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On weighted classes of harmonic functions
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This article gives the main representation theorems for harmonic functions in the spaces b p
!ðBÞ

on the unit ball B in Rn. These spaces depend on a parameter function ! and are arbitrarily
large. We receive the integral representation for the functions of b p

!ðBÞ over the unit ball.
The article also gives a representation connected with the natural isometry between b 2

!ðBÞ
and the ordinary space L2 on the unit sphere, which is explicitly given in the form of an integral
operator along with its inversion.
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1. Introduction

This article gives the main representation theorems for arbitrarily large harmonic b p
!ðBÞ

spaces in the unit ball in Rn, which are similar to the analytic spaces investigated in [1].
Section 2 is devoted to some preliminary notation and construction of Djrbashian’s

!-kernel [2] in the unit ball of Rn. In section 3, we introduce the spaces b p
!ðBÞ and prove

some preliminary statements. Section 4 is devoted to the main integral representation
of b p

!ðBÞ over the unit ball (Theorem 1) and to the orthogonal projection from L2
!ðBÞ

to b2!ðBÞ (Theorem 2). Note that for the particular case

!ðtÞ ¼
nVðBÞ

2

Z 1

t

�ðn=2Þ�1ð1� �Þ� d�
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the representation of Theorem 1 was obtained in [3] and for �¼ 0 one can find this
representation also in [4]. Section 5 gives an integral representation of the considered
spaces b2!ðBÞ over the unit sphere. This leads to an isometry between the b2!ðBÞ spaces
and the ordinary L2-space on the unit sphere, which has an explicit form of integral
operator along with its inversion (Theorems 3 and 4).

In this article, we shall frequently use some basic statements of the n-dimensional
theory of harmonic functions explicitly given in [4].

Note that for the one-dimensional case, i.e. in the unit disc, the basics of the theory of
arbitrarily large classes Ap

! of analytic functions were more exhaustively constructed
in [5,6].

2. Construction of the Rx-kernel

2.1. We start by giving the notations, which we use throughout the article.

B ¼ fx 2 Rn: jxj < 1g is the open unit ball in Rn and S ¼ fx 2 Rn: jxj ¼ 1g is its
boundary, i.e. S is the unit sphere in Rn;
� is the normalized surface-area measure on S, so that �ðS Þ ¼ 1;
HmðR

nÞ is the set of all complex-valued homogeneous harmonic polynomials of
degree m in Rn;
HmðSÞ is the set of all spherical harmonics of degree m, i.e. the restrictions of
functions from HmðR

nÞ on the sphere S;
P½ f � denotes the Poisson integral of f:

P½ f �ðxÞ ¼

Z
S

Pðx, �Þ f ð�Þ d�ð�Þ, where Pðx, �Þ ¼
1� jxj2

j� � xjn
: ð1Þ

We associate with each complex function f on ½a, b� its total variation
Wb

a f defined byWb
a f ¼ sup

�PN
j¼1j f ðtjÞ � f ðtj�1Þj

�
, where the supremum is taken over all N and over

all choices of ftjg such that a ¼ t1 < t2 < � � � < tN ¼ b:
Further, as in [4], by � we denote the class of functions !(t) in ½0, 1� such that

!ð1Þ ¼ !ð1� 0Þ and

(i) 0 <
W1
� ! <1 for any � 2 ½0, 1Þ;

(ii) �k � �kð!Þ ¼ �
R 1
0 tkd!ðtÞ 6¼ 0,1, k ¼ 0, 1, . . .;

(iii) lim inf
k!1

ffiffiffiffiffiffiffiffiffi
j�kj

k
p

� 1.

