos

πkx

l
:

145.

³.

Z l

0

ϕ(ξ)

"
2

l

∞X
n=1

e−
n2π2a2t

l2 sin
πnx

l
sin

πnξ

l

#
dξ+

+

Z t

0

dτ

Z l

0

f(ξ, τ)

"
2

l

∞X
n=1

e−
n2π2a2(t−τ)

l2 sin
πnx

l
sin

πnξ

l

#
dξ :

µ. sin
πx

l

Z t

0

Φ(τ)e−
π2a2(t−τ)

l2 dτ +
∞X
n=1

ane
−n2π2a2t

l2 sin
πnx

l
,

an =
2

l

Z l

0

ϕ(x) sin
πnx

l
dx :

·. u(x, t) = v(x, t) + w(x, t),

w(x, t) = (α1x+ β1)ψ1(t) + (α2x+ β2)ψ2(t),

α1 =
1

2 + hl
, β1 =

1 + hl

(2 + hl)h
, α2 =

1

2 + hl
, β2 =

1

h(2 + hl)
,

v(x, t) =
∞X
n=1

vn(t)Xn(x), Xn(x) = cosλnx+
h

λn
sinλnx,

λn =
zn
l , áñï»Õ zn-ñÁ ctgz =

1
2

¡
z
lh −

lh
z

¢
Ñ³í³ë³ñÙ³Ý ¹ñ³Ï³Ý

³ñÙ³ïÝ»ñÝ »Ý,

vn(t) =

Z t

0

ea
2λ2n(t−τ)θn(τ)dτ + ane

−a2λ2nt,

θn(t) =
1

||Xn||2
Z l

0

f∗(z, t)Xn(z)dz,
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an =
1

||Xn||2
Z l

0

ϕ∗(z)Xn(z)dz,

f∗(x, t) = f(x, t)− (α1x+ β1)ψ
0

1(t)− (α2x+ β2)ψ
0

2(t),

ϕ∗(x) = ϕ(x)− (α1x+ β1)ψ1(0)− (α2x+ β2)ψ2(0),

||Xn(x)||2 =
Z l

0

Xn(x)
2dx =

(λ2n + h
2)l + 2h

2λ2n
:

¹. w(x) +
∞X
k=0

ake
− (2k+1)2a2π2t

4l2 sin
(2k + 1)πx

2l
,

ak =
2

l

Z l

0

(ϕ(x)− w(x)) sin (2k + 1)πx
2l

dx,

w(x) = − 1
a2

Z x

0

µZ y

0

f(ξ)dξ

¶
dy +

x

a2

Z l

0

f(ξ)dξ + qx :

146.

³. sin
πx

2l
e

¡
a2π2

4l2
+β
¢
t
:

µ. u(x, t) = u0 + w(x) + v(x, t),

w(x) = −u0
sh
√
h(l−x)
a + sh

√
hx
a

sh
√
hl
a

,

v(x, t) = −4hl
2u0

πa2

∞X
k=1

sin (2k−1)πxl e

h
(2k−1)2π2a2

l2
+h

i
t

(2k − 1)[(2k − 1)2π2a2 + hl2] :

·. u(x, t) = w(x) + v(x, t),

v(x, t) =
∞X
n=1

ane
−(a2λ2n+h)t

µ
cosλnx+

H

λn
sinλnx

¶
,

w(x) = H

h
u2
√
h
a − u1

³
Hsh

√
hl
a −

√
h
a ch

√
hl
a

´i
ch
√
hx
a¡

H2 + h
a2

¢
sh
√
hl
a

+

+H

h
u2H + u1

³
Hch

√
hl
a +

√
h
a sh

√
hl
a

´i
sh
√
hx
a¡

H2 + h
a2

¢
sh
√
hl
a

,
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an =
2λ2n

(λ2n +H
2)l + 2H

Z l

0

(ϕ(x)− w(x))×

×
µ
cosλnx+

H

λn
sinλnx

¶
dx,

λn =
zn
l
, áñï»Õ zn-ñÁ ctgz =

1

2

µ
z

lH
− lH
z

¶
Ñ³í³ë³ñÙ³Ý ¹ñ³-

Ï³Ý ³ñÙ³ïÝ»ñÝ »Ý:

¹.
4

π

∞X
k=0

1

2k + 1
e
−
³
π2(2k+1)2

l2
+1

´
t
sin

(2k + 1)πx

l
:

». − 8
π

∞X
k=0

1

(2k + 1)2
e−(2k+1)

2t sin(2k + 1)x :

½.
1

2
(1− e−2t) sinx :

¾. e−
3
4 t sin

x

2
:

Á. u(x, t) = u0 + w(x) + v(x, t),

w(x) =
(u1 − u0)sh

√
h(l−x)
a + (u2 − u0)sh

√
hx
a

sh
√
hl
a

,

v(x, t) =
∞X
n=1

Ane
−
¡
n2π2a2

l2
+h
¢
t
sin

πnx

l
,

An =
2

l

Z l

0

(ϕ(x)− w(x)− u0) sin
πnx

l
dx :

Ã. u(x, t) = w(x) + v(x, t),

a√
h
Q1sh

√
hx

a
+
Q2 −Q1ch

√
hl
a√

h
a sh

√
hl
a

ch

√
hx

a
,

v(x, t) =
a0
2
e−ht +

∞X
n=1

ane
−
¡
n2π2a2

l2
+h
¢
t
cos

πnx

l
,

an =
2

l

Z l

0

(ϕ(x)− w(x)) cos πnx
l
dx :

Å. u(x, t) = u0 + e
−htv(x, t),
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v(x, t) =
∞X
n=0

(an cosnx+ bn sinnx)e
−n2a2t,

a0 =
1

2π

Z π

−π
(ϕ(x)− u0)dx,

an =
1

π

Z π

−π
(f(x)− u0) cosnxdx,

bn =
1

π

Z π

−π
(f(x)− u0) sinnxdx :

Ç. u0 + e
−ht(u1 − u0) :

É. u(x, t) = v(x, t) + w(x, t),

w(x, t) = (α1x+ β1)ψ1(t) + (α2x+ β2)ψ2(t),

α1 =
1

2 + hl
, β1 =

1 + hl

(2 + hl)h
, α2 =

1

2 + hl
, β2 =

1

h(2 + hl)
,

v(x, t) =

Z t

0

dτ

Z l

0

f∗(z, τ)G(x, z, t− τ)dz+

+

Z l

0

ϕ∗(z)G(x, z, t)dz,

G(x, z, t− τ) =
∞X
n=1

e−(a
2λ2n+h)(t−τ)Xn(x)Xn(z)

||Xn||2
,

λn =
zn
l , áñï»Õ zn-ñÁ ctgz =

1
2

¡
z
lh −

lh
z

¢
Ñ³í³ë³ñÙ³Ý ¹ñ³Ï³Ý

³ñÙ³ïÝ»ñÝ »Ý,

||Xn(x)||2 =
Z l

0

Xn(x)
2dx =

(λ2n + h
2)l + 2h

2λ2n
,

f∗(x, t) = f(x, t)− hw(x, t)− ϕt(x, t),

ϕ∗(x) = ϕ(x)− w(x, 0) :
Ë. xt+ sin(πx)ex−t−π

2t :

Í. x+ t sinx+
1

8
(1− e−8t) sin 3x :

147.

