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1. Ââåäåíèå è ôîðìóëèðîâêà ðåçóëüòàòîâ

Îáîçíà÷èì ÷åðåç L (q, α, β) ñëåäóþùóþ êðàåâóþ çàäà÷ó Øòóðìà-Ëèóâèëëÿ

(1.1) −y′′ + q (x) y = µy ≡ λ2y, x ∈ (0, π) , µ ∈ C,

(1.2) y (0) cosα+ y′ (0) sinα = 0, α ∈ (0, π] ,

(1.3) y (π) cosβ + y′ (π) sinβ = 0, β ∈ [0, π) ,

ãäå q âåùåñòâåííàÿ, ñóììèðóåìàÿ íà [0, π] ôóíêöèÿ (ìû ïèøåì q ∈ L1
R [0, π]).

×åðåç L (q, α, β) áóäåì îáîçíà÷àòü òàêæå ñàìîñîïðÿæåííûé îïåðàòîð, ïîðîæäåí-

íûé çàäà÷åé (1.1)�(1.3) â ãèëüáåðòîâîì ïðîñòðàíñòâå L2 [0, π] (ñì. [1, 2]). Õîðîøî

èçâåñòíî, ÷òî ñïåêòð îïåðàòîðà L (q, α, β) ÷èñòî äèñêðåòåí è ñîñòîèò èç ïðîñòûõ,

äåéñòâèòåëüíûõ ñîáñòâåííûõ çíà÷åíèé (ñì. [1]�[3]), êîòîðûå ìû îáîçíà÷àåì ÷å-

ðåç µn (q, α, β) , n = 0, 1, 2, . . . , ïîä÷åðêèâàÿ çàâèñèìîñòü îò q, α è β. Ïðåäïîëà-

ãàåòñÿ, ÷òî ñîáñòâåííûå çíà÷åíèÿ µn ïðîíóìåðîâàíû â ïîðÿäêå âîçðàñòàíèÿ:

µ0 (q, α, β) < µ1 (q, α, β) < · · · < µn (q, α, β) < . . . .

1Èññëåäîâàíèå âûïîëíåíî ïðè ôèíàíñîâîé ïîääåðæêå Ãîñóäàðñòâåííîãî êîìèòåòà ïî íàóêå
ÌÎÍ ÐÀ â ðàìêàõ íàó÷íîãî ïðîåêòà No. 16YR�1A017.
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Îáîçíà÷èì ÷åðåç φ (x, µ, α) è ψ (x, µ, β) ðåøåíèÿ óðàâíåíèÿ (1.1), óäîâëåòâîðÿþ-

ùèå íà÷àëüíûì óñëîâèÿì

φ (0, µ, α) = sinα, φ′ (0, µ, α) = − cosα,

ψ (π, µ, β) = sinβ, ψ′ (π, µ, β) = − cosβ.

Õîðîøî èçâåñòíî ([1, 2, 4]), ÷òî äëÿ ôèêñèðîâàííîãî x, φ, φ′, ψ, ψ′ ÿâëÿþò-

ñÿ öåëûìè ôóíêöèÿìè îò µ. Îáîçíà÷èì ÷åðåç Wα,β (x, µ) âðîíñêèàí ðåøåíèé

φ (x, µ, α) è ψ (x, µ, β) :

(1.4) Wα,β (x, µ) := φ (x, µ, α)ψ′ (x, µ, β)− φ′ (x, µ, α)ψ (x, µ, β) .

Èç ôîðìóëû Ëèóâèëëÿ äëÿ âðîíñêèàíà ñëåäóåò (ñì. íàïðèìåð, [5]) ÷òîWα,β (x, µ)

íå çàâèñèò îò x. Ëåãêî âèäåòü ÷òî ôóíêöèè φn (x) := φ(x, µn, α) è ψn (x) :=

ψ (x, µn, β) , n = 0, 1, 2, . . . , ÿâëÿþòñÿ ñîáñòâåííûìè ôóíêöèÿìè, ñîîòâåòñòâóþ-

ùèìè ñîáñòâåííîìó çíà÷åíèþ µn. Òàê êàê ñîáñòâåííûå çíà÷åíèÿ ïðîñòûå, òî

ñóùåñòâóþò ÷èñëà βn = βn (q, α, β) , n = 0, 1, 2, . . . , òàêèå ÷òî

(1.5) ψn (x) = βnφn (x) , βn ̸= 0.

Êâàäðàòû L2-íîðì ýòèõ ñîáñòâåííûõ ôóíêöèé:

(1.6) an = an (q, α, β) =

π∫
0

φ2
n (x) dx, bn = bn (q, α, β) =

π∫
0

ψ2
n (x) dx,

íàçûâàþòñÿ íîðìèðîâî÷íûìè ïîñòîÿííûìè.

Îäíà èç îñíîâíûõ òåîðåì ñïåêòðàëüíîé òåîðèè äèôôåðåíöèàëüíûõ îïåðàòî-

ðîâ (ñì. [1]) ãëàñèò:

Òåîðåìà 1.1. ([1, ñòð. 90]) Âñÿêàÿ ôóíêöèÿ èç îáëàñòè îïðåäåëåíèÿ ñàìîñîïðÿ-

æåííîãî äèôôåðåíöèàëüíîãî îïåðàòîðà ðàçëàãàåòñÿ â ðàâíîìåðíî ñõîäÿùèéñÿ

îáîáùåííûé ðÿä Ôóðüå ïî ñîáñòâåííûì ôóíêöèÿì ýòîãî îïåðàòîðà.

Ýòîò ðåçóëüòàò íå ìîæåò áûòü ïðèìåíåí äëÿ ôóíêöèé, íå ïðèíàäëåæàùèõ

îáëàñòè îïðåäåëåíèÿ ñàìîñîïðÿæåííîãî äèôôåðåíöèàëüíîãî îïåðàòîðà. Â ñëó-

÷àå îïåðàòîðà Øòóðìà-Ëèóâèëëÿ äîêàçàíî (ñì. íàïðèìåð, [6]), ÷òî ïðè óñëîâèè

sinα ̸= 0, sinβ ̸= 0 (ò.å. α, β ∈ (0, π)) ðàâíîìåðíàÿ ñõîäèìîñòü ðàçëîæåíèÿ èìååò

ìåñòî äëÿ ëþáîé àáñîëþòíî íåïðåðûâíîé ôóíêöèè, à èìåííî èìååò ìåñòî (ñì.