2.2. For a given !2� we introduce the !-kernel

R!ðx, yÞ ¼
X1
k¼0

��1k Zkðx, yÞ: ð2Þ

LEMMA 1 The series in the right side of (2) converges absolutely and uniformly on the set
fðx, yÞ 2 R2n: jxjj yj � q, 0 < q < 1g and particularly on K � B, where K is an arbitrary
compact subset of B.
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Proof Let x ¼ r�, y ¼ ��, where �, � 2 S. Taking into account that the function
Zkðx, yÞ is homogeneous by both variables, we obtain

jZkðx, yÞj ¼ rk�kjZkð�, �Þj � rk�kdk, ð3Þ

where dk is the dimension ofHkðSÞ. The property (i) of the parameter function ! implies

lim sup
k!1

ffiffiffiffiffiffiffiffiffi
j�kj

k
p

� lim sup
k!1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiZ 1

0

tkjd!ðtÞj
k

s
� lim sup

k!1

ffiffiffiffiffiffiffiffiffiffiffiffi_1

0
!

k

r
¼ 1:

Along with (iii), this means that

lim
k!1

ffiffiffiffiffiffiffiffiffi
j�kj

k
p

¼ 1:

The desired convergence follows from (3) in view of the estimate dk � Ckn�2

from [4]. g

3. The spaces b p
xðB Þ

3.1. For a given !2�, we denote

d�!ðxÞ ¼ �d!ðr
2Þ d�ð�Þ,

where x ¼ r� is the polar form of x 2 B (i.e. r ¼ jxj, � 2 S ), and define L p
!ðBÞ as the

set of all d�!-measurable functions in B for which

kukp,! ¼

Z
B

juðxÞjp jd�!ðxÞj

� �1=p

< þ1, 1 � p <1:

We introduce b p
!ðBÞ as the harmonic subset of L p

!ðBÞ.
It turns out that for any fixed p the classes b p

!ðBÞ can contain harmonic functions of -
arbitrary growth near the boundary.

PROPOSITION 1 For any fixed p 2 ½1,1Þ the sum
S
!2� b p

!ðBÞ coincides with the set of all
functions harmonic in B.

Proof Evidently, it is sufficient to show that � contains functions of any rate of
decrease as t! 1� 0. Indeed, if !& in ½0, 1� then

�k ¼ �

Z 1

0

t k d!ðtÞ � �

Z 1

1�"

t k d!ðtÞ � ð1� "Þk
_1
1�"

!
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for any " 2 ð0, 1Þ. Therefore, by (i)

lim inf
k!1

ffiffiffiffiffiffiffiffiffi
j�kj

k
p

� ð1� "Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi_1

1�"
!

k

r
¼ 1� ",

and the passage "! 0 gives (iii). g

For any fixed x 2 B, the mapping u� uðxÞ is a linear functional over b p
!ðBÞ. The

following proposition shows that this is a continuous functional.

PROPOSITION 2 For any function u 2 b p
!ðBÞ and any point x 2 B

juðxÞj �
2n=p

ð1� jxjÞðn�1Þ=p

Z 1

ð1þjxjÞ=2

jd!ðt 2Þj

� ��1=p
kukp,!:

Proof The following estimates obviously are true for the Poisson’s kernel (1):

Pðx, �Þ ¼
1� jxj2

j� � xjn
�

1þ jxj

ð1� jxjÞn�1
�

2

ð1� jxjÞn�1
: ð4Þ

Let x 2 B and jxj < R < 1. Using the subharmonicity of the function juðRxÞjp in the
neighbourhood of the ball B and (4), we get

juðRxÞjp �

Z
S

juðR�ÞjpPðx, �Þ d�ð�Þ �
2

ð1� jxjÞn�1

Z
S

juðR�Þjp d�ð�Þ: ð5Þ

The integral means MðRÞ ¼
R
S juðR�Þj

p d�ð�Þ is nondecreasing in R. Hence

Z 1

R

jd!ðt2Þj

Z
S

juðR�Þjp d�ð�Þ �

Z 1

R

Z
S

juðt�Þjp d�ð�Þ

� �
jd!ðt2Þj

¼

Z
R<jxj<1

juðxÞjpjd�!ðxÞj � kuk
p
p,!: ð6Þ

By (5) and (6)

juðRxÞjp �
2

ð1� jxjÞn�1

Z 1

R

jd!ðt2Þj

� ��1
kukpp,!,

and the change of a variable Rx� x gives

juðxÞj �
2n=p

ðR� jxjÞðn�1Þ=p

Z 1

R

jd!ðt2Þj

� ��1=p
kukp,!:

Taking R ¼ ð1þ jxjÞ=2 we come to our assertion. g
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For a multi-index s ¼ ðs1, . . . , snÞ (where si are nonnegative integers), the partial
differentiation operator Ds is usually defined as Ds1

1 . . .Dsn
n . Using this definition and

the Cauchy inequalities for harmonic functions, we come to

COROLLARY 1 For any multi-index s there is a constant C ¼ CðsÞ such that

DsuðxÞ
�� �� � C

ð1� jxjÞjsjþðn�1Þ=p

Z 1

ð3þjxjÞ=4

jd!ðt 2Þj

� ��1=p
kukp,!:

Proof Applied for the ball BðxÞ ¼ fy: j y� xj < ð1� jxjÞ=2g, the Cauchy inequalities
give

DsuðxÞ
�� �� � CsMðxÞ

ð1� jxjÞjsj
, ð7Þ

where MðxÞ ¼ maxy2BðxÞ uð yÞ. By Proposition 2, for any y 2 BðxÞ

juð yÞj �
2n=p

ð1� j yjÞðn�1Þ=p

Z 1

ð1þjyjÞ=2

jd!ðt 2Þj

� ��1=p
kukp,!:

Besides, the inequalities 1� jyj � ð1� jxjÞ=2 and ð1þ jyjÞ=2 � ð3þ jxjÞ=4 obviously
follow from y 2 BðxÞ, and taking the maximum over all y 2 BðxÞ we get

MðxÞ �
2ð2n�1Þ=p

ð1� jxjÞðn�1Þ=p

Z 1

ð3þjxjÞ=4

jd!ðt 2Þj

� ��1=p
kukp,!:

Our statement follows from (7) and the last inequalities. g

PROPOSITION 3 For any 1 � p <1, b p
!ðBÞ is a closed subset of L p

!ðBÞ.

Proof Suppose kuj � ukp,! ! 0 as j!1, where uj is a sequence of functions in b p
!ðBÞ

and u 2 L p
!ðBÞ. We shall show that u is equivalent to some function harmonic on B,

with respect to the measure �!.
Let K 2 B be a compact. Proposition 2 implies that there exists a constant

C � CðK , p,!Þ such that

max
x2K
juðxÞj � Ckukp,!

for any u 2 b p
!ðBÞ. Hence jujðxÞ � ukðxÞj � Ckuj � ukkp,! for any x 2 K and j, k. The

sequence uj is fundamental in b p
!ðBÞ, and hence uj converges uniformly on compact sub-

sets of B to a function v harmonic on B. Besides, uj ! u in Lp
!. Therefore, by Riesz’

theorem there exists a subsequence of uj converging to u pointwise almost everywhere
in B, with respect to �!. Thus, u¼ v almost everywhere in B, and u 2 b p

!ðBÞ. g

COROLLARY 2 b p
!ðBÞ is a Banach space.
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3.2. The next assertion states the continuity of %-dilatation in b p
!ðBÞ.

PROPOSITION 4 Let u 2 b p
!ðBÞ and u%ðxÞ ¼ uð%xÞ. Then ku% � ukp,! ! 0 as %! 1� 0.