³.
16u0
π2

∞X
m,n=0

sin (2m+1)πxl sin (2n+1)πyl

(2m+ 1)(2n+ 1)
×
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×e−
a2π2

l2
((2m+1)2+(2n+1)2)t :

µ.

∞X
k=0

∞X
n=1

Tkn(t) sin
(2k + 1)πx

2p
sin

πny

s
,

Tkn(t) =
4

ps

Z t

0

e−a
2ω2kn(t−τ)

Z p

0

Z s

0

f(ξ, η, τ)×

× sin (2k + 1)πξ
2p

sin
πnη

s
dξdηdτ,

ω2kn =
(2k + 1)2π2

4p2
+

π2n2

s2
:

·. Be
− a2π2

4

¡
1
p2
+ 9
s2

¢
t
sin

πx

2p
cos

3πy

2s
+

+
4A

a2π2
³
9
p2 +

1
s2

´ µ1− e− a2π2

4

¡
9
p2
+ 1
s2

¢
t
¶
sin

3πx

2p
cos

πy

2s
:

¹.
A

a2π2
³
1
p2 +

1
4s2

´
− 1

µ
e−t − e−a

2π2
¡

1
p2
+ 1
4s2

¢
t
¶
×

× sin πx
p
sin

πy

2s
:

».

∞X
k,n=1

akne
−a2ω2knt sin

πkx

p
sin

πny

s
,

akn =
4

ps

Z p

0

Z s

0

ϕ(x, y) sin
πkx

p
sin

πny

s
dxdy,

ω2kn =
π2k2

p2
+

π2n2

s2
:

½.

∞X
k,n=1

akne
−a2ω2knt sin

πky

s
cos

π(2n+ 1)x

2p
,

akn =
4

ps

Z p

0

Z s

0

ϕ(x, y) sin
πky

s
cos

π(2n+ 1)x

2p
dxdy,

ω2kn =
π2k2

s2
+

π2(2n+ 1)2

4p2
:
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¾. u(r, t) =
2

Rr

∞X
k=1

Ck(t) sin
πkr

R
,

Ck(t) =

Z t

0

e−(
akπ
R )

2
(t−τ)

Z R

0

ξf(ξ, τ) sin
πkξ

R
dξdτ :

Á. U +
Q

6k
(R2 − r2) + 2R

πr

∞X
n=1

(−1)n
n

µ
U − T − QR2

kn2π2

¶
×

×e−(anπR )
2
t sin

πnr

R
, a2 =

k

xρ
:

Ã. u(r, t) =
∞X
n=1

Ane
−a2λ2nt sinλnr

r
,

An =
2

r0

r20λ
2
n + (r0h− 1)2

r20λ
2
n + (r0h− 1)r0h

Z r0

0

rf(r) sinλnrdr,

áñï»Õ λn-ñÁ tgλnr0 =
λnr0
1− r0h

Ñ³í³ë³ñÙ³Ý ¹ñ³Ï³Ý ³ñÙ³ïÝ»ñÝ »Ý:

Å. u(r, t) =
∞X
n=1

Ane
−n2π2a2t

r2
0

sin πnr
r0

r
,

An =
2

r0

Z r0

0

rf(r) sin
πnr

r0
dr :

Ç. u1 + 2
r0
π
(u0 − u1)

∞X
n=1

(−1)n+1
n

e
−n2π2a2t

r2
0

sin πnr
r0

r
:

É. u0 +
qr0
λ

µ
3a2t

r20
− 3r

2
0 − 5r2
10r20

−

−
∞X
n=1

2r0
rµ2n cosµn

sin
µnr

r0
e
−a2µ2nt

r2
0

¶
,

áñï»Õ µn-ñÁ tgµ = µ Ñ³í³ë³ñÙ³Ý ¹ñ³Ï³Ý ³ñÙ³ïÝ»ñÝ »Ý:

148.

³. u(ρ,ϕ) =
A0
2
+
∞X
n=1

³ρ
a

´n
(An cosnϕ+Bn sinnϕ), ρ < a,
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An =
1

π

Z 2π

0

f(ϕ) cosnϕdϕ (n = 0, 1, 2, · · ·),

Bn =
1

π

Z 2π

0

f(ϕ) sinnϕdϕ (n = 1, 2, · · ·),
²Ûëï»ÕÇó Ï³ñ»ÉÇ ¾ ëï³Ý³É äáõ³ëáÝÇ µ³Ý³Ó¨Áª

u(ρ,ϕ) =

Z 2π

0

a2 − ρ2

a2 + ρ2 − 2aρ cos(ϕ− psi)f(ψ)dψ :

µ. A
ρ

a
sinϕ :

·. B +
3A

a
ρ sinϕ− 4A

³ρ
a

´3
sin 3ϕ :

¹. A
ρ

a
sinϕ− 8A

π

∞X
k=1

³ρ
a

´2k cos 2kϕ
4k2 − 9 :

».
1

2
(1 + ρ2 cos 2ϕ) :

½.
ρ

4
(3 sinϕ− ρ2 sin3 ϕ) :

¾.
3

8
+

ρ2

2
cos 2ϕ+

ρ4

8
cos 4ϕ :

Á.
5

8
+
3

8
ρ4 cos 4ϕ :

Ã. −1− ρ

2a
cosϕ+

πρ

a
sinϕ+ 2

∞X
k=2

1

k2 − 1
³ρ
a

´k
cos kϕ :

Å. C +
∞X
k=1

ρk(Ak cos kϕ+Bk sin kϕ),

Ak =
1

πkak−1

Z 2π

0

f(ϕ) cos kϕdϕ, k = 1, 2, · · · ,

Bk =
1

πkak−1

Z 2π

0

f(ϕ) sin kϕdϕ, k = 1, 2, · · · ,Z 2π

0

f(ϕ)dϕ = 0, C-Ý Ï³Ù³Û³Ï³Ý Ñ³ëï³ïáõÝ ¾:

Ç. Aρ cosϕ+ C :
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É.
A

2a
ρ2 cos 2ϕ+ C :

Ë.
1

4
(3ρ sinϕ− ρ3

3a2
sin 3ϕ) + C :

Í.

∞X
n=1

ρn

an−1(n− ah)(An cosnϕ+Bn sinnϕ)−
A0
2h
,

An-Á ¨ Bn-Á f(ϕ) ýáõÝÏóÇ³ÛÇ üáõñÇ»Ç ·áñÍ³ÏÇóÝ»ñÝ »Ý:

Ï.
T

h
+

Qρ

1 + ah
sinϕ+

Uρ3

a2(3 + ah)
cos 3ϕ :

149.

³. u(ρ,ϕ) =
A0
2
+
∞X
n=1

µ
a

ρ

¶n
(An cosnϕ+Bn sinnϕ), ρ < a,

An-Á ¨ Bn-Á áñáßíáõÙ »Ý ÇÝãå»ë 1. ³ ËÝ¹ñáõÙ:

µ. A
a

ρ
sinϕ :

·. B +
3Aa

ρ
sinϕ− 4A

µ
a

ρ

¶3
sin 3ϕ :

¹. A
a

ρ
sinϕ− 8A

π

∞X
k=1

µ
a

ρ

¶2k
cos 2kϕ

4k2 − 9 :

».
2T

π
+
4T

π

∞X
k=1

1

1− 4k2

µ
a

ρ

¶k
cos kϕ :

½.

