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Abstract. Let f(z) = Y;_; fx(2)dzx be a closed (0,1)-form in the unit ball
B" ¢ C", and let u, be the solution of the equation du = f, which has the
minimal norm in the weighted space L?[(1 — |z|?)%dv].

Some explicit integral formulas for the derivatives of u, are obtained. These for-
mulas are used for estimations of the derivatives of u,(z) in C™-norm. Similar
formulas and estimates are obtained also for the derivatives of the “canonical”
solution having the minimal L2-norm on the unit sphere.
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The Cauchy-Green formula

u(z) = Plul(z) + T[0u)(z) = % / “<<<_>dz< _ % ag(gc)dg 2 ;lc
oBn B"

- (1)

and its weighted version are well known as one of the main tools in complex
analysis. In the case of the unit disc B”, the weighted formula is written in
the form
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The first summand of the right-hand side of this formula singles out the
“analytic” part of u(z). In the complex one-dimensional case, this feature
of the Cauchy-Green formula permits to find some explicit solutions of the
O-equation
ou(z)
0z

where f is a continuous function in B”. Namely, we mean the functions

uo(z) = T[f(¢)dC|(2) and ua(2) = Ta[f(C)dC](2).

One has to note that in case of holomorphic functions formula (2) was first
given by M.M.Djrbashian [2, 3].

= f(2), (3)

In several complex variables the natural similarity (3) is
ou = f, (4)

where f is a 0-closed (0, 1) form continuous in B™. As in the one-dimensional
case, the Cauchy-Green formula is used for finding integral representations
of solutions of (4).

The integral representation method developed by G.M.Henkin (see, eg.
[1]) and others permits to find explicit expressions for solutions of the 0-
equation in different types of domains. However, we shall deal with (4) in
the unit ball B"™ of the space C".

The well-known multidimensional similarities of formulas (1) and (2) were
found in [4]:

u(2) = Pll(:)+ Tul(2) = [ w(OIACo(¢.2) = [Bul¢) A Co(C.2), (5)
oB™ Bn

u(z) = Pau](2) + To[0u](2) =

nB(n,«a 1—(z,Q))rti+e

_ 2\« —
- e [ 1O, L et~ [Bu A Culc.2) )
n B»
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where

1— n—1 n ) B _ n
Co(C,2) = Cn% D (=1, —Z’)j/;id@ A2

Dn(CvZ) i=1
2 2 2 neoy (n—1)!
D) == (AR = (1= KBA=[sR), e = ()" 5 Tk,
dA(¢) is the normed element of the volume in the ball,
Ca(C7 Z) = qj&(Caz)C()(C’Z)
and 9\ atl
_Tn+a+1) [ 1]
Va((,2) = L'(n)l(a+1) (1 — <Z,C>> 8
e A G N A R E PR
XL%%( p >a+1+P< 1—(z,0) ) '

One more remarkable property of formulas (5) and (6) is that the operators
P[u] and P,[u] are the orthogonal projectors which map L?(do) and L?[(1—
|2]2)*d\(2)] onto their subspaces of holomorphic functions. Therefore, the
solutions of d-equation (4), which are given by v = T[f] and u, = Tu[f],
have minimal norms in L?(do) and L?[(1 — |z|?)*dA(z)] correspondingly.

In applications, it is significant to have more than simply a solution of the
O-equation. It is necessary to have a solution which is estimated in some
norm, and the minimal solutions are of this type as they are written by an
explicit formula.

We are aimed to obtain some explicit formulas for derivatives, using which
we come to some estimates containing derivatives.

Below we assume that:

C™(B") is the space of all functions u(z) which are m times continuously
differentiable in B";

|| is the norm in C™(B™);

Clo (B") is the space ogl (0,1) forms f = >}, fx(2)dzk, the coefficients
of which belong to C™(B");

[fllm = %=1 | Fellm-

Further, by L;j we denote the differential operator of the order 1 + --- +
ri—s;j—1,1<j<n, 0<s;<r;—1:

S Z
Lj] - <n+i12iazi> '”<n+rl+“‘+7ﬂj_sj_2+i1Zi82i>
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here we assume that ij is the identical operator if for some j we have
Sj:T1+-'-+Tj—1 (16 T‘1:-":’I“j,120).

The main result of this work the following

Theorem 1. Let u € C™(B"), f € C'(Ol)(in) and ri + -+ 1, < m.

Then the following formula is true for deriatives of the minimal solutions
of the 0 -equation ug = T[f]:

D+ D TU)e) =

n Tj—

_ Z ZO Lsy {77“ . 'E;J llzgg 55 <DSJD;”1+11 . D;"f(Z),Z>} _
j=1ls;=
_E”:TJE: sz{ [ ( rl‘,.ZTJ 1er sj< S]D;z‘:il DZ”f(C),C»} (2)}+
j=1s;=0

+T[Dy" -+ D f(O (). (7)

Note that the multipliers of the form z7* - - 2;1 _11§;j % arose in this for-
mula by a purely technical reasons and they are not significant in further
evaluation.

A similar formula is true for the derivatives of the solutions u, = To[f].
We omit this formula as it is more cumbersome.

One can observe that formula (7) expresses the derivatives of T'[f](z) of the

order 11 + --- + 7y, by the derivatives of functions of the type T'[0(...)](z),
which are of lower orders. This permits to use some inductive argument
which leads to different estimates for Di* --- DI"T[f](z). Particularly, the
following theorem is true.

Theorem 2. If f € Cfg 1)( B"), then the following estimates are true for
the minimal solutions of the O-equation, i.e. for u = T[f] and uy = Ty|[f]:

[T <A lls N Tl lm < vall £l

Here v and ~, are some constants which are independent of f. In other
words, the minimal solution operators T Cfg 1)(B") — C™(B") and

Ty Cﬁl)(ﬁ) — C™(B") are bounded.

One has to mention the works [5] and [6] containing some estimates for the
derivatives of the solutions of the J-equation in the polydisc.
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