Proof For any � 2 ð0, 1Þ

ku% � ukpp,! �

Z
�B

juð%xÞ � uðxÞjp d�!ðxÞ

þ 2p
Z 1

�

Z
S

ðjuð%r�Þjp þ juðr�ÞjpÞd�ð�Þ

� �
d!ðr2Þ ð8Þ

since ðaþ bÞp � 2pðap þ bpÞ ða, b > 0Þ. Further mð%Þ ¼
R
S juð%r�Þj

p d�ð�Þ is nondecreas-
ing and mð%Þ � mð1Þ since juðxÞjp is subharmonic. Hence by (8)

ku% � ukpp,!�

Z
�B

juð%xÞ � uðxÞjp d�!ðxÞ þ 2pþ1
Z
Bn�B

juðxÞjp d�!ðxÞ:

It remains to see that the right-hand side of this inequality can be made arbitrarily small
by taking � and then % close enough to 1. g

It is well known that any function harmonic in a domain containing B can be
uniformly approximated on B by harmonic polynomials. Using this fact, one can
prove the following corollary of Proposition 4.

COROLLARY 3 Harmonic polynomials are dense in b p
!ðBÞ.

4. Representation over the ball

4.1. Let u(x) be a harmonic function in the unit ball of the space Rn. The following
homogeneous expansion is well known:

uðxÞ ¼
X1
k¼0

pkðxÞ, ð9Þ

where p 2 HmðR
nÞ and the series (9) is absolutely and uniformly convergent on compact

subsets of the ball.
Let Zmð�, �Þ ð� 2 S, � 2 SÞ be the zonal harmonic of degree m. Then Zmð�, �Þ ¼

Zmð�, �Þ, Zmð�, �Þ 2 HmðSÞ and the following representation is true:

pmð�Þ ¼

Z
S

pmð�ÞZmð�, �Þ d�: ð10Þ

The theorem below gives the main representation formulas in b p
!ðBÞ spaces.

THEOREM 1 Let u 2 b p
!ðBÞ. Then

uðxÞ ¼

Z
B

uð yÞR!ðx, yÞ d�!ð yÞ, x 2 B: ð11Þ
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Proof Let pk 2 HmðS Þ. Then

Z
B

pkð yÞR!ðx, yÞ d�!ð yÞ ¼

Z
B

pkð yÞ
X1
m¼0

Zmðx, yÞ

�m

 !
d�!ð yÞ

¼
X1
m¼0

1

�m

Z
B

pkð yÞZmðx, yÞ d�!ð yÞ: ð12Þ

If �, � 2 S and x ¼ r�, y ¼ ��, then by homogeneity of the functions pk( y) and Zmðx, yÞZ
B

pkð yÞZmðx, yÞ d�!ð yÞ ¼ �

Z
B

�kpkð�Þr
m�mZmð�, �Þ d!ð�

2Þ d�ð�Þ

¼ �rm
Z 1

0

�kþm d!ð�2Þ

Z
S

pkð�ÞZmð�, �Þ d�ð�Þ:

The last integral vanishes for m 6¼ k by orthogonality and is equal to pkð�Þ for m¼ k in
accordance to (10). Hence

Z
B

pkð yÞZkðx, yÞ d�!ð yÞ ¼ �r
kpkð�Þ

Z 1

0

�2k d!ð�2Þ

¼ �pkðxÞ

Z 1

0

t k d!ðtÞ ¼ �kpkðxÞ: ð13Þ

By (12) and (13),

Z
B

pkð yÞR!ðx, yÞ d�!ð yÞ ¼ pkðxÞ: ð14Þ

Further, let u%ðxÞ ¼ uð%xÞ ð0 < % < 1Þ. By the uniform convergence of the expansion
uð%xÞ ¼

P
pkð%xÞ in B and by (14)

u%ðxÞ ¼
X1
k¼0

%kpkðxÞ ¼
X1
k¼0

%k
Z
B

pkð yÞR!ðx, yÞ d�!ð yÞ

¼

Z
B

X1
k¼0

%kpkð yÞ

 !
R!ðx, yÞ d�!ð yÞ ¼

Z
B

X1
k¼0

pkð%yÞ

 !
R!ðx, yÞ d�!ð yÞ

¼

Z
B

u%ð yÞR!ðx, yÞ d�!ð yÞ:

By Proposition 4, the passage %! 0 leads to the desired assertion. g

4.2. Consider the special case

!ðtÞ ¼
nVðBÞ

2

Z 1

t

�ðn=2Þ�1ð1� �Þ�dt:
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Let x ¼ r�, where r ¼ jxj, � 2 S. Using the expression of the volume element in polar
coordinates (see, for instance, [7]), we get

d�!ðxÞ ¼ �d!ðr
2Þd�ð�Þ ¼ �!0ðr2Þ 2r dr d�ð�Þ

¼ nVðBÞrn�1ð1� r2Þ�dr d�ð�Þ ¼ ð1� r2Þ� dVðxÞ:

Thus, in the considered case b p
!ðBÞ consists of all harmonic functions u in B, which

satisfy

kukp, � ¼

Z
B

juðxÞjpð1� jxj2Þ�dVðxÞ

� �1=p

<1:

We denote this space by b p
�ðBÞ. Further,

�m ¼ �

Z 1

0

tm d!ðtÞ ¼
nVðBÞ

2

Z 1

0

tn=2þm�1ð1� tÞ� dt

¼
nVðBÞ

2

�ðn=2þmÞ�ð�þ 1Þ

�ðn=2þmþ �þ 1Þ
,

and denoting the corresponding kernel by R�, we have

R�ðx, yÞ ¼
2

nVðBÞ

X1
m¼0

�ðn=2þmþ �þ 1Þ

�ðn=2þmÞ�ð�þ 1Þ
Zmðx, yÞ:

Thus, in the considered case, formula (11) takes the form

uðxÞ ¼
2

nVðBÞ

Z
B

uð yÞ
X1
m¼0

�ðn=2þmþ �þ 1Þ

�ðn=2þmÞ�ð�þ 1Þ
Zmðx, yÞ

 !
ð1� j yj2Þ� dVð yÞ,

i.e. coincides with that of [3].
We suppose that for any x 2 B the Poisson kernel P(x, y) is harmonically extended to

B as follows:

Pðx, yÞ ¼
1� jxj2jyj2

ð1� 2x � yþ jxj2jyj2Þn=2
,

where � denotes the usual Euclidean inner product. To obtain an expression of R�
by means of the Poisson kernel P, we use some well-known facts from the theory
of fractional integro-differentiation in the Riemann–Liouville sense. The primitive
of f 2 L1ð0, 1Þ of order � > 0 is defined as

D��f ðtÞ ¼
1

�ð�Þ

Z t

0

ðt� �Þ��1f ð�Þ d�:

960 A. I. Petrosyan



The derivative of order � is defined to be

D�f ðtÞ ¼
dp

dtp
D�ðp��Þf ðtÞ
� �

,

where the integer p is deduced by the inequalities p� 1 < � � p. Using the simple
equality

D�þ1t	 ¼
�ð1þ 	Þ

�ð	 � �Þ
t	���1,

we find that

X1
m¼0

�ðn=2þmþ �þ 1Þ

�ðn=2þmÞ
Zmðx, yÞ ¼

X1
m¼0

D�þ1 tn=2þmþ�Zmðx, yÞ
	 
��

t¼1

¼ D�þ1
X1
m¼0

tn=2þmþ�Zmðx, yÞ

 !�����
t¼1

¼ D�þ1
X1
m¼0

tn=2þ�Zmðtx, yÞ

 !�����
t¼1

¼ D�þ1 tn=2þ�Pðtx, yÞ
	 
��

t¼1
:

Thus

R�ðx, yÞ ¼
2

n�ð�þ 1ÞVðBÞ
D�þ1 tn=2þ�Pðtx, yÞ

	 
��
t¼1
:

When � is a nonnegative integer, the operator D�þ1 is obtained from the usual
derivation, and this allows to calculate R�ðx, yÞ in an explicit form. Particularly,
for �¼ 0 this calculation results in the formula

R0ðx, yÞ ¼
2

nVðBÞ

d

dt
tn=2Pðtx, yÞ
	 
����

t¼1

¼
nPðx, yÞ þ 2ðd=dtÞPðtx, yÞ

��
t¼1

nVðBÞ
,

which coincides with that of [4] in view of

2
d

dt
Pðtx, yÞ

����
t¼1

¼
d

dt
Pðtx, tyÞ

����
t¼1

:

4.3. The right-hand side integral of (11) defines the orthogonal projection of L2
!ðBÞ

onto its subspace b2!ðBÞ, i.e. the following assertion is true.

THEOREM 2 The operator

Q!½u�ðxÞ ¼

Z
B

uð yÞR!ðx, yÞ d�!ð yÞ, u 2 L2
!ðBÞ, x 2 B,

is the orthogonal projection of L2
!ðBÞ onto b2!ðBÞ.
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Proof As L2
!ðBÞ ¼ b2!ðBÞ � ðb

2
!ðBÞÞ

?, any u 2 L2
!ðBÞ is written in the form u ¼ u1 þ u2,

where u1 2 b2!ðBÞ and u2 2 ðb
2
!ðBÞÞ

?. Hence Q!½u� ¼ Q!½u1� þQ!½u2�, where Q!½u1� ¼ u1
by Theorem 1. On the other hand,

Q!½u2�ðxÞ ¼

Z
B

u2ð yÞR!ðx, yÞ d�!ð yÞ ¼ u2,R!ðx, �Þ
� �

!
¼ 0,

where h�, �i! is the inner product of L2
!ðBÞ, since due to Lemma 1 for a fixed x 2 B the

function R!ðx, yÞ is harmonic by y in a domain containing B, and u2 is orthogonal to
b2!ðBÞ. Thus Q!½u� ¼ u1, i.e. Q! is the orthogonal projector L2

!ðBÞ� b2!ðBÞ. g

5. Representation over the sphere

5.1. We start by the following assertion proved in [6].

PROPOSITION 5 Let ~!! 2 � be continuously differentiable in ½0, 1Þ and such that ~!!ðtÞ &,
~!!ð1Þ ¼ 0 and ~!!ð0Þ ¼ 1. Further, let ! be the Volterra square of ~!!, i.e.

!ðtÞ ¼ �

Z 1

t

~!!
t

�


 �
d ~!!ð�Þ, 0 < t < 1: ð15Þ

Then !2� and

�mð!Þ ¼ �mð ~!!Þ½ �
2, m � 0: ð16Þ

Further, we denote the norm in Lp(S) by k � kp and prove

PROPOSITION 6 Let u 2 b2!ðBÞ and uðxÞ ¼
P

pkðxÞ be its homogeneous expansion. Then

kuk22,! ¼
X1
k¼0

j�kð!Þjk pkk
2
2:

Proof For any r 2 ð0, 1Þ

Z
BðrÞ

juð yÞj2 d�!ð yÞ ¼

Z r

0

d!ð�2Þ

�X1
k¼0

pkð��Þ
X1
s¼0

psð��Þ

�
d�ð�Þ

¼
X1
k¼0

X1
s¼0

Z r

0

�kþs d!ð�2Þ

Z
S

pkð�Þpsð�Þ d�ð�Þ

¼
X1
k¼0

Z r

0

�2k d!ð�2Þ

Z
S

j pkð�Þj
2 d�ð�Þ

¼
X1
k¼0

Z r2

0

tk d!ðtÞ

Z
S

jpkð�Þj
2 d�ð�Þ:
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Letting r! 1� 0 we get

kuk22,! ¼

Z
B

juð yÞj2 d�!ð yÞ ¼
X1
k¼0

j�kð!Þjkpkk
2
2: g

On the basis that L2ðSÞ ¼
L1

m¼0HmðSÞ, we prove

PROPOSITION 7 Let f 2 L2ðS Þ and let f ¼
P

pm be its spherical harmonic expansion (i.e.
pm 2 HmðS Þ and the sum converges in L2ðS Þ). Then the following formulas are true for
homogeneous harmonic polynomials pmðxÞ:

pmðxÞ ¼

Z
S

f ð�ÞZmðx, �Þ d�ð�Þ:

Proof For any fixed x ¼ r� (r � 0, � 2 S)

pmðxÞ ¼ rmpmð�Þ ¼ rm
Z
S

pmð�ÞZmð�, �Þ d�ð�Þ

¼ rm
Z
S

X1
k¼0

pkð�Þ

 !
Zmð�, �Þ d�ð�Þ ¼ rm

Z
S

f ð�ÞZmð�, �Þ d�ð�Þ

¼

Z
S

f ð�ÞZmðx, �Þ d�ð�Þ:

where the third equality follows by the orthogonality of the spherical harmonics of
different degrees. g

THEOREM 3 The mapping f �R ~!!½ f �, where

R ~!!½ f �ðxÞ ¼

Z
S

f ð�ÞR ~!!ðx, �Þ d�ð�Þ,

is a linear isometry from L2ðSÞ to b2!ðBÞ.

Proof First, observe that the considered mapping is evidently linear. Next, suppose
f ¼

P
pm as in Proposition 7. Then obviously

R ~!!½ f �ðxÞ ¼

Z
S

f ð�ÞR ~!!ðx, �Þ d�ð�Þ ¼

Z
S

f ð�Þ
X1
m¼0

��1m ð ~!!ÞZmðx, �Þ d�ð�Þ

¼
X1
m¼0

��1m ð ~!!Þ

Z
S

f ð�ÞZmðx, �Þ d�ð�Þ ¼
X1
m¼0

��1m ð ~!!ÞpmðxÞ: ð17Þ

According to Proposition 6 and (16)

��R ~!!½ f �
��2
2,!
¼
X

�mð!Þk�
�1
m ð ~!!Þpmk

2
2 ¼

X
kpmk

2
2 ¼ k f k

2
2:
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It remains to show that the range of values of the mapping f �R ~!!½ f � is the whole space
b2!ðBÞ. To prove this, suppose u 2 b2!ðBÞ and uðxÞ ¼

P
qkðxÞ. If pkðxÞ ¼ �kð ~!!ÞqkðxÞ, then

X
kpkk

2
2 ¼

X
k�kð ~!!Þqkk

2
2 ¼

X
�kð!Þkqkk

2
2 ¼ kuk

2
2,!

due to Proposition 6 and (16). Hence, the function f ¼
P

pk belongs to L2ðSÞ. As in
(17), we obtain R ~!!½ f �ðxÞ ¼

P
��1m ð ~!!ÞpmðxÞ, and therefore R ~!!½ f �ðxÞ ¼ uðxÞ. g

Further, we denote hp(B) the ordinary harmonic Hardy space, i.e. the class of
functions u harmonic in B and such that

kukhp ¼ sup
0�r<1

kurkp <1:

Besides, we consider the operator

L ~!!½u�ðxÞ ¼ �

Z 1

0

uðtxÞ d ~!!ðtÞ:

THEOREM 4 Let f 2 L2ðSÞ and u ¼ R ~!!½ f �. Then

(a) L ~!!½u� ¼ P½ f �,
(b) the mapping u�L ~!!½u� is a linear isometry of b2~!!ðBÞ onto h2ðBÞ.