òàêæå [5, 2, 7])

Òåîðåìà 1.2. ([6]) Ïóñòü q ∈ L2
R [0, π] , α, β ∈ (0, π) è f àáñîëþòíî íåïðåðûâíàÿ

ôóíêöèÿ íà [0, π] . Òîãäà

lim
N→∞

max
x∈[0,π]

∣∣∣∣∣f (x)−
N∑

n=0

cnφn (x)

∣∣∣∣∣ = 0, cn =
1

an

∫ π

0

f (t)φn (t)dt,
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ãäå φn (x) ≡ φ (x, µn (q, α, β) , α) .

Ïåðâîé öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ äîêàçàòåëüñòâî òîãî, ÷òî àíàëîãè÷íûå

ðåçóëüòàòû èìåþò ìåñòî òàêæå äëÿ çàäà÷ L (q, π, β) , β ∈ (0, π) è L (q, α, 0) , α ∈
(0, π) , ïðè÷åì ïðè áîëåå îáùåì óñëîâèè q ∈ L1

R [0, π] :

Òåîðåìà 1.3. Ïóñòü q ∈ L1
R [0, π] , α = π, β ∈ (0, π) è f àáñîëþòíî íåïðåðûâíàÿ

ôóíêöèÿ íà [0, π] . Òîãäà äëÿ ëþáîãî a ∈ (0, π)

(1.7) lim
N→∞

max
x∈[a,π]

∣∣∣∣∣f (x)−
N∑

n=0

cnφn (x)

∣∣∣∣∣ = 0, cn =
1

an

∫ π

0

f (t)φn (t)dt,

ãäå φn (x) ≡ φ (x, µn (q, π, β) , π) ≡ φ (x, µn, π) .

Òåîðåìà 1.4. Ïóñòü q ∈ L1
R [0, π] , α ∈ (0, π) , β = 0 è f àáñîëþòíî íåïðåðûâíàÿ

ôóíêöèÿ íà [0, π] . Òîãäà äëÿ ëþáîãî b ∈ (0, π)

(1.8) lim
N→∞

max
x∈[0,b]

∣∣∣∣∣f (x)−
N∑

n=0

cnφn (x)

∣∣∣∣∣ = 0, cn =
1

an

∫ π

0

f (t)φn (t)dt,

ãäå φn (x) ≡ φ (x, µn (q, α, 0) , α) .

Çàìå÷àíèå 1.1. Ëåãêî âèäåòü, ÷òî óëó÷øèòü ðåçóëüòàòû Òåîðåì 1.3 è 1.4

(ïîëó÷èòü ðàâíîìåðíóþ ñõîäèìîñòü ðÿäîâ â (1.7) è (1.8) íà âñåì îòðåçêå [0, π]

áåç äîïîëíèòåëüíûõ óñëîâèé) íåâîçìîæíî. Äåéñòâèòåëüíî, äëÿ àáñîëþòíî íåïðå-

ðûâíîé ôóíêöèè f ≡ π

2
, x ∈ [0, 2π] , èìååò ìåñòî òîæäåñòâî (ñì. íàïðèìåð,

[8, ôîðìóëà 37 íà ñòð. 578])

π

2
=

∞∑
n=0

sin
(
n+ 1

2

)
x

n+ 1
2

, 0 < x < 2π,

ò.å. Òåîðåìà 1.3 äëÿ íåå âåðíà, íî åñëè çàìåíèòü max
x∈[a,π]

|. . . | íà max
x∈[0,π]

|. . . | , òî

òåîðåìà ïåðåñòàåò áûòü âåðíîé. Ñ äðóãîé ñòîðîíû, åñëè â Òåîðåìå 1.3 âçÿòü

f (0) = 0, òîãäà ðÿä â (1.7) ñõîäèòñÿ ðàâíîìåðíî íà âñåì îòðåçêå [0, π] . Àíàëî-

ãè÷íîå óòâåðæäåíèå âåðíî äëÿ Òåîðåìû 1.4, åñëè âçÿòü f (π) = 0.

Âòîðîé öåëüþ íàøåé ðàáîòû ÿâëÿåòñÿ ïîëó÷åíèå àñèìïòîòè÷åñêîé ôîðìóëû

äëÿ ñîáñòâåííûõ çíà÷åíèé çàäà÷è L (q, π, β) ïðè q ∈ L1
R [0, π] è β ∈ (0, π) (ò.å.

sinβ ̸= 0). Ïðåæäå ÷åì ñôîðìóëèðîâàòü ðåçóëüòàò, çàìåòèì, ÷òî â ðàáîòå [9] Ò.

Í. Àðóòþíÿí ââåë ïîíÿòèå ôóíêöèè δn (α, β) , êîòîðàÿ îïðåäåëÿåòñÿ ôîðìóëîé

δn (α, β) :=
√
µn (0, α, β)− n = λn (0, α, β)− λn

(
0,
π

2
,
π

2

)
, n ≥ 2,
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è äîêàçàë ÷òî −1 ≤ δn (α, β) ≤ 1 è δn (α, β) ÿâëÿåòñÿ ðåøåíèåì ñëåäóþùåãî

òðàíñöåíäåíòíîãî óðàâíåíèÿ:

(1.9) δn (α, β) =
1

π
arccos

cosα√
(n+ δn (α, β))

2
sin2 α+ cos2 α

−

− 1

π
arccos

cosβ√
(n+ δn (α, β))

2
sin2 β + cos2 β

.