∞X
n=1

an+1

nρn
(An cosnϕ+Bn sinnϕ) + C,

áñï»Õ C-Ý Ï³Ù³Û³Ï³Ý Ñ³ëï³ïáõÝ ¾, ÇëÏ An-Á ¨ Bn-Á f(ϕ) ýáõÝÏ-

óÇ³ÛÇ üáõñÇ»Ç ·áñÍ³ÏÇóÝ»ñÝ »Ý:

¾. C +
4a2

3ρ
cosϕ+

a3

4ρ2
cos 2ϕ− πa3

ρ2
sin 2ϕ+

+4a
∞X
k=3

1

4− k2

µ
a

ρ

¶k
cos kϕ :
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Á. − A0
2πh

− a
π

∞X
n=1

1

n+ ha

µ
a

ρ

¶k
(An cosnϕ+Bn sinnϕ),

An =

Z 2π

0

f(ϕ) cos kϕdϕ,

Bn =

Z 2π

0

f(ϕ) sin kϕdϕ :

Ã. πU − aU
ρ
sinϕ+ 2U

∞X
k=2

2k2 − 1
k(1− k2)

µ
a

ρ

¶k
sin kϕ :

150.

³.

∞X
n=1

∙µ
Anρ

n +
Bn
ρn

¶
cosnϕ+

µ
Cnρ

n +
Dn
ρn

¶
sinnϕ

¸
+

+B0lnρ+A0,

An =
bnF

(1)
n − anf (1)n

b2n − a2n , Bn = a
nbn

bnf
(1)
n − anF (1)n

b2n − a2n ,

Cn =
bnF

(2)
n − anf (2)n

b2n − a2n , Dn = a
nbn

bnf
(2)
n − anF (2)n

b2n − a2n ,

A0 =
f
(1)
0 − F (1)0

lnab
, B0 =

F
(1)
0 lna− f (1)0 lnb

lnab
,

áñï»Õ f
(1)
n , f

(2)
n , F

(1)
n , F

(2)
n Ãí»ñÁ f(ϕ) ¨ F (ϕ) ýáõÝÏóÇ³Ý»ñÇ üáõ-

ñÇ»Ç ·áñÍ³ÏÇóÝ»ñÝ »Ý:

µ.
b

b2 − a2

µ
ρ− a

2

ρ

¶
cosϕ :

·. A
lnρb
lnab

+
Bb2

b4 − a4

µ
ρ2 − a

4

ρ2

¶
sin 2ϕ :

¹. Q+
a2q

a2 + b2

µ
ρ− b

2

ρ

¶
cosϕ+

+
b2T

a4 + b4

µ
ρ2 +

a4

ρ2

¶
sin 2ϕ :

». T
1 + hbln bρ

1 + hbln ba
+ abU

(1− hb)ρb + (1 + hb)
b
ρ

b2 + a2 + hb(b2 − a2) cosϕ :
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½. u1 +
u2 − u1
ln2

lnρ :

¾.

µ
2

3ρ2
− ρ2

6

¶
cos 2ϕ+

3

2
− lnρ
ln2

:

151.

³.

∞X
n=0

fn

³ρ
a

´πn
α

sin
πn

α
ϕ, fn =

2

α

Z α

0

f(ϕ) sin
πn

α
ϕdϕ :

µ.
2Aα

π

∞X
k=1

(−1)k+1
k

³ρ
a

´πk
α

sin
πkϕ

α
:

·.

∞X
k=0

akρ
π(2k+1)

2α cos
(2k + 1)πϕ

2α
,

ak =
2

α
a−

(2k+1)π
2α

Z α

0

f(ϕ) cos
(2k + 1)π

2α
ϕdϕ :

¹.
αU

2
− 4αU

π2

∞X
k=1

1

k2

³ρ
a

´πk
α

cos
πkϕ

α
:

».
4αQa

π2

∞X
k=1

1

k2

³ρ
a

´πk
α

sin
πkϕ

α
:

½. 2aQ
∞X
k=1

(h2 + λ2k)(1− cosαλk)
λk(γa+ λk)(1 + α(h2 + λ2k))

³ρ
a

´λk
sinλkϕ,

áñï»Õ λk-ñÁ htgλα = −λ Ñ³í³ë³ñÙ³Ý ¹ñ³Ï³Ý ³ñÙ³ïÝ»ñÝ »Ý:

152.
∞X
n=1

¡
Anρ

πn
α +Bnρ

−πn
α

¢
sin

πn

α
ϕ,

An =
b
πn
α Fn − a

πn
α fn

b
2πn
α − a 2πnα

, Bn = a
πn
α b

πn
α
b
πn
α fn − a

πn
α Fn

b
2πn
α − a 2πnα

,

fn =
2

α

Z α

0

f(ϕ) sin
πn

α
dϕ, Fn =

2

α

Z α

0

F (ϕ) sin
πn

α
dϕ :
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153.

³.

∞X
n=1

∙µ
Fn
shπnya
shπnba

+fn
shπn(b−y)a

shπnba

¶
sin

πnx

a
+

+

µ
Φn
shπnxb
shπnab

+ ϕn
shπn(a−x)b

shπnab

¶
sin

πny

b

¸
+ u0(x, y),

F (x) = F (x)− u0(x, b), f(x) = f(x)− u0(x, 0),
ϕ(y) = ϕ(y)− u0(0, y), Φ(y) = Φ(y)− u0(a, y),

fn =
2

a

Z a

0

f(x) sin
πnx

a
dx, Fn =

2

a

Z a

0

F (x) sin
πnx

a
dx,

ϕn =
2

b

Z b

0

ϕ(y) sin
πny

b
dy, Φn =

2

b

Z b

0

Φ(y) sin
πny

b
dy,

u0(x, y) = A+Bx+ Cy +Dxy, A = f(0),

B =
f(a)− f(0)

a
, C =

ϕ(b)− ϕ(0)

b
,

D =
F (a)− F (0)− f(a) + f(0)

ab
:

µ.

∞X
k=0

ak sin
(2k + 1)πx

2a
sh
(2k + 1)πy

2a
,

ak =
2

a
sh−1

(2k + 1)πb

2a

Z a

0

F (x) sin
(2k + 1)πx

2a
dx :

·.
(pa− 2A)y

2b
+A− 4aB

π2

∞X
k=0

1

(2k + 1)2sh (2k+1)πba

×

× cos (2k + 1)πx
a

sh
(2k + 1)πy

a
:

¹.
8Ba2

π3

∞X
k=0

(−1)k(2k + 1)2 − 2
(2k + 1)3ch (2k+1)πs2a

sh
(2k + 1)πy

2a
cos

(2k + 1)πx

2a
:

». U +
2a

π

µ
Tsh

πy

2a
− ch−1πb

2a

µ
2U

a
+ Tsh

πb

2a

¶
ch

πy

2a

¶
sin

πx

2a
−

−4U
π

∞X
k=1

ch−1 (2k+1)πb2a

2k + 1
ch
(2k + 1)πy

2a
sin

(2k + 1)πx

2a
:
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½.
4qb

π2

∞X
k=0

cos−1 (2k+1)πab

(2k + 1)2
sh
(2k + 1)πx

b
sin

(2k + 1)πy

b
+

+
4U

π

∞X
k=0

sh−1 (2k+1)πb2a

2k + 1
sh
(2k + 1)πy

2a
sin

(2k + 1)πx

2a
:

¾.
2bT

π

∞X
k=1

(−1)k+1
k

Ã
shπkya
shπkba

sin
πkx

a
+
shπkxb
shπkab

sin
πky

b

!
:

Á. A
shπ(a−x)b

shπab
sin

πy

b
+B

shπ(b−y)a

shπba
sin

πx

a
:

Ã.

