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The paper considers the problem of approximation by translates of a fixed periodic function in the
framework of Ls-convergence. Exact formulae for the principal terms of asymptotic expansions of
error are obtained. The paper proposes fast algorithms which are especially efficient while approx-
imating by even order splines and odd order ”modified splines”.

INTRODUCTION

The problem of approximation by translates of a fixed periodic function has been studied in
numerous papers (see, for instance, [1] — [3]). In [4], [5] an approach for approximations of
general form was developed, based on minimization of certain functionals. In particular, estimates
for periodic biorthogonal expansions and interpolations by translates on a finite interval were
obtained.

In the case, where the approximand function defined on a finite interval has no smooth periodic
continuation, the problem of acceleration of the rate of convergence arises. For trigonometric
approximation (that corresponds to translates of Dirichlet kernel) the acceleration can be reached
by a method due to A. N. Krylov, based on application of Bernoulli polynomials (see [6] — [8] and
section 1.3).

In the present paper we consider L,—convergence of polynomial-periodic approximations of
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sufficiently smooth on [-1,1] functions by translates of fixed periodic functions and obtain an
exact formula for the principal term of the corresponding asymptotic expansions. The suggested
approach is particular efficient for approximation by translates of even order splines and odd order

"modified splines”.

§1. BASIC FORMULAE

Our study is based on [4] — [8]. In this section we list some results from these papers we will need

below.
1.1. Results from [4] and [5]. Consider the orthonormal system {%e””} in the space
Ly(—1,1) with norm || - ||. Let Z be the set of integers, and the sequence {0,}, 6, € C be such that
the series
Wl =Y |Onisenin*#0, N>1, n=04l,...,%N
s€Z
converge. Then the finite system
N 1 im(n+s(2N+1))x
nt = 1Pn f» n = — (N , =0,£1,..., =N 1
{pn} ={en } on(z) \/§wn SEE; +s(2N+1)€ n (1)
is orthonormal in Ly(—1,1). Consider the corresponding orthogonal expansion of a function f €
LQ(*]., ].)
N
Sn(f) = Z (f, on)Pn- (2)
n=—N

Lemma 1. Let f € Ly(—1,1) and f, = 3(f,e"™*) be its Fourier coefficients. The following estimate holds

[n|>N

1/2 N |9 |2 1/2
||f—sN<f>||s4<Z Ifn|2) +2< > 1ne (1 )) . ®)
n=—N n

The next result is an immediate consequence of (3).

Theorem A. The condition

0]
lim 5 = 1, n =const
N—oo wy
is necessary and sufficient for the || -||-convergence Sx(f) — f (N — o) for any f € La(—1,1).
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The estimate (3) characterizes the rate of convergence Sy (f) — f in terms of Fourier coefficients

{fn}. The expansion (2) can be represented by the translates of the periodic function

b(z) = Z 0,e™.

nez
The following formulae are effectively realized by computer integration and the Fourier fast trans-

formation (FFT):

N

1 2inns 2s
= ANF1 D _
#ale) wn<2N+1>s,Z,Ne ’ <m 2N+1>’

N

1 2s
Sn(f) = msZNcsb (:c 2N+1>’

where
N N 1 —28
= £ = 2. f= _
Cs _T;NMS—TfT7 /’Lkl _n;Ne + /wnv fS [1 f(t)b (t 2N+1> dt'
Now let the sequence {6,} = {0 <2J\771T>} be represented by Fourier transform
(N = / e~ () da. (4)

Assuming that p(z) € Ly N Cje and 3 [p((2N + 1)z + 2k)| < oo, the function b(x) can be represented
%
by means of translations of p(z):
b(z) = (N +1/2) Y p((2N + 1)z — 2r).
rez

1.2. Bernoulli polynomials and approximation of functions of one variable ([6] — [8]).
We put

1

A= OO~ fOCD, fa=g [ @ d

—1

The following result is well known

Lemma 2. For any f(z) € C9+1[-1,1], ¢ > —1,

-1 n+1

) q A 1 ' (g+1) —imnt
2 2 (imn)k+1 + 2(imn)at1 /1f T (t)em ™ dt,  n#£ 0. (5)
k=0 -

fn:(
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Using Lemma 2, the function f can be represented in the form

@) =3 AuBu() + F(x), (6)
k=0

where F(z) is some 2-periodic and ¢ times continuously differentiable function. The Bernoulli

polynomials By (z) have Fourier coefficients

_qyntt
Bk _ 2((1.7‘_171%, fOl“ n ?é 0
’ 0, for n =0,

and are determined by the recurrent relation
Bo(w) =2, Bu(a) :/Bk_l(:v) do, wel[-1,1, k=12,
where the integration constant is determined from the condition

1
/ Bi(t)dt=0, k=1,2,---.