Òåîðåìà 1.5. Ïóñòü q ∈ L1
R [0, π] è ïóñòü λ2n (q, α, β) = µn (q, α, β) . Òîãäà

(a) èìååò ìåñòî àñèìïòîòè÷åñêîå ñîîòíîøåíèå (n→ ∞)

(1.10) λn (q, α, β) = n+ δn (α, β) +
[q]

2 (n+ δn (α, β))
+ ln (q, α, β) +O

(
1

n2

)
,

ãäå [q] =
1

π

∫ π

0

q (t) dt,

ln (q, α, β) =
1

2π (n+ δn (α, β))

∫ π

0

q(x) cos 2 (n+ δn (α, β))xdx, α ∈ (0, π) ,

(1.11) ln = ln (q, π, β) = − 1

2π (n+ δn (π, β))

∫ π

0

q(x) cos 2 (n+ δn (π, β))xdx.

Îöåíêà îñòàòêà O

(
1

n2

)
â (1.10) ðàâíîìåðíà ïî âñåì α, β ∈ [0, π] è q èç

îãðàíè÷åííûõ ïîäìíîæåñòâ L1
R [0, π] (ìû áóäåì ïèñàòü q ∈ BL1

R [0, π]).

(b) Ôóíêöèÿ l, îïðåäåëåííàÿ ôîðìóëîé

(1.12) l(x) =

∞∑
n=2

ln (q, α, β) sin (n+ δn (α, β))x,

àáñîëþòíî íåïðåðûâíà íà ïðîèçâîëüíîì îòðåçêå [a, b] ⊂ (0, 2π) , ò.å. l ∈
AC (0, 2π) .

Â ðàáîòå [10] óòâåðæäåíèå (b) òåîðåìû 1.5 áûëî äîêàçàíî ïðè óñëîâèè α, β ∈
(0, π) è â ñëó÷àå α = π, β = 0. Ìû äîêàæåì, ÷òî ýòî óòâåðæäåíèå âåðíî òàêæå

ïðè α = π, β ∈ (0, π) . Ýòîìó ïîñâÿùåí ðàçäåë 3. Òðåòüåé öåëüþ íàøåé ðàáîòû

ÿâëÿåòñÿ ïîëó÷åíèå àñèìïòîòè÷åñêèõ ôîðìóë äëÿ íîðìèðîâî÷íûõ ïîñòîÿííûõ

an è bn (ñì. (1.6)).

Òåîðåìà 1.6. Äëÿ íîðìèðîâî÷íûõ ïîñòîÿííûõ an è bn

(a) èìåþò ìåñòî ñëåäóþùèå àñèìïòîòè÷åñêèå ñîîòíîøåíèÿ (n→ ∞) :

an (q, α, β) =
π

2

[
1 +

2 sn (q, α, β)

π [n+ δ (α, β)]
+ rn

]
sin2 α+
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+
π

2 [n+ δn(α, β)]
2

[
1 +

2 sn (q, α, β)

π [n+ δ (α, β)]
+ r̃n

]
cos2 α,

bn (q, α, β) =
π

2

[
1 +

2 sn (q, α, β)

π [n+ δ (α, β)]
+ pn

]
sin2 β+

+
π

2 [n+ δn(α, β)]
2

[
1 +

2 sn (q, α, β)

π [n+ δ (α, β)]
+ p̃n

]
cos2 β,

ãäå

sn = sn (q, α, β) = −1

2

∫ π

0

(π − t) q (t) sin 2 [n+ δn (α, β)] tdt,

rn = rn (q, α, β) = O

(
1

n2

)
è r̃n = r̃n (q, α, β) = O

(
1

n2

)
(òà æå îöåíêà

âåðíà äëÿ pn è p̃n), êîãäà n → ∞, ðàâíîìåðíà ïî âñåì α, β ∈ [0, π] è

q ∈ BL1
R [0, π] .

(b) Ôóíêöèÿ s, îïðåäåëåííàÿ ôîðìóëîé

s (x) =
∞∑

n=2

sn
n+ δn (α, β)

cos [n+ δn (α, β)]x

àáñîëþòíî íåïðåðûâíà íà ïðîèçâîëüíîì îòðåçêå [a, b] ⊂ (0, 2π) , ò.å. s ∈
AC (0, 2π) .

Â ðàáîòå [11] óòâåðæäåíèå (b) òåîðåìû 1.6 áûëî äîêàçàíî ïðè óñëîâèè α, β ∈
(0, π) è â ñëó÷àå α = π, β = 0. Ìåòîäàìè, ïðèìåíåííûìè ïðè äîêàçàòåëüñòâå

òåîðåìû 1.5 ìîæíî äîêàçàòü, ÷òî óòâåðæäåíèå âåðíî òàêæå ïðè α = π, β ∈ (0, π) .

2. Äîêàçàòåëüñòâà òåîðåì 1.3 è 1.4

Ìû ïðèâåäåì äîêàçàòåëüñòâî äëÿ Òåîðåìû 1.3. Òåîðåìà 1.4 ìîæåò áûòü äîêà-

çàíà àíàëîãè÷íî.

Äîêàçàòåëüñòâî. Äëÿ |λ| → ∞, èìåþò ìåñòî ñëåäóþùèå àñèìïòîòè÷åñêèå ôîð-

ìóëû ([1, 4, 10])

(2.1) φ (x, µ, π) := φπ (x, µ) ≡ φπ

(
x, λ2

)
=

sinλx

λ
+O

(
e|Imλ|x

|λ|2

)
,

(2.2) φ′ (x, µ, π) := φ′
π (x, µ) ≡ φ′

π

(
x, λ2

)
= cosλx+O

(
e|Imλ|x

|λ|

)
,

ψ (x, µ, β) := ψβ (x, µ) ≡ ψβ

(
x, λ2

)
= cosλ (π − x) sinβ +

sinλ (π − x)

λ
cosβ+

(2.3) +O

(
e|Imλ|(π−x)

|λ|

)
sinβ +O

(
e|Imλ|(π−x)

|λ|2

)
cosβ,
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ψ′ (x, µ, β) := ψ′
β (x, µ) ≡ ψ′

β

(
x, λ2

)
=
(
λ sinλ (π − x) +O

(
e|Imλ|(π−x)

))
sinβ−

(2.4) −
(
cosλ (π − x) +O

(
e|Imλ|(π−x)

|λ|

))
cosβ.