∞X
n=1

µ
cos πnxa
shπnba

µ
fnsh

πn(b− y)
a

+ ϕnsh
πny

a

¶
+

+
b sin πny

b

πnshπnab

µ
χnch

πnx

b
− ψnch

πn(a− x)
b

¶¶
:

áñï»Õ fn, ϕn, ψn ¨ χn Ãí»ñÁ Ñ³Ù³å³ï³ëË³Ý ýáõÝÏóÇ³Ý»ñÇ üáõñÇ»Ç

·áñÍ³ÏÇóÝ»ñÝ »Ý:

Å.
4V0
π

∞X
m=0

sin π(2m+1)x
a

2m+ 1

shπ(2m+1)ya

shπ(2m+1)ba

+

+
4V

π

∞X
m=0

sin π(2m+1)y
b

2m+ 1

shπ(2m+1)(a−x)b

shπ(2m+1)ab

:

154.

³.

∞X
k=0

ake
−πx(2k+1)

2l sin
πy(2k + 1)

2l
,

ak =
2

l

Z l

0

f(y) sin
(2k + 1)πy

2l
dy :

µ.

∞X
k=1

ake
−λkx cosλky, ak =

2(h2 + λ2k)

l(h2 + λ2k) + h

Z l

0

f(z) cosλkzdz,

ÇëÏ λk-ñÁ λtgλl = h Ñ³í³ë³ñÙ³Ý ¹ñ³Ï³Ý ³ñÙ³ïÝ»ñÝ »Ý:

·.
8l

π3

∞X
k=0

1

(2k + 1)3
e−

πx(2k+1)
l sin

πy(2k + 1)

l
:
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¹. 2(1 + hl)
∞X
k=1

e−λkx

λk(h+ l(h2 + λ2k))
Yk(y),

Yk(y) = λk cosλky + h sinλky,

áñï»Õ λk-ñÁ htgλl = −λ Ñ³í³ë³ñÙ³Ý ¹ñ³Ï³Ý ³ñÙ³ïÝ»ñÝ »Ý:

155.−1
a

Z x

0

f(x− ξ) sin aξdξ : 156.Ae−3y cos 2x− B
2
x sinx :

157.
∞X

n=−∞
ψ(
2nl + x

a
, t) =

1

2a
√
πt3/2

∞X
n=−∞

(2nl + x)e−
(2nl+x)2

4a2t :

158.
x

2a
√
πt3/2

e−
x2

4a2t : 159.
x

2a
√
π

Z t

0

µ(τ)
e
− x2

4a2(t−τ)

(t− τ)3/2
dτ :

160.

½
0, t < x

a

E(t− x
a ), t >

x
a

: 161.

½
0, t < ax

e−amxE(t− ax), t > ax
,

m =
b

a2
: 162.

⎧⎨⎩
0, t < x

a

−aeh(x−at)
Z t−x

a

0

eahτϕ(τ)dτ , t >
x

a

:

163.
ϕ(x− at) + ϕ(x+ at)

2
+
1

2a

Z x+at

x−at
ψ(z)dz :

164.
1

2a

Z t

0

dτ

Z x+a(t−τ)

x−a(t−τ)
f(η, τ)dη :

165.
1

2a
√
πt

Z ∞
−∞

ϕ(η)e−
(x−η)2

4a2t dη :

166.
1

2a
√
π

Z t

0

dτ

Z ∞
−∞

f(η, τ)
e
− (x−η)2

4a2(t−τ)
√
t− τ

dη :

167. ÎÇñ³é»É üáõñÇ»Ç ëÇÝáõë Ó¨³÷áËáõÃÛáõÝ:
x

2a
√
π

Z t

0

µ(τ)

(t− τ)3/2
e
− x2

4a2(t−τ) dτ :

168. ÎÇñ³é»É üáõñÇ»Ç ÏáëÇÝáõë Ó¨³÷áËáõÃÛáõÝ:
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− a√
π

Z t

0

ν(τ)√
t− τ

e
− x2

4a2(t−τ) dτ :

169.
1

2a
√
π

Z t

0

dτ√
t− τ

Z ∞
0

∙
e
− (x−ξ)2

4a2(t−τ) − e−
(x+ξ)2

4a2(t−τ)

¸
f(ξ, τ)dξ :

170.ÎÇñ³é»É üáõñÇ»Ç ëÇÝáõë Ó¨³÷áËáõÃÛáõÝ:
ϕ(x+ at) + ϕ(|x− at|)sgn(x− at)

2
+
1

2a

Z x+at

|x−at|
ψ(z)dz :

171. ÎÇñ³é»É üáõñÇ»Ç ÏáëÇÝáõë Ó¨³÷áËáõÃÛáõÝ:
ϕ(x+ at) + ϕ(|x− at|)

2
+

1

2a

(Z x+at

0

ψ(z)dz − sgn(x− at)
Z |x−at|

0

ψ(z)dz

)
:

172. ÎÇñ³é»É üáõñÇ»Ç ëÇÝáõë Ó¨³÷áËáõÃÛáõÝ:½
0, 0 < t < x

a

µ(t− x
a ), t >

x
a

:

173. ÎÇñ³é»É üáõñÇ»Ç ÏáëÇÝáõë Ó¨³÷áËáõÃÛáõÝ: −a
Z t− x

a

0

ν(ξ)dξ :

174.ÎÇñ³é»É üáõñÇ»Ç ëÇÝáõë Ó¨³÷áËáõÃÛáõÝ:

1

2a

Z t

0

dτ

Z x+a(t−τ)

|x−a(t−τ)|
f(ξ, τ)dξ :

175.ÎÇñ³é»É üáõñÇ»Ç ÏáëÇÝáõë Ó¨³÷áËáõÃÛáõÝ:

1

2a

Z t

0

dτ

ÃZ x+a(t−τ)

0

f(s, τ)ds−

−sgn(x− a(t− τ))

Z |x−a(t−τ)|

0

f(s, τ)ds

!
:

176. ÎÇñ³é»É üáõñÇ»Ç ëÇÝáõë Ó¨³÷áËáõÃÛáõÝ:
1

2a
√
πt

Z ∞
0

f(ξ)

∙
e−

(x−ξ)2

4a2t − e−
(x+ξ)2

4a2t

¸
dξ :

177. ÎÇñ³é»É üáõñÇ»Ç ÏáëÇÝáõë Ó¨³÷áËáõÃÛáõÝ:
1

2a
√
πt

Z ∞
0

f(ξ)

∙
e−

(x−ξ)2

4a2t + e−
(x+ξ)2

4a2t

¸
dξ :
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178.
1

2a
√
π

Z ∞
0

dτ

Z ∞
0

f(ξ, τ)
e
− (x−ξ)2

4a2(t−τ) − e−
(x+ξ)2

4a2(t−τ)
√
t− τ

dξ :

179.
1

(2a
√
πt)2

Z ∞
−∞

Z ∞
−∞

e−
(x−ξ)2+(y−η)2

4a2t ϕ(ξ, η)dξdη :