Proof Let f ¼
P

pm, and uðxÞ ¼
P

qmðxÞ be the homogeneous expansion of u in the
unit ball. Then

qmðxÞ ¼ ��1m ð ~!!ÞpmðxÞ ð18Þ

in accordance with (17). Further, it is known that P½ f � has the homogeneous expansion
P½ f �ðxÞ ¼

P
pkðxÞ. Therefore, by (18) and Proposition 7

P½ f �ðxÞ ¼
X1
k¼0

�kð ~!!ÞqkðxÞ ¼ �
X1
k¼0

qkðxÞ

Z 1

0

t k d ~!!ðtÞ

¼ �
X1
k¼0

Z 1

0

qkðtxÞ d ~!!ðtÞ ¼ �

Z 1

0

�X1
k¼0

qkðtxÞ

�
d ~!!ðtÞ

¼ �

Z 1

0

uðtxÞ d ~!!ðtÞ ¼ L ~!!½u�ðxÞ:

This proves (a). For accomplishing the proof, it suffices to observe that the mapping
f �P½ f � is a linear isometry of L2ðS Þ onto h2ðBÞ, and consequently (b) follows from
Theorem 3 and (a). g

Remark It is well known that for f 2 L2ðSÞ the function P½ f � has a nontangential
limit f(�) at almost every point � 2 S. Thus, it is natural to identify f and P½ f � and
to say that the operators L! and R! are mutually inverse.
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5.2. In the special case mentioned in section 4, Theorems 3 and 4 take the following
forms.

THEOREM 5 Let uðxÞ 2 b2�ðBÞ ð� > �1Þ. Then the function

’ðxÞ ¼
�ððnþ �þ 1Þ=2Þ

�ðn=2Þ�ðð�þ 1Þ=2Þ

Z 1

0

uðtxÞt ðn=2Þ�1ð1� tÞð��1Þ=2 dt

belongs to h2ðBÞ and the following integral representation is true:

uðxÞ ¼

Z
S

’ð�ÞT�ðx, �Þ d�ð�Þ,

where

T�ðx, �Þ ¼
X1
k¼0

�ðn=2Þ�ðkþ ðnþ �þ 1Þ=2Þ

�ððnþ �þ 1Þ=2Þ�ðkþ n=2Þ
Zkðx, �Þ:

Proof In Theorems 3 and 4 we put

~!!ðtÞ ¼
�ððnþ �þ 1Þ=2Þ

�ðn=2Þ�ðð�þ 1Þ=2Þ

Z 1

t

� n=2�1ð1� �Þð��1Þ=2 d�,

where the coefficient before the integral is chosen to provide ~!!ð0Þ ¼ 1 in Proposition 5.
It is clear that ~!!ðtÞ satisfies all the required conditions. Arguing as above, we see that
the corresponding R ~!! is equal to T�. Hence, it remains to show that b2!ðBÞ ¼ b2�ðBÞ.
The latter will be proved if we show that the Volterra square ! of ~!! satisfies the relation
!0ðtÞ 	 ð1� tÞ�. Indeed, denoting

c ¼
�ððnþ �þ 1Þ=2Þ

�ðn=2Þ�ðð�þ 1Þ=2Þ
,

we have

!0ðtÞ ¼ �

Z 1

t

~!!0
t

�


 �
~!!0ð�Þ d�

¼ �c2
Z 1

t

t

�


 �ðn=2Þ�1
1�

t

�


 �ð��1Þ=2
�ðn=2Þ�1ð1� �Þð��1Þ=2

d�

�

¼ �c2tðn=2Þ�1
Z 1

t

1�
t

�


 �ð��1Þ=2
ð1� �Þð��1Þ=2

d�

�

¼ �c2tðn=2Þ�1
Z 1

0

ð1� tÞð1� �Þ

1� ð1� tÞ�

� �ð��1Þ=2	
ð1� tÞ�


ð��1Þ=2 ð1� tÞd�

1� ð1� tÞ�

	 ð1� tÞ�
Z 1

0

ð1� �Þð��1Þ=2�ð��1Þ=2 d� 	 ð1� tÞ�: g
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