Èç (1.4) è (2.3) ñëåäóåò, ÷òî äëÿ âðîíñêèàíàWπ,β (µ) ìû èìååì ñëåäóþùóþ îöåí-

êó

(2.5) Wπ,β (µ) ≡Wπ,β

(
λ2
)
= −ψβ (0, µ) = − cosλπ sinβ − sinλπ

λ
cosβ+

+O

(
e|Imλ|π

|λ|

)
sinβ +O

(
e|Imλ|π

|λ|2

)
cosβ.

Îáîçíà÷èì ÷åðåç Z1/6 ñëåäóþùóþ îáëàñòü êîìïëåêñíîé ïëîñêîñòè C:

Z1/6 =

{
λ ∈ C :

∣∣∣λ− n

2

∣∣∣ ≥ 1

6
, n ∈ Z

}
.

Ñëåäóþùàÿ ëåììà äîêàçàíà â [12], ìåòîäàìè êîòîðûå èñïîëüçîâàëèñü â [13].

Ëåììà 2.1. ([12]) Åñëè λ ∈ Z1/6, òîãäà

(2.6) |sinπλ| ≥ 1

7
e|Imλ|π, |cosπλ| ≥ 1

7
e|Imλ|π.

Èç (2.5) è (2.6) ñëåäóåò ÷òî äëÿ äîñòàòî÷íî áîëüøîãî λ∗ > 0, ñóùåñòâóåò

êîíñòàíòà C1 > 0 òàêàÿ ÷òî

(2.7)
∣∣Wπ,β

(
λ2
)∣∣ ≥ C1e

|Imλ|π sinβ, ïðè λ ∈ Z1/6, |λ| > λ∗.

Ðàññìîòðèì ñëåäóþùóþ êðàåâóþ çàäà÷ó

(2.8) −y′′ + q (x) y = µy − f (x) , x ∈ (0, π) , µ ∈ C, f ∈ L1 [0, π] ,

(2.9) y (0) = 0, y (π) cosβ + y′ (π) sinβ = 0, β ∈ (0, π) .

Õîðîøî èçâåñòíî, ÷òî ðåøåíèå y (x, µ, f) êðàåâîé çàäà÷è (2.8)�(2.9) ìîæíî çàïè-

ñàòü â ñëåäóþùåé ôîðìå (ñì. íàïðèìåð, [1, 7])

(2.10) y (x, µ, f) =
1

Wπ,β (µ)
ψβ (x, µ)

∫ x

0

f (t)φπ (t, µ) dt+

+
1

Wπ,β (µ)
φπ (x, µ)

∫ π

x

f (t)ψβ (t, µ) dt.

Òàê êàê φ, ψ è Wπ,β ÿâëÿþòñÿ öåëûìè ôóíêöèÿìè îò µ, òî y (x, µ, f) ÿâëÿåòñÿ

ìåðîìîðôíîé ôóíêöèåé îò µ, ñ ïîëþñàìè â íóëÿõ ôóíêöèè Wπ,β èëè, ÷òî òî

æå ñàìîå, â ñîáñòâåííûõ çíà÷åíèÿõ µn, n = 0, 1, 2, . . . . Ïîñêîëüêó Ẇπ,β (µn) ≡
d

dµ
Wπ,β (µn) = βnan (ñì. [6, Ëåììà 1.1.1]), òî èñïîëüçóÿ (1.5), ìû ïîëó÷àåì âû÷åò

(2.11) Res
µ=µn

y (x, µ, f) =
1

an
φπ (x, µn)

∫ π

0

f (t)φπ (t, µn) dt.
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Èç (2.1), (2.3), (2.7) è (2.10) ñëåäóåò, ÷òî ñóùåñòâóþò ïîëîæèòåëüíûå ÷èñëà C,

C2, C3, C4 òàêèå ÷òî ïðè λ ∈ Z1/6, |λ| > λ∗ èìååò ìåñòî ñëåäóþùàÿ îöåíêà

(2.12)
∣∣y (x, λ2, f)∣∣ ≤

∣∣ψβ

(
x, λ2

)∣∣ max
t∈[0,x]

∣∣φπ

(
t, λ2

)∣∣ ∫ x

0

|f (t)| dt

C1e|Imλ|π sinβ
+

+

∣∣φπ

(
x, λ2

)∣∣ max
t∈[x,π]

∣∣ψβ

(
t, λ2

)∣∣ ∫ π

x

|f (t)| dt

C1e|Imλ|π sinβ
≤

≤
e|Imλ|(π−x)

(
sinβ +

|cosβ|
|λ|

+ C3
sinβ

|λ|
+ C4

|cosβ|
|λ|2

)
C1e|Imλ|π sinβ

×

× e|Imλ|x

(
1

|λ|
+ C2

1

|λ|2

)∫ π

0

|f (t)| dt ≤

≤ 1

C1

∫ π

0

|f (t)| dt

(
1

|λ|
+O

(
1

|λ|2

))
≤ C

|λ|
.

Ðàññìîòðèì òåïåðü ôóíêöèþ f ∈ AC [0, π] . Èñïîëüçóÿ òîò ôàêò, ÷òî φπ (x, µ) è

ψβ (x, µ) ÿâëÿþòñÿ ðåøåíèÿìè (1.1), ìû ìîæåì ïåðåïèñàòü ïðåäñòàâëåíèå (2.10)

äëÿ y (x, µ, f) â ñëåäóþùåì âèäå (ñðàâíèòå ñ [6]):

(2.13) y (x, µ, f) =
f (x)

µ
+ f (0)

ψβ (x, µ)

µWπ,β (µ)
+
Z1 (x, µ, π, β, f

′)

µ
+
Z2 (x, µ, π, β)

µ
,

ãäå

(2.14)

Z1 (x, µ, π, β, f
′) =

ψβ (x, µ)

∫ x

0

f ′ (t)φ′
π (t, µ) dt+ φπ (x, µ)

∫ π

x

f ′ (t)ψ′
β (t, µ) dt

Wπ,β (µ)
,

(2.15) Z2 (x, µ, π, β) = −f (π)ψ′
β (π, µ)

φπ (x, µ)

Wπ,β (µ)
+ y (x, µ, qf) =

= f (π) cosβ
φπ (x, µ)

Wπ,β (µ)
+ y (x, µ, qf) .