-1

It follows from (6), that the Fourier coefficients of F(z) are

q
Fn:fn*ZAkBk,n, n=0,%£1,---,£N. (7)
k=0

The following formula is called polynomial-periodic approximation:

N q
f(z) ~ fn(z) = Z Fe™® 4 ZAkBk(:v). (8)
n=—N k=0

If f € 092[-1,1], then F, = O(n=7"2) as n — co. Hence, we can expect faster convergence of fy to f
as N — co. To determine the numbers 4; (k=0,---,¢q) we use (7). Replacing (7) by the following
system with nonsingular Vandermonde matrix
q
foo = MBrn, s=1....+1, ni#n; (i#]), 9)
k=0

const N < |ng] <N, N — oo,

we get an error of order O(N~972), N — co. The solution of system (9) was studied in [7], [8], where
it was shown, that the error |Aj — A4| is of order O(N—9t%~1) as N — cc.
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1.3. Polynomial-periodic approximation. As applied to expansions by translates of certain function,
this method can be described as follows. Let f € ¢4*t1[-1,1]. Consider the following approximating

formula, that corresponds to the expansion (6), and also called polynomial-periodic approximation

S%(f) =Sy (f(sc) -3 AkBk@c)) + Y ApBy(x). (10)
k=0 k=0

Note that for the following choice

0 {1, for |n| < N, (11)

0, for |n| > N,

(10) coincides with (8). In this case {pn(z)}__, coincides with the truncated Fourier system
N
{\/Lge”"f”}nzdv (see Example 1 below).
We are interested in asymptotic Lo—estimates for the error S%(f) — f as N — co. However, our

analysis does not touch the question of approximate determination of the jumps {4} by means

of (f,¢n) in the general case (see 1.1).

§2. ASYMPTOTIC L,—ESTIMATES

Let f(x) be a function defined on [a,b], and let w(d, f) be its modulus of continuity
w(d, f) = sup|f(z1) — f(z2)], x1,72 € [a,b], |21 — 22| <6

Let 0, =0 <2N+1) . It is clear, that w, = w (#ﬂ) Assuming that w(z) # 0 for = € [-1/2,1/2], we put

0(e) = - CUPOED oy o 3 CHIE D g2y

s€Z se€Z

Here and below Y/ stands for the sum, that contains no term corresponding to s = 0. Observe

that ¥(z) > 0. From (1) and (2)

2
0

ntr( 2N+1) —_—
fntr@Nt1) — Z Onts@N+1)fnrs@Nt)
seZ

If = Sn(HI* =2 Z >

—NreZ

2

Z 9n+r 2N+1)fn+r (2N+1) (12)

rez

=2 Z Zlfn+r2N+1)| -2 Z

—NreZ n




After some easy calculation we obtain

2
N N
1
w2

2 _ n 2 _
I =sx(IF =2 3 @ (gxg) 192 3

=N T

> Onirenin) fatren+n| +

rez

A ey —
+2 Z |ful® —4 Re ( Z ( w]; Z 0n+r(2N+1)fn+r(2N+1)>>' (13)

In|>N n=—N " rez

Theorem 1. The following three conditions
1°. The function 6(x) is piecewise continuous, and the series
S 10z +s)> #0
seZ
converge uniformly on [-1/2,1/2],
2°. There exists a monotone on (—1/2,0) as well as on (0,1/2) and integrable on (—1/2,1/2) function
7(x) >0, such that ¥(z)z=2~* < 7(z),

3°. feCit?[-1,1], q¢g>-1,

imply
: 20431 ¢ qu (g2 _ [ Agrrl® [ 229F° 1/1/2 1 |e(»))?
Jim 2N+ D)5 = SENIT = <2q+3 3 ).\ e d | . (14)
Proof: We use the inequality
If = SyOI = I1F = Sn(F)|| < [|[F1 = Sn(F1)| + ||[F2 — Sn(F2)Il, (15)

where (see Lemma 2)

(_1)n+1 Aq-‘rl
2 (imn)at2’

F(.’I}) :F1($)+F2($), Fl(x) = Z/Fl,neiﬂ—nwa Fl,n =
nez

n #0,

/ , 1 1 ,
_ iTnT _ (g+2) —imne
Fy(z) = EGZ Fopne™, Py, = 2imn)it2 /71 f (x)e dz, n#0.