180.
1

(2a
√
π)2

Z t

0

dτ

|t− τ |

Z ∞
−∞

Z ∞
−∞

e
− (x−ξ)2+(y−η)2

4a2(t−τ) ×

×f(ξ, η, τ)dξdη :
181. ÎÇñ³é»É üáõñÇ»Ç Ó¨³÷áËáõÃÛáõÝ (−∞ < x <∞, 0 < y <∞)
K(x, y; ξ, η) = 1√

2π

q
2
π e
−ixξ sin yη ÏáñÇ½áí:

1

(2a
√
πt)2

Z ∞
−∞

dξ

Z ∞
0

∙
e−

(x−ξ)2+(y−η)2

4a2t − e−
(x−ξ)2+(y+η)2

4a2t

¸
×

×f(ξ, η)dη :
182.î»ë Ý³Ëáñ¹ ËÝ¹ñÇ óáõóáõÙÁ:

y

(2a
√
π)2

Z t

0

dτ

(t− τ)2

Z ∞
−∞

e
− (x−ξ)2+y2

4a2(t−τ) f(ξ, τ)dξ :

183. ÎÇñ³é»É üáõñÇ»Ç Ó¨³÷áËáõÃÛáõÝ (−∞ < x <∞, 0 < y <∞)
K(x, y; ξ, η) = 1√

2π

q
2
π e
−ixξ cos yη ÏáñÇ½áí:

1

(2a
√
πt)2

Z ∞
−∞

dξ

Z ∞
0

∙
e−

(x−ξ)2+(y−η)2

4a2t + e−
(x−ξ)2+(y+η)2

4a2t

¸
×

×f(ξ, η)dη :

184.

Z ∞
0

pJ0(pr)e
−pt

µZ ∞
0

λJ0(pλ)f(λ)dλ

¶
dp :

Ø³ëÝ³íáñ ¹»åùáõÙª TR

Z ∞
0

J0(pr)J1(pR)e
−ptdp :

185.
1

2bt

Z ∞
0

pf(p)J0(
pr

2bt
) sin(

p2 + r2

4bt
)dp : Ø³ëÝ³íáñ ¹»åùáõÙª

Ae
− R2

1+τ2

1 + τ2

µ
cos

R2τ

1 + τ2
+ τ sin

R2τ

1 + τ2

¶
, τ =

4bt

a2
, R =

r

a
:

186.
qR

k

Z ∞
0

e−λt

λ+ h
J0(λr)J1(λR)dλ :
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187.
∞X
k=1

µ
Ak cos

aµkt

2
√
l
+Bk sin

aµkt

2
√
l

¶
J0

µ
µk

r
x

l

¶
,

Ak =
1

lJ21 (µk)

Z l

0

ϕ(x)

µ
µk

r
x

l

¶
dx,

Bk =
2

a
√
lµkJ21 (µk)

Z l

0

ψ(x)

µ
µk

r
x

l

¶
dx,

áñï»Õ µk-ñÁ J0(µ) = 0 Ñ³í³ë³ñÙ³Ý ¹ñ³Ï³Ý ³ñÙ³ïÝ»ñÝ »Ý:

188.
∞X
k=1

Tk(t)J0

µ
µk

r
x

l

¶
+

+
∞X
k=1

µ
Ak cos

aµkt

2
√
l
+Bk sin

aµkt

2
√
l

¶
J0

µ
µk

r
x

l

¶
,

Ak-Ý ¨ Bk-Ý áñáßíáõÙ »Ý ÇÝãå»ë Ý³Ëáñ¹ ËÝ¹ñáõÙ,

Tk(t) =
1

lωkJ21 (µk)
×

×
Z t

0

dτ

Z l

0

f(ξ, τ)J0

Ã
µk

r
ξ

l

!
sinωk(t− τ)dξ,

ωk =
µka

2
√
l
, ÇëÏ µk-ñÁ J0(µ) = 0 Ñ³í³ë³ñÙ³Ý ¹ñ³Ï³Ý ³ñÙ³ïÝ»ñÝ

»Ý:

189. ÈáõÍáõÙÁ ÷Ýïñ»É X(x) sinωt ï»ëùáí:

A

ω2

⎡⎣J0
³
2ω
√
x
a

´
J0

³
2ω
√
l
a

´ − 1
⎤⎦ sinωt−

−4Aω
√
l

a

∞X
k=1

J0
¡
µk
p

x
l

¢
sinωkt

(ω2k − ω2)µ2kJ1(µk)
,

áñï»Õ µk-ñÁ J0(µ) = 0 Ñ³í³ë³ñÙ³Ý ¹ñ³Ï³Ý ³ñÙ³ïÝ»ñÝ »Ý:

190.
∞X
k=1

(Ak cos aλkt+Bk sin aλkt)J0

µ
µk

r
x

l

¶
,
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Ak =
1

lJ21 (µk)

Z l

0

ϕ(x)

µ
µk

r
x

l

¶
dx,

Bk =
2

aλklJ21 (µk)

Z l

0

ψ(x)

µ
µk

r
x

l

¶
dx,

áñï»Õ µk-ñÁ J0(µ) = 0 Ñ³í³ë³ñÙ³Ý ¹ñ³Ï³Ý ³ñÙ³ïÝ»ñÝ »Ý, ÇëÏ

λk =

r
µ2k
4l
−
³ω
a

´2
:

191. A cos
µkt

R
J0

³µkr
R

´
:

192.
∞X
k=1

bk sin
µk
R
tJ0

³µkr
R

´
,

bk =
2

µkRJ21 (µk)

Z R

0

r2J0

³µkr
R

´
dr,

áñï»Õ µk-ñÁ J0(µ) = 0 Ñ³í³ë³ñÙ³Ý ¹ñ³Ï³Ý ³ñÙ³ïÝ»ñÝ »Ý:

193. a0 + b0t+
∞X
k=1

µ
ak cos

aµkt

R
+ bk sin

aµkt

R

¶
J0

³µkr
R

´
,

ak =
2

R2J20 (µk)

Z R

0

rϕ(r)J0

³µkr
R

´
dr,

bk =
2

aRµkJ20 (µk)

Z R

0

rψ(r)J0

³µkr
R

´
dr,

a0 =
2

R2

Z R

0

rϕ(r)dr, b0 =
2

R2

Z R

0

rψ(r)dr,

áñï»Õ µk-ñÁ J0(µ) = 0 Ñ³í³ë³ñÙ³Ý ¹ñ³Ï³Ý ³ñÙ³ïÝ»ñÝ »Ý:

194. 8A
∞X
n=1

J0
¡
µnr
R

¢
µ3nJ1(µn)

cos
aµnt

R
,

áñï»Õ µk-ñÁ J0(µ) = 0 Ñ³í³ë³ñÙ³Ý ¹ñ³Ï³Ý ³ñÙ³ïÝ»ñÝ »Ý:

195.
2RU

a

∞X
k=1

J0
¡
µkr
R

¢
µ2kJ1(µk)

sin
aµk
R
t,

áñï»Õ µk-ñÁ J0(µ) = 0 Ñ³í³ë³ñÙ³Ý ¹ñ³Ï³Ý ³ñÙ³ïÝ»ñÝ »Ý:
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196.
∞X
n=0