Ïîêàæåì, ÷òî

(2.16) lim
|λ|→∞
λ∈Z1/6

max
x∈[0,π]

|Z1 (x, µ, π, β, f
′)| = 0.
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Ñíà÷àëà ïðåäïîëîæèì, ÷òî f ′ àáñîëþòíî íåïðåðûâíàÿ ôóíêöèÿ íà [0, π] . Òîãäà

ñóùåñòâóåò f ′′ ∈ L1 [0, π] è (2.14) ìîæíî çàïèñàòü â ñëåäóþùåì âèäå

Z1 (x, µ, π, β, f
′) =

φπ (x, µ)

Wπ,β (µ)
f ′ (π) sinβ−

−
ψβ (x, µ)

∫ x

0

f ′′ (t)φπ (t, µ) dt+ φπ (x, µ)

∫ π

x

f ′′ (t)ψβ (t, µ) dt

Wπ,β (µ)
.

Â ñèëó (2.1)�(2.4) è (2.7) ìû ïîëó÷àåì, ÷òî ñóùåñòâóåò ÷èñëî C > 0, òàêîå ÷òî

max
x∈[0,π]

|Z1 (x, µ, π, β, f
′)| ≤ C

|λ|
, ïðè λ ∈ Z1/6, |λ| > λ∗.

Îòñþäà ñëåäóåò (2.16) â ñëó÷àå f ′ ∈ AC [0, π] .

Òåïåðü îáðàòèìñÿ ê îáùåìó ñëó÷àþ g := f ′ ∈ L1 [0, π] . Çàôèêñèðóåì ϵ > 0 è

âûáåðåì àáñîëþòíî íåïðåðûâíóþ ôóíêöèþ gϵ, òàê ÷òî∫ π

0

|g (t)− gϵ (t)| dt <
C1 sinβ

16
ϵ.

Òîãäà, ñîãëàñíî (2.1)�(2.4), (2.7) è (2.14) äëÿ λ ∈ Z1/6, |λ| > λ∗, ìû èìååì

max
x∈[0,π]

|Z1 (x, µ, π, β, g)| ≤ max
x∈[0,π]

|Z1 (x, µ, π, β, gϵ)|+ max
x∈[0,π]

|Z1 (x, µ, π, β, g − gϵ)| ≤

≤ C(ϵ)

|λ|
+
C1 sinβ

16
ϵ max
x∈[0,π]

 |ψβ (x, µ)| max
t∈[0,x]

|φ′
π (t, µ)|+ |φπ (x, µ)| max

t∈[0,x]

∣∣∣ψ′
β (t, µ)

∣∣∣
C1e|Imλ|π sinβ

 ≤

≤ C(ϵ)

|λ|
+
C1 sinβ

16
ϵ max
x∈[0,π]

(
8e|Imλ|π

C1e|Imλ|π sinβ

)
≤ C(ϵ)

|λ|
+
ϵ

2
.

Ëåãêî âèäåòü, ÷òî åñëè ìû âûáåðåì λ∗ϵ =
2C (ϵ)

ϵ
, òîãäà äëÿ λ ∈ Z1/6 è |λ| > λ∗ϵ

ìû èìååì max
x∈[0,π]

|Z1 (x, µ, π, β)| ≤ ϵ. Â ñèëó ïðîèçâîëüíîñòè ϵ > 0, ìû ïðèõîäèì

ê (2.16). Òåïåðü îöåíèì Z2 (x, µ, π, β) (ñì. (2.15)). Ïîñêîëüêó qf ∈ L1 [0, π] , òî

îöåíêè â (2.12) âåðíû òàêæå äëÿ y (x, µ, qf) . Èñïîëüçóÿ (2.1), (2.7), (2.12) è òîò

ôàêò, ÷òî sinβ ̸= 0 ìû ïîëó÷àåì ñëåäóþùèå îöåíêè (ïðè λ ∈ Z1/6, |λ| > λ∗):

(2.17) max
x∈[0,π]

|Z2 (x, µ, π, β)| ≤ max
x∈[0,π]

∣∣∣∣f (π) cosβφπ (x, µ)

Wπ,β (µ)

∣∣∣∣+ max
x∈[0,π]

|y (x, µ, qf)| ≤

≤
∣∣∣∣f (π) cosβ C5e

|Imλ|π

|λ|C1e|Imλ|π sinβ

∣∣∣∣+ C6

|λ|
≤ C5

C1

|f (π) cotβ|
|λ|

+
C6

|λ|
≤ C7

|λ|
,

ãäå C5 −C7 ïîëîæèòåëüíûå ÷èñëà. Ðàññìîòðèì ñëåäóþùèé êîíòóðíûé èíòåãðàë

IN (x) =
1

2πi

∮
ΓN

y (x, µ, f) dµ,
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ãäå ΓN =

{
µ : |µ| =

(
N +

3

4

)2
}

(ñ îáõîäîì ïðîòèâ ÷àñîâîé ñòðåëêè). Ñ îäíîé

ñòîðîíû, èñïîëüçóÿ òåîðåìó Êîøè î âû÷åòàõ (ñì. [14]), èç (2.11) ìû ïîëó÷àåì

(2.18) IN (x) =
N∑

n=0

1

an

∫ π

0

f (t)φπ (t, µn)dtφπ (x, µn) .

Ñ äðóãîé ñòîðîíû, èç (2.13), (2.16) è (2.17) èìååì, ÷òî

(2.19) IN (x) = f (x) + f(0)
1

2πi

∮
ΓN

ψβ (x, µ)

µWπ,β (µ)
dµ+ ϵN (x) ,

ãäå ϵN (x) , ñîãëàñíî (2.16) è (2.17), ðàâíîìåðíî ñõîäèòñÿ ê 0 :

lim
N→∞

max
x∈[0,π]

|ϵN (x)| = 0.