It is well-known (see, for instance, [10]), that |f,| < constw(|n|7!, f), hence

|Fyp| < constw(|n| ™Y, fla+2))|n|7972, (16)
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According to Lemma 1 (t, = 532),

1/2 N 1/2
||Fy — Sn(Fy)|| < 4 ( > |F2,n|2) +2 ( > ’|F2,n|2x1/(tn)> (17)
n=—N

In|>N

The first term on the right-hand side of (17) we estimate by means of (16):

s 2(p—1 fra+2) 2(N—1 r(a+2)
9 w?(n=4, f ) _ constw?*(N~*, f )
| §|>N |Fo 5| < const nZENH v < O (18)

For the second term we have ([z] stands for the integer part of z)

> const L] U(t,)
2 |PonlWltn) < ey 2. g (™ 7O
n=—N n:—[\/ﬁ] n
const U(t,) B
+ﬁ Z 2q+4 w2(|n| 17f(q+2)). (19)
(2N +1)2a+ %

[VN]<|n|<N

Clearly, the assumptions of Theorem 1 imply integrability of ¥(z)z=2¢-% on [-1/2,1/2] and the
existence of the limit (see, for instance, [11])
N 1/2

. 1 ! —2q—4 7/ —2q—4
1\}311@0 2N +1 _E:N\Il(tn)tn B —-1/2 ) -

Therefore, the second summand in (19) can be estimated by

U(z)r 2974 du.

const

YR D) [
(2N 4 1)2a+3 /—1/2

Likewise, the first summand is majorized by
[VE]

const 2N+1 ( )d
(2N +1)2e+3 |_ v TAS) 4%,

2N+1

which tends to zero as N — oo, because 7(z) is integrable. Thus,

(2N +1)%173| B — Sy (F)[]* = 0,

lim
N—o0
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and therefore,

(2N +1)%173|f = SL (NI = (2N +1)%73||Fy — Sy (F)|I*.

lim lim
N—o0 N—o0

On the other hand, by (12)

N

Agal? 1 /
IN 4+ 1)\ Fy — Sy (F)|[2 = Aatt > S ~2¢-4
(2N +1) || Fy ~(F1)]| 2r20t4 (2N + 1) e r;éo( ntT) +

+O0(2N+1)7Y, N — oo (20)

Now we show that

) € Li1(-1/2,1/2),

and that for N — co the sums in (20) can be replaced by the corresponding integrals. We have

w(z) ozttt w2 (x) x1t2w2(x)

o201 _ |®(z)|? _ U(z) - |Ef>(a:)|2 _ 9 Re (@) . (21)

By assumptions 1° and 2° the functions |®(z)|2w=2(z) and ¥(z)z~2¢~* are integrable on the segment
[~1/2,1/2]. The third term on the right-hand side of (21) can be majorized by

|@(z)a 2|
w?(z)

const < const(¥(z)z =21~ Y2 < const(r(z))Y/2.

To complete the proof, it remains to observe, that assumption 2° implies integrability of \/7(x) on
[-1/2,1/2]. Theorem 1 is proved.
Given a (0 < a < 1) we denote by A, the class of functions f satisfying w(s, f) < €6, where C

is a constant not depending on §. It is well-known (see, for instance, [10]), that |f,| < const|n|°.

Theorem 2. The following four conditions:

1°. The function 6(z) is piecewise continuous and the series Y |6(x + s)|? # 0 converges uniformly
seZ

on[-1/2,1/2],

2°. lim 72¢73¥(z) = B,

x—0



3°. There exists a monotone on each of the intervals (-1/2,0) and (0,1/2) and integrable on

(-1/2,1/2) function Q(x) > 0, such that

|(¥(2)2™217% = B)a ™| < Q(x), (22)
slirﬂo(ln €)” /<|a:<1/2 Qz)dz =0, (23)

4°. f(q+2) € Aou q Z -1

imply
(2N + 1)%+3

2
im |Aq+1|

1f = SRDIF = 57 B (24)

Proof: We use the inequality (15), where the second term on the right-hand side we estimate by
means of Lemma 1. The first term on the right-hand side of (3) with f, = F»,, can be estimated

as done in the proof of Theorem 1 (see (18)). The second term in (3) with f, = F»,, we estimate

as follows
const 243
Z |F2n|‘I’ (2N+1 )24+3 Z [l | F
const N w2 (|n| L, flat) < const > 1
= (2N + 1)2+3 e In = 2Nt 1)z e n[it2a”
Thus,

Lo (2N +1)2048
i VDT

— 2:
MmN w1 e SvE)IE =0,

and therefore,

(2N + 1)2a+3

CN DT st () = gim G AU
N N 1y TSV = i

. 2
N Tn@n 1) 1 SVEIE

According to (13),

2

Z OntreNt1) FinireNyy| +

rez

|Fy — Sy(F)|[? =2 Z U(tn)| Frnl* —2 Z

n=—N n

N —_—
, (6, F o
+2 E |Fin> — 4 Re ( E (w—;n E 9n+r(2N+1)F1,n+r(2N+1)>>- (25)