∞X
m=1

∙Ã
Anm cos

aµ
(n)
m t

l
+Bnm sin

aµ
(n)
m t

l

!
cosnϕ+

+

Ã
Cnm cos

aµ
(n)
m t

l
+Dnm sin

aµ
(n)
m t

l

!
sinnϕ

¸
Jn

Ã
µ
(n)
m r

l

!
,

áñï»Õ µ
(n)
m -ñÁ Jn(µ) = 0 Ñ³í³ë³ñÙ³Ý ¹ñ³Ï³Ý ³ñÙ³ïÝ»ñÝ »Ý, ÇëÏ

Anm, Bnm, Cnm, Dnm Ãí»ñÁ Ñ³Ù³å³ï³ëË³Ý ýáõÝÏóÇ³Ý»ñÇ

üáõñÇ»Ç ·áñÍ³ÏÇóÝ»ñÁ:

197.
∞X
k=1

Ak
J3/2

¡
µnr
R

¢
√
r

cos
aµkt

R
,

Ak = v

Z R

0

r5/2J3/2

³µkr
R

´
dr

∙
R2

2
J23/2(µk)

µ
1− 2

µ2k

¶¸−1
,

ÇëÏ µk-ñÁ µJ
0

3/2(µ) − 1
2J3/2(µ) = 0 Ñ³í³ë³ñÙ³Ý ¹ñ³Ï³Ý

³ñÙ³ïÝ»ñÝ »Ý:

198. v0 cosϕ
∞X
n=1

AnJ1

³µnr
R

´
cos

aµnt

R
,

An = 2µ
2
n

Z R

0

r2J1

³µnr
R

´
dr
£
R(µ2n − 1)J21 (µn)

¤−1
,

áñï»Õ µk-ñÁ J
0

1(µ) = 0 Ñ³í³ë³ñÙ³Ý ¹ñ³Ï³Ý ³ñÙ³ïÝ»ñÝ »Ý:

199. H0 cosωt-Ý Ñ³ñÏ³íáñ ¾ ÷áË³ñÇÝ»É H0e
iωt-áí ¨ ³ÛÝáõÑ»ï¨

í»ñóÝ»É ÉáõÍÙ³Ý Çñ³Ï³Ý Ù³ëÁ, ÇëÏ ëï³óí³Í »½ñ³ÛÇÝ ËÝ¹ñÇ ÉáõÍáõÙÁ

÷Ýïñ»É R(r)eiωt + w(r, t) ï»ëùáí:

R(r) = H0
I0(rω

0√
i)

I0(Rω
0√i)

, ω
0
=

√
ω

a
,

w(r, t) =
∞X
n=1

Ane
− a2µ2n

R2
tJ0

³µnr
R

´
,

An =

Z R

0

rR(r)J0

³µnr
R

´
dr

∙
R2

2
(J21 (µn)

¸−1
=
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= 2H0
µn

3 − µnω
02
i

(µn4 + ω04R4)J1(µn)
,

áñï»Õ µk-ñÁ J0(µ) = 0 Ñ³í³ë³ñÙ³Ý ¹ñ³Ï³Ý ³ñÙ³ïÝ»ñÝ »Ý:

200. U0 +
qR

λ

∙
2
a2t

R2
− 1
4

µ
1− 2 r

2

R2

¶
−

−
∞X
n=1

2e−
a2µ2n
R2

t

µ2nJ0(µn)
J0

³µnr
R

´¸
,

áñï»Õ µk-ñÁ J0(µ) = 0 Ñ³í³ë³ñÙ³Ý ¹ñ³Ï³Ý ³ñÙ³ïÝ»ñÝ »Ý, ÇëÏ

»½ñ³ÛÇÝ å³ÛÙ³ÝÝ áõÝÇ Ñ»ï¨Û³É ï»ëùÁª

λ
∂u

∂r
= q »ñµ r = R :

201. 8U0

∞X
n=1

e−
a2µ2n
R2

t J0
¡
µnr
R

¢
µ3nJ1(µn)

,

áñï»Õ µk-ñÁ J0(µ) = 0 Ñ³í³ë³ñÙ³Ý ¹ñ³Ï³Ý ³ñÙ³ïÝ»ñÝ »Ý:

202. ³. »½ñ³ÛÇÝ å³ÛÙ³ÝÁ ÏÉÇÝÇ ur(R, t) = 0, ÇëÏ

u(r, t) = −4UR2
∞X
k=1

J0
¡
µkr
R

¢
J2(µk)

µ2kJ
2
0 (µk)

e−
a2µ2n
R2

t,

áñï»Õ µk-ñÁ J
0

0(µ) = 0 Ñ³í³ë³ñÙ³Ý ¹ñ³Ï³Ý ³ñÙ³ïÝ»ñÝ »Ý:

µ. »½ñ³ÛÇÝ å³ÛÙ³ÝÁ ÏÉÇÝÇ ur(R, t) + hu(R, t) = 0, ÇëÏ

u(r, t) = 2UR2
∞X
k=1

(2 + hR)µ2k − 4hR
µ2k(µ

2
k + h

2R2)J0(µk)
e−

a2µ2n
R2

tJ0

³µkr
R

´
,

áñï»Õ µk-ñÁ µJ
0

0(µ) + hRJ0(µ) = 0 Ñ³í³ë³ñÙ³Ý ¹ñ³Ï³Ý ³ñÙ³ï-

Ý»ñÝ »Ý:

·. »½ñ³ÛÇÝ å³ÛÙ³ÝÁ ÏÉÇÝÇ u(R, t) = 0, ÇëÏ

u(r, t) = T + 2
∞X
k=1

(UR2 − T )µ2k − 4UR2
µ3kJ1(µk)

e−
a2µ2n
R2

tJ0

³µkr
R

´
,

áñï»Õ µk-ñÁ J0(µ) = 0 Ñ³í³ë³ñÙ³Ý ¹ñ³Ï³Ý ³ñÙ³ïÝ»ñÝ »Ý:
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203. »½ñ³ÛÇÝ å³ÛÙ³ÝÁ ÏÉÇÝÇ ur(R, t)+hu(R, t) = hU1, »ñµ r = R,

ÇëÏ

u(r, t) = U1 + 2(U1 − U0)
∞X
n=1

J1(µn)J0
¡
µnr
R

¢
µn(J20 (µn) + J

2
1 (µn))

e−
a2µ2n
R2

t,

áñï»Õ µk-ñÁ µJ
0

0(µ) + hRJ0(µ) = 0 Ñ³í³ë³ñÙ³Ý ¹ñ³Ï³Ý ³ñÙ³ï-

Ý»ñÝ »Ý: ºÃ» ³ñï³ùÇÝ ÙÇç³í³ÛñÇ ç»ñÙ³ëïÇ×³ÝÁ U1 + αt ¾, ³å³

u(r, t) = U0 + α

"
t+

r2 −R2 − 2Rh
4a2

#
+

+
2hR3α

a2

∞X
n=1

J0
¡
µnr
R

¢
µ2nJ0(µn)(µ

2
n + h

2R2)
e−

a2µ2n
R2

t,

204.³. º½ñ³ÛÇÝ å³ÛÙ³ÝÝ»ñÁ ÏÉÇÝ»Ý u(R, z, t) = u(r, 0, t) =

uz(r, l, t) = 0, ÇëÏ

u(r, z, t) =
∞X
k=1

∞X
n=0

akne
−a2(λ2k+η

2
n)tJ0

³µkr
R

´
sin

2n+ 1πz

2l
,

akn =
32AlR2(−1)nJ2(µk)
(2n+ 1)2π2µ2kJ

2
1 (µk)