Áåç ïîòåðè îáùíîñòè, áóäåì ñ÷èòàòü ÷òî µ = 0 íå ÿâëÿåòñÿ ñîáñòâåííûì çíà÷å-

íèåì çàäà÷è L (q, π, β) . Â ñàìîì äåëå, èç ÷èñòîé äèñêðåòíîñòè ñïåêòðà ñëåäóåò,

÷òî ñóùåñòâóåò ÷èñëî c òàêîå, ÷òî ÷èñëà µn + c ̸= 0, n = 0, 1, 2, . . . , ÿâëÿþòñÿ

ñîáñòâåííûìè çíà÷åíèÿìè çàäà÷è L (q + c, π, β) ñ òåìè æå ñîáñòâåííûìè ôóíê-

öèÿìè φn è íîðìèðîâî÷íûìè ïîñòîÿííûìè an, ÷òî è ó çàäà÷è L (q, π, β) . Òîãäà

ôóíêöèÿ
ψβ (x, µ)

µWπ,β (µ)
èìååò ïîëþñû òîëüêî ïåðâîãî ïîðÿäêà è èñïîëüçóÿ òåîðåìó

Êîøè î âû÷åòàõ ìû ìîæåì ëåãêî âû÷èñëèòü, ÷òî

ϕN (x) :=
1

2πi

∮
ΓN

ψβ (x, µ)

µWπ,β (µ)
dµ = Res

µ=0

ψβ (x, µ)

µWπ,β (µ)
+

N∑
n=0

Res
µ=µn

ψβ (x, µ)

µWπ,β (µ)
=

=
ψβ (x, 0)

Wπ,β (0)
+

N∑
n=0

ψβ (x, µn)

µnẆπ,β (µn)
=
ψβ (x, 0)

Wπ,β (0)
+

N∑
n=0

βnφπ (x, µn)

µnβnan
=

(2.20) =
ψβ (x, 0)

Wπ,β (0)
+

N∑
n=0

1

µnan
φn (x).

Òåïåðü ïîêàæåì, ÷òî ïîñëåäîâàòåëüíîñòü ϕN (x) ñõîäèòñÿ ê 0 (ïðè N → ∞)

ðàâíîìåðíî íà ñåãìåíòå [a, π] , äëÿ ïðîèçâîëüíîãî a ∈ (0, π) .

Òàê êàê φn (x) =
sin
(
n+ 1

2

)
x

n+ 1
2

+O

(
1

n2

)
ðàâíîìåðíî íà [0, π] (ñì. (2.1)), µn =

µn (q, π, β) =

(
n+

1

2

)2

+ O (1) (ñì. [9, Òåîðåìà 1 íà ñòð. 286 è àñèìïòîòè÷åñêèå

îöåíêè äëÿ δn (π, β) íà ñòð. 292]) è an = an (q, π, β) =
π

2
(
n+ 1

2

)2 (1 + o

(
1

n

))
(ñì. [11, Òåîðåìà 1.1 ], ñòð. 9-10), òîãäà ϕN (x) (ñì. (2.20)) ìîæíî çàïèñàòü â
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ñëåäóþùåì âèäå:

ϕN (x) =
ψβ (x, 0)

Wπ,β (0)
+

2

π

N∑
n=0

sin
(
n+ 1

2

)
x

n+ 1
2

+
N∑

n=0

qn (x) ,

ãäå qn (x) = O

(
1

n2

)
ðàâíîìåðíî íà [0, π] .

Ïîñêîëüêó

∞∑
n=0

sin
(
n+ 1

2

)
x

n+ 1
2

=
π

2
, 0 < x < 2π (ñì. íàïðèìåð, [8, ôîðìóëà (37)

íà ñòð. 578]), òîãäà ïîñëåäîâàòåëüíîñòü ϕN (x) ñõîäèòñÿ ê íåïðåðûâíîé ôóíêöèè

ϕ (x) (ïðè N → ∞) ðàâíîìåðíî íà ñåãìåíòå [a, π] , äëÿ ïðîèçâîëüíîãî a ∈ (0, π) .

Òåïåðü, ÷òîáû äîêàçàòü, ÷òî ϕ (x) ≡ 0, x ∈ (0, π] , äîñòàòî÷íî ïîêàçàòü, ÷òî

ϕ = 0 ï.â.

Ñäåëàâ íåêîòîðûå âû÷èñëåíèÿ, ïîëó÷èì:

(2.21)

π∫
0

ϕ (x)φm (x) dx =
1

Wπ,β (0)

π∫
0

ψβ (x, 0)φm (x) dx+
1

µm
, m = 0, 1, 2, . . .

(2.22) µm

π∫
0

ψβ (x, 0)φm (x) dx =

π∫
0

(
φm (x)ψ′′

β (x, 0)− φ′′
m (x)ψβ (x, 0)

)
dx =

=
(
φm (x)ψ′

β (x, 0)− φ′
m (x)ψβ (x, 0)

)∣∣π
0
= ψβ (0, 0) = −Wπ,β (0) .

Èç (2.21) è (2.22) ñëåäóåò

π∫
0

ϕ (x)φm (x) dx = 0, m = 0, 1, 2, . . . .

Ïîñêîëüêó ñèñòåìà ñîáñòâåííûõ ôóíêöèé {φm (x)}∞m=0 êðàåâîé çàäà÷è L(q, π, β)

ÿâëÿåòñÿ ïîëíîé è îðòîãîíàëüíîé â L2 (0, π), òî ϕ = 0 ï.â. Ñðàâíèâàÿ ýòîò ðå-

çóëüòàò ñ (2.18), (2.19) è ïåðåõîäÿ ê ïðåäåëó ïðè N → ∞ â (2.19), ìû ïðèõîäèì

ê (1.7). Òåîðåìà 1.3 äîêàçàíà. �

Çàìå÷àíèå 2.1. Õîðîøî èçâåñòíî, ÷òî îäíî èç äîêàçàòåëüñòâ òåîðåìû 1.2 îñ-

íîâûâàåòñÿ íà òàê íàçûâàåìîé òåîðåìå î ðàâíîìåðíîé ðàâíîñõîäèìîñòè, êîòî-

ðàÿ óòâåðæäàåò, ÷òî ðàçëîæåíèå ïî ñîáñòâåííûì ôóíêöèÿì çàäà÷è L (q, α, β) ,

α, β ∈ (0, π) ýêâèâàëåíòíî ðàçëîæåíèþ ïî ñîáñòâåííûì ôóíêöèÿì çàäà÷è

L
(
0,
π

2
,
π

2

)
, ò.å., {cosnx}n≥0 (ñì. [5, 2, 7]). Äàëåå ìîæíî ïðèìåíèòü òåîðå-

ìó Äèðèõëå-Æîðäàíà (ñì. [15, ñòð. 121�122]) è Òåîðåìà 1.2 áóäåò äîêàçàíà.

Òîò æå ïîäõîä íå ìîæåò áûòü ïðèìåíåí â íàøåì ñëó÷àå, à èìåííî: íåòðóä-

íî óñòàíîâèòü ÷òî ðàçëîæåíèå ïî ñîáñòâåííûì ôóíêöèÿì çàäà÷è L (q, π, β) ,
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β ∈ (0, π) áóäåò ýêâèâàëåíòíî ðàçëîæåíèþ ïî sin

(
n+

1

2

)
x, n = 0, 1, 2, . . . ,

ò.å., ïî ñîáñòâåííûì ôóíêöèÿì çàäà÷è L
(
0, π,

π

2

)
(ñì. [5, çàìå÷àíèå íà ñòð.

304] è [2, çàìå÷àíèå íà ñòð. 71]). Ñ äðóãîé ñòîðîíû, íàñêîëüêî íàì èçâåñòíî,

íåò àíàëîãà òåîðåìû Äèðèõëå-Æîðäàíà äëÿ ðàçëîæåíèÿ ïî ñèñòåìå ôóíêöèé{
sin

(
n+

1

2

)
x

}
n≥0

(ïî ýòîìó ïîâîäó ñì. [16, Òåîðåìà 2.6]).

3. Àñèìïòîòèêà ñîáñòâåííûõ çíà÷åíèé

Ñòîèò çàìåòèòü ÷òî ïðèâåäåííîå â ðàáîòå [10] äîêàçàòåëüñòâî óòâåðæäåíèÿ

(b) òåîðåìû 1.5 äëÿ ñëó÷àÿ α, β ∈ (0, π) íå ïðîõîäèò äëÿ ñëó÷àÿ α = π, β ∈
(0, π) . Íèæå, èñïîëüçóÿ òåîðåìû 1.3 è 1.4, ìû ðàçáåðåì ýòîò ñëó÷àé. Îáîçíà÷èì

σ (x) =

∫ x

0

q (t) dt è çàïèøåì ln (q, π, β) (ñì. (1.11)) â ñëåäóþùåé ôîðìå:

ln (q, π, β) = −σ (π) cos 2πδn (π, β)
2π (n+ δn (π, β))

− 1

2π

∫ 2π

0

σ1 (x) sin (n+ δn (π, β))xdx,

ãäå σ1 (x) ≡ σ
(x
2

)
àáñîëþòíî íåïðåðûâíàÿ ôóíêöèÿ íà [0, 2π] .

Çàìåòèì ÷òî åäèíñòâåííîñòü ðåøåíèÿ δn (α, β) óðàâíåíèÿ (1.9) ïðè α = π

è β ∈ [0, π) ìîæíî äîêàçàòü èñõîäÿ èç òîãî, ÷òî arccos ÿâëÿåòñÿ óáûâàþùåé

ôóíêöèåé.

Èç (1.9) ëåãêî âèäåòü (ïîäðîáíîñòè ñì. [9]), ÷òî äëÿ β ∈ (0, π) ìû èìååì

(3.1) δn (π, β) =
1

2
+

cotβ

π
(
n+ 1

2

) +O

(
1

n2

)
cotβ =

1

2
+O

(
1

n

)
,

è ñëåäîâàòåëüíî,

(3.2) cos 2πδn (π, β) = −1 + dn, sin 2πδn (π, β) = en,

ãäå dn = O

(
1

n2

)
, en = O

(
1

n

)
.

Ïîýòîìó, l (x, β) (ñì. (1.12)) ìîæíî ïðåäñòàâèòü â âèäå ñóììû òðåõ ôóíêöèé

l (x, β) = l1 (x, β) + l2 (x, β) + l3 (x, β) ,

ãäå

l1 (x, β) =
σ (π)

2π

∞∑
n=2

sin (n+ δn (π, β))x

(n+ δn (π, β))
,

(3.3) l2 (x, β) = −σ (π)
2π

∞∑
n=2

dn
sin (n+ δn (π, β))x

(n+ δn (π, β))
,

(3.4) l3 (x, β) = − 1

2π

∞∑
n=2

fn sin (n+ δn (π, β))x,
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è fn =

∫ 2π

0

σ1 (t) sin (n+ δn (π, β)) tdt.

Ïîñêîëüêó fn =

∫ π

0

σ1 (t) sin (n+ δn (π, β)) tdt+

∫ 2π

π

σ1 (t) sin (n+ δn (π, β)) tdt è

∫ 2π

π

σ1 (t) sin (n+ δn (π, β)) tdt =

∫ −π

−2π

−σ1 (−t) sin (n+ δn (π, β)) tdt =

=

∫ π

0

−σ1 (2π − t) sin (n+ δn (π, β)) (t− 2π) dt =

=

∫ π

0

σ1 (2π − t) ((1− dn) sin (n+ δn (π, β)) t+ en cos (n+ δn (π, β)) t) dt =

=

∫ π

0

σ

(
π − t

2

)
((1− dn) sin (n+ δn (π, β)) t+ en cos (n+ δn (π, β)) t) dt,

òî

(3.5) fn =

∫ π

0

(
σ

(
t

2

)
+ σ

(
π − t

2

))
sin (n+ δn (π, β)) tdt−

− dn

∫ π

0

σ

(
π − t

2

)
sin (n+ δn (π, β)) tdt+ en

∫ π

0

σ

(
π − t

2

)
cos (n+ δn (π, β)) t.