,λk =
µk
R
, ηn =

(2n+ 1)π

2l
,

áñï»Õ µk-ñÁ J0(µ) = 0 Ñ³í³ë³ñÙ³Ý ¹ñ³Ï³Ý ³ñÙ³ïÝ»ñÝ »Ý:

µ. º½ñ³ÛÇÝ å³ÛÙ³ÝÝ»ñÁ ÏÉÇÝ»Ý ur(R, z, t) + hu(R, z, t) =

uz(r, 0, t) = uz(r, l, t) = 0, ÇëÏ

u(r, z, t) =
∞X
k=1

∞X
n=0

akne
−a2(λ2k+η

2
n)tJ0

³µkr
R

´
cos

2n+ 1πz

2l
,

akn =
16AlR2((−1)n(2n+ 1)π − 2)J2(µk)
(2n+ 1)2π2(µ2k + l

2R2)J20 (µk)
,

λk =
µk
R
, ηn =

(2n+ 1)π

2l
,

áñï»Õ µk-ñÁ µJ
0

0(µ) + hRJ0(µ) = 0 Ñ³í³ë³ñÙ³Ý ¹ñ³Ï³Ý ³ñÙ³ï-

Ý»ñÝ »Ý:

205. U(r) +
∞X
k=1

Ake
−a2λ2ktZk(r), U(r) =

q0r2
λ
ln
r

r1
,
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Ak =
π2λ2n
2

J21 (λkr2)

J20 (λkr1)− J21 (λkr2)

Z r2

r1

rU(r)Zk(r)dr,

Zk(r) = J0(λkr1)N0(λkr)−N0(λkr1)J0(λkr),
áñï»Õ λk-ñÁ J0(λr1)N

0

0(λr2) −N0(λr1)J
0

0(λr2) = 0 Ñ³í³ë³ñÙ³Ý

¹ñ³Ï³Ý ³ñÙ³ïÝ»ñÝ »Ý:

206. ³. º½ñ³ÛÇÝ å³ÛÙ³ÝÝ»ñÁ ÏÉÇÝ»Ý u(R, z) = u(r, l) = 0, u(r, 0) =

T , ÇëÏ

u(r, z) = 2T
∞X
k=1

J0
¡
µkr
R

¢
µkJ1(µk)

³
ch
µk
R
z − cthµk

R
lsh
µk
R
z
´
,

áñï»Õ µk-ñÁ J0(µ) = 0 Ñ³í³ë³ñÙ³Ý ¹ñ³Ï³Ý ³ñÙ³ïÝ»ñÝ »Ý:

µ. º½ñ³ÛÇÝ å³ÛÙ³ÝÝ»ñÁ ÏÉÇÝ»Ý u(r, 0) = uz(r, l) = 0, u(R, z) =

f(z), ÇëÏ

u(r, z) =
∞X
k=1

Ak
I0

h
(2k+1)π

2l r
i

I0

h
(2k+1)π

2l R
i sin (2k + 1)πz

2l
,

Ak =
2

l

Z l

0

f(x) sin
(2k + 1)πx

2l
dx :

·. Ð³ñÏ³íáñ ¾ ÉáõÍ»É Ñ»ï¨Û³É ËÝ¹ÇñÁ

∆u = −Q
k
, u(r, 0) = u(r, l) = u(R, z) = 0 :

u(r, z) =
Q

4k
(R2 − r2) + QR

2

k

∞X
n=1

J2(µn)

µ2nJ
2
1 (µn)sh

µn
R l
×

×
³³
ch
µn
R
l − 1

´
sh
µn
R
z − shµn

R
lch
µn
R
z
´
J0

³µnr
R

´
,

áñï»Õ µk-ñÁ J0(µ) = 0 Ñ³í³ë³ñÙ³Ý ¹ñ³Ï³Ý ³ñÙ³ïÝ»ñÝ »Ý:

207. u(r, z) =
4T

π

∞X
n=0

1

2n+ 1

K0

h
(2n+1)π

l r
i

K0

h
(2n+1)π

l R
i sin (2n+ 1)πz

l
:

208.
∞X
n=0

∞X
m=1

(Amn cosnϕ+Bmn sinnϕ)Jn

Ã
µ
(n)
m

R
r

!
×
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×
sh

µ(n)m

R (l − z)

shµ
(n)
m

R l
+

+
∞X
n=0

∞X
m=1

(Cmn cosnϕ+Dmn sinnϕ)Jn

Ã
µ
(n)
m

R
r

!
sh

µ(n)m

R z

shµ
(n)
m

R

,

Amn =
2

R2πεn(J
0
n(µ

(n)
m ))2

×

×
Z 2π

0

Z R

0

f(r,ϕ) cosnϕJn

Ã
µ
(n)
m

R
r

!
rdrdϕ,

εn =

½
2, n = 0

1, n 6= 0
, Bmn =

2

R2π(J 0n(µ
(n)
m ))2

×

×
Z 2π

0

Z R

0

f(r,ϕ) sinnϕJn

Ã
µ
(n)
m

R
r

!
rdrdϕ,

áñï»Õ µ
(n)
m -ñÁ Jn(µ) = 0 Ñ³í³ë³ñÙ³Ý ¹ñ³Ï³Ý ³ñÙ³ïÝ»ñÝ »Ý, ÇëÏ

Cmn, Dmn Ãí»ñÁ áñáß»Éáõ Ñ³Ù³ñ Ñ³ñÏ³íáñ ¾ f(r,ϕ) ýáõÝÏóÇ³Ý ÷á-

Ë³ñÇÝ»É F (r,ϕ)-áí:

209. u(r, z) =
8Al

π3

∞X
k=1

I0

h
π(2k+1)

l r
i

I0

h
π(2k+1)

l R
i sin π(2k+1)z

l

(2k + 1)3
:

210.∞X
k=1

(ak cos at
p
2k(2k − 1) + bk sin at

p
2k(2k − 1))P2k−1

³x
l

´
,

ak =
4k − 1
l

Z l

0

ϕ(x)P2k−1
³x
l

´
dx,

bk =
4k − 1

al
p
2k(2k − 1)

Z l

0

ψ(x)P2k−1
³x
l

´
dx :

211.
∞X
k=1

Tk(t)P2k−1
³x
l

´
, Tk(t) =

4k − 1
al
p
2k(2k − 1)

×
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×
Z t

0

dτ

Z l

0

f(ξ, τ) sinωk(t− τ)P2k−1

µ
ξ

l

¶
dξ,

ωk = a
p
2k(2k − 1) :

212. u(r, θ,ϕ) =
∞X
n=0

³ r
a

´n
Yn(θ,ϕ),

Yn =
∞X
k=0

(Ank cos kϕ+Bnk sin kϕ)P
k
n (cos θ),

A00 =
1

4π

Z 2π

0

Z π

0

f(θ,ϕ) sin θdθdϕ,

Ank =
(2n+ 1)(n− k)!
2π(n+ k)!

×

×
Z 2π

0

Z π

0

f(θ,ϕ)P kn (cos θ) cos kϕ sin θdθdϕ, n > 0,

Bnk =
(2n+ 1)(n− k)!
2π(n+ k)!