Ñëåäóåò îòìåòèòü, ÷òî δn (α, β) îïðåäåëåíà òîëüêî äëÿ n ≥ 2, ïîýòîìó ìû çàïè-

øåì λ0 (0, π, β) , λ1 (0, π, β) è λn (0, π, β) = n+ δn (π, β) äëÿ âñåõ n ≥ 2. Ó÷èòûâàÿ,

÷òî ñèñòåìà ôóíêöèé

{φn (x)}∞n=0 =

{
sinλn (0, π, β)x

λn (0, π, β)

}1

n=0

∪
{
sin (n+ δn (π, β))x

n+ δn (π, β)

}∞

n=2

ÿâëÿåòñÿ ñèñòåìîé ñîáñòâåííûõ ôóíêöèé çàäà÷è L (0, π, β) è ïðèìåíÿÿ Òåîðåìó

1.3, ïîëó÷àåì

(3.6) σ
(x
2

)
+ σ

(
π − x

2

)
= σ2 (x)+

+
∞∑

n=2

∫ π

0

(
σ

(
t

2

)
+ σ

(
π − t

2

))
sin (n+ δn (π, β)) tdt∫ π

0

sin2 (n+ δn (π, β)) tdt

sin (n+ δn (π, β))x

ãäå ðÿä ñõîäèòñÿ ðàâíîìåðíî íà ïðîèçâîëüíîì îòðåçêå [a, π] ⊂ (0, π] è

σ2 (x) :=
1∑

n=0

∫ π

0

(
σ

(
t

2

)
+ σ

(
π − t

2

))
sinλn (0, π, β) tdt∫ π

0

sin2 λn (0, π, β) tdt

sinλn (0, π, β)x

88



ÑÕÎÄÈÌÎÑÒÜ ÐÀÇËÎÆÅÍÈÉ ÏÎ ÑÎÁÑÒÂÅÍÍÛÌ ÔÓÍÊÖÈßÌ ...

Èñïîëüçóÿ (3.1) è (3.2), ìû âû÷èñëÿåì

(3.7)

π∫
0

sin2 (n+ δn (π, β)) tdt =

=
π

2
− sin 2π (n+ δn(π, β))

4 (n+ δn(π, β))
=
π

2
− en

4 (n+ δn(π, β))
.

Èç (3.7), ëåãêî âèäåòü, ÷òî

1
π∫
0

sin2 (n+ δn (π, β)) tdt

=
2

π
+gn, ãäå gn =

2en
π (2π (n+ δn (π, β))− en)

= O

(
1

n2

)
.

Òåïåðü ìû ìîæåì çàïèñàòü (3.6) â ôîðìå

(3.8)
∞∑

n=2

2

π

∫ π

0

(
σ

(
t

2

)
+ σ

(
π − t

2

))
sin (n+ δn (π, β)) tdt sin (n+ δn (π, β))x =

= −
∞∑

n=2

gn

∫ π

0

(
σ

(
t

2

)
+ σ

(
π − t

2

))
sin (n+ δn (π, β)) tdt sin (n+ δn (π, β))x+

+ σ
(x
2

)
+ σ

(
π − x

2

)
− σ2 (x) ,

ãäå ðÿäû ñõîäÿòñÿ ðàâíîìåðíî íà ïðîèçâîëüíîì îòðåçêå [a, π] ⊂ (0, π] .

Èç (3.4), (3.5), (3.8) ñëåäóåò ÷òî äëÿ ïðîèçâîëüíîãî x ∈ (0, π]

(3.9) l3 (x, β) =
1

4

(
−σ
(x
2

)
− σ

(
π − x

2

)
+ σ2 (x)

)
+

+

∞∑
n=2

gn
4

∫ π

0

(
σ

(
t

2

)
+ σ

(
π − t

2

))
sin (n+ δn (π, β)) tdt sin (n+ δn (π, β))x+

+
1

2π

∞∑
n=2

dn

∫ π

0

σ

(
π − t

2

)
sin (n+ δn (π, β)) tdt sin (n+ δn (π, β))x−

− 1

2π

∞∑
n=2

en

∫ π

0

σ

(
π − t

2

)
cos (n+ δn (π, β)) tdt sin (n+ δn (π, β))x.

Ïîñêîëüêó dn = O

(
1

n2

)
, en

∫ π

0

σ

(
π − t

2

)
cos (n+ δn (π, β)) tdt = O

(
1

n2

)
, gn =

O

(
1

n2

)
, òîãäà l3 ∈ AC (0, π] . Ñ äðóãîé ñòîðîíû, òàê êàê (ñì. (3.4) è (3.2))

l3 (2π − x, β) = l3 (x, β) +
1

2π

∞∑
n=2

dnfn sin (n+ δn (π, β))x−

− 1

2π

∞∑
n=2

enfn cos (n+ δn (π, β))x,
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òî l3 ∈ AC [π, 2π) è ñëåäîâàòåëüíî l3 ∈ AC (0, 2π). Ïîñêîëüêó
∞∑

n=2

sin (n+ δn (π, β))x

(n+ δn (π, β))

àáñîëþòíî íåïðåðûâíàÿ ôóíêöèÿ íà (0, 2π) (ñì. [12, 10]), òîãäà l1 ∈ AC (0, 2π).

Ïîñêîëüêó dn = O

(
1

n2

)
, òî ðÿä â (3.3) è åãî ïåðâàÿ ïðîèçâîäíàÿ ñõîäÿòñÿ àá-

ñîëþòíî è ðàâíîìåðíî íà [0, 2π] è, ñëåäîâàòåëüíî l2 ∈ AC [0, 2π] . Óòâåðæäåíèå

(b) òåîðåìû 1.5 ïðè α = π, β ∈ (0, π) äîêàçàíî. �

Áëàãîäàðíîñòü. Àâòîð âûðàæàåò áëàãîäàðíîñòü ïðîôåññîðó Ò. Í. Àðóòþíÿíó

çà ïîñòàíîâêó çàäà÷è è âíèìàíèå ê ðàáîòå.

Abstract. Uniform convergence of the expansion of an absolutely continuous function

for eigenfunctions of the Sturm-Liouville problem −y′′ + q (x) y = µy, y (0) = 0,

y (π) cosβ + y′ (π) sinβ = 0, β ∈ (0, π) with summable potential q ∈ L1
R [0, π] is

proved. This result is used to obtain more precise asymptotic formulae for eigenvalues

and norming constants of this problem.
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