Z 2π

0

×

×
Z π

0

f(θ,ϕ)P kn (cos θ) sin kϕ sin θdθdϕ :

Ø³ëÝ³íáñ ¹»åù»ñáõÙª

³.
r

a
cos θ :

µ.
1

3

µ
1− r

2

a2

¶
+
r2

a2
cos2 θ :

·.
4

3

³ r
a

´2
P2(cos θ)−

1

3
:

¹.
2

3
− 2
3

³ r
a

´2
P2(cos θ) :

213. u(r, θ,ϕ) =
∞X
n=0

³a
r

´n+1
Yn(θ,ϕ),

Yn, Ank, Bnk-ñÁ áñáßíáõÙ »Ý ÇÝãå»ë Ý³Ëáñ¹ ËÝ¹ñáõÙ:

214. u(r, θ,ϕ) =
∞X
n=1

rn

nan−1
Yn(θ,ϕ) + const,
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Yn, Ank, Bnk-ñÁ áñáßíáõÙ »Ý ÇÝãå»ë Ý³Ëáñ¹ ËÝ¹ñáõÙ:

215.

u(r, θ,ϕ) =
∞X
n=1

an=2

(n+ 1)rn+1
Yn(θ,ϕ),

Yn, Ank, Bnk-ñÁ áñáßíáõÙ »Ý ÇÝãå»ë Ý³Ëáñ¹ ËÝ¹ñáõÙ:

216.

V2 +
V1 − V2
2

∞X
n=1

³ r
a

´n 2n+ 1
n+ 1

Pn−1(0)Pn(cos θ), r < a :

V2 +
V1 − V2
2

∞X
n=1

³a
r

´n+1 2n+ 1
n+ 1

Pn−1(0)Pn(cos θ), r > a :

217. ÈÇóùÁ ·ïÝíáõÙ ¾ r = r0, θ = 0 Ï»ïáõÙ, áñï»Õ (r, θ)-Ý ëý»ñÇÏ

Ïááñ¹ÇÝ³ïÝ»ñÝ »Ý, ÇëÏ ëÏ½µÝ³Ï»ïÁ ·ïÝíáõÙ ¾ r = 0 Ï»ïáõÙ:

³. u(r, θ) =

⎧⎨⎩ e
P∞
n=0

³
rn

rn+10

− rn0 r
n

a2n+1

´
Pn(cos θ), r < r0

e
P∞
n=0

³
rn0
rn+1 −

rn0 r
n

a2n+1

´
Pn(cos θ), r > r0

:

µ. u(r, θ) =

⎧⎪⎨⎪⎩
e
P∞
n=0

³
rn

rn+10

− a2n+1

rn+1rn+10

´
Pn(cos θ), r < r0

e
P∞
n=0

³
rn0
rn+1 −

a2n+1

rn+1rn+10

´
Pn(cos θ), r > r0

:

ú·ïí»É

1

R
=

(
1
r0

P∞
n=0

³
r
r0

´n
Pn(cos θ), r < r0

1
r

P∞
n=0

¡
r0
r

¢n
Pn(cos θ), r > r0

í»ñÉáõÍáõÃÛáõÝÝ»ñÇó, áñï»Õ R-Á (r, θ) Ï»ïÇ Ñ»é³íáñáõÃÛáõÝÝ ¾ (r0, 0)

ÉÇóùÇó:

218.
e

R
+
aV0
r
− e

∞X
n=0

a2n+1

rn+10 rn+1
Pn(cos θ),

áñï»Õ V0-Ý ëý»ñ³ÛÇ åáï»ÝóÇ³ÉÝ ¾:

219. u(r, θ) =
Q

4πkR
+

Q

4πk

∞X
n=0

(n+ 1)− ah
n+ ah

rn0 r
n

a2n+1
Pn(cos θ),
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áñï»Õ h-Á ç»ñÙ³÷áË³Ý³ÏáõÃÛ³Ý ·áñÍ³ÏÇóÝ ¾, ÇëÏ ³ÕµÛáõñÁ

ï»Õ³¹ñí³Í ¾ (r0, 0) Ï»ïáõÙ: ºÃ» r = a, ³å³
k∂u

∂n
+ hu = 0 :

ÈáõÍáõÙÁ Ñ³ñÏ³íáñ ¾ ÷Ýïñ»É

Q0
4πkR

+
∞X
n=0

An

³ r
a

´n
Pn(cos θ)

ï»ëùáí:

220.
e

R
− e

∞X
n=0

∙
r2n+10 − a2n+1
b2n+1 − a2n+1

rn

rn+10

+

+
b2n+1 − r2n+10

b2n+1 − a2n+1
a2n+1

rn+10 rn+1

¸
Pn(cos θ) :

221.
∞X

m,n=0

nX
k=0

e
−
³
aµ

(n)
m
r0

´2
t Jn+1/2

³
µ(n)m r
r0

´
√
r

P kn (cos θ)×

×(Amnk cos kϕ+Bmnk sin kϕ),
áñï»Õ µ

(n)
m -ñÁ Jn+1/2(µ

(n)
m ) = 0 Ñ³í³ë³ñÙ³Ý ¹ñ³Ï³Ý ³ñÙ³ïÝ»ñÝ

»Ý, ÇëÏ

Amnk =

Z r0

0

Z π

0

Z 2π

0

f(r, θ,ϕ)r3/2Jn+1/2

Ã
µ
(n)
m r

r0

!
×

× sin θP kn (cos θ) cos kϕdrdθdϕ/

εk
πr20(n+ k)!

(2n+ 1)(n− k)!
h
J
0

n+1/2(µ
(n)
m )

i2
,

áñï»Õ εk =

½
2, k = 0

1, k 6= 0
,

ÇëÏ Bmnk-Ý ëï³Ý³Éáõ Ñ³Ù³ñ Ñ³ñÏ³íáñ ¾ Amnk -Ç ³ñï³Ñ³ÛïáõÃÛ³Ý

Ù»ç cos kϕ-Ý ÷áË³ñÇÝ»É sin kϕ-áí ¨ ã·ñ»É εk-Ý:

222.

⎛⎜⎜⎝rnf(t)nrn−10

+
∞X
k=1

ψk(t)

Jn+1/2

µ
µ
(n)

k
r

r0

¶
√
r

⎞⎟⎟⎠Pn(cos θ),
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ψk(t) =
r0Ak

aµ
(n)
k

Z t

0

f
00
(τ) sin

aµ
(n)
k

r0
(t− τ)dτ,

Ak = −
1

nrn−10

R r0
0
rn+3/2Jn+1/2

µ
µ
(n)

k
r

r0

¶
dr

r20
2 J

2
n+1/2(µ

(n)
k )(1− n(n+1)

(µ
(n)

k
)2
)

áñï»Õ µ
(n)
k -ñÁ µJ

0

n+1/2(µ)− 1
2Jn+1/2(µ) = 0 Ñ³í³ë³ñÙ³Ý ¹ñ³Ï³Ý

³ñÙ³ïÝ»ñÝ »Ý:

223.⎛⎜⎜⎝rnf(t)nrn−10

+
∞X
k=1

ψk(t)

Jn+1/2

µ
µ
(n)

k
r

r0

¶
√
r

⎞⎟⎟⎠Pmn (cos θ) cosmϕ,

ÇëÏ ·áñÍ³ÏÇóÝ»ñÁ ÝáõÛÝÝ »Ý ÇÝã Ý³Ëáñ¹ ËÝ¹ñÇ å³ï³ëË³ÝáõÙ:
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