In|>N n=—N n rez



The second summand in (25) can be majorized by the third term, since

N
const Z \I/(tn)z \Fi pir(en41) | < const Z | Py nl?.
n=—N

reZ [n|>N

It is easy to show, that the third summand in (25) is of order O((2N +1)=2¢73), as N — co. The

majorant of the fourth summand in (25) can be estimated by the expression

1/2
const Z |\IJ1/2 ) (Z l|F1,n+7‘(2N+1)|2> <

reZz0

" N 1 1/2 . N .
cons Z Z < cons Z cons
= (2N 4 1)a+15 — (n+r(2N +1))2a+4 (2N +1)24+35 P 72]\[ T 1)2at3
Thus, we have
N
(2N + 1)2q+3 . ) i (2N + 1)2q+3 , )
- =2 T e Fy 70 (t,) =
N In(2N +1) 1f = Sn (Al ngloo In(2N + 1) n;N | FLn 70 (tn)
N
_ Aga? 1 S U(t,) 1
T p2q+4 ngnoo 2111(2N + 1) n; tiq+3 E (26)

To complete the proof, it remains to show, that the last limit on the right-hand side of (26) equals

B. We have
N N

1 UL, 1 1
li - Z_B| = lim —_B)=
N (21n(2N +1) n;N 2043 ) N—oo 21n 2N +1 ;::1 ( 2q+3 > n+

N
1 U(—t) 1
lim —— —B)—. 2
TN SN 1 1) 2 ( (2473 > n @7)

First we show, that the first limit on the right-hand side of (27) is equal to zero. Setting A(z) =

U(z)z~2473 — B, we obtain

N [V'N] N

1 Z A(tn) _ 1 Z Atn) N 1 Z A(tn) <
2In(2N +1) n 2In2N +1) = n 2In(2N +1) ~ n -
n= n=[v +1

n=1
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N
1
< constw ( Qt,) <
2N +1’ ) 22N +1)In(2N +1
DN + 1) n_[zm
[V N] const /1/2
< _ Q .
constw <2N M N 1) e A d
2N+1

Likewise it can be proved, that the second limit on the right-hand side of (27) also is equal to

zero. Theorem 2 is proved.

Theorem 3. The following three conditions
1°. The function 6(x) is piecewise continuous and the series > |0(z + s)|> # 0 converges uniformly
seZ
n [-1/2,1/2],

2°. For some o < q + 1.5 there exists the limit

lim \I/(x):v_%‘ =C, (28)

z—0
3°. feCI2-1,1],¢> -1

imply

1
lim (2N +1)%]|f — S%(f) [ 1o @e e
N—o0 1

2 _
|| - 2r2q+2 Z n2q+2—2a
nez

Proof: In view of (13),

2
+

N

If = SHNIP = IF = Sn(F)|* =2 Z U(tn)| Fal® - 2 Z Z Ontr2N+1) Friren+1)

rez

n

N
. [ 6,F, -
+2 > |F.)*—4Re ( > ( 2 Z Ortr 2N+1)Fn+r(2N+1)>> (30)

In|>N n=—N no rez

where (see Lemma 2)

1
Fn = ——— En En = / f(q+1)(.’1?)67i7rnx d.Z', n 7é O
—1

2(imn)atL’
Likewise in Theorem 2, it can be proved, that the second and third terms on the right-hand side
of (30) are of order O((2N +1)72973), as N — oo. The last term on the right-hand side of (30) is
majorized by the expression

const
SN g et

const

1/ 2
(2N +1)9+2 |F v/
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Therefore

N
Jim (N + 17— SE(IP =2 lim 2N+ 3 [F () =
n=—N
1 2c |En|2
271-2q+2 N—)oo Z \IJ t n2a+2-2a’
n=—N
Now we show that
NS gy e el ¢ lenl?
ngnoonf,N U(tn)t, n2qt2—2a C; n2at2—2a’
Denoting
U(z) =z 2°0(z), ¥(0)=C,

and taking into account that ¥(z) is continuous near the point z = 0, we obtain

_leal* _len®
CZ n2at2—2a Z \IJ n2q+2 2a|
nez
N
S (80 - F)) 2l oy el
- Z (0) — ¥(tn) 2q+22a+ Z 2q+22a—
n=—N In|>N
VN W (L \j)
’ 2N+ —2¢g—4+2a
S D —pmrim teomst ), wTMTEg
n=—[vN] In|>[VN]
N ~ ’
<w (2[‘]\\?:]1,\?) Z n 2974122 4 const Z n 2442
nez In|>[VN]

We have used the fact, that the assumption f € C@*2) implies |e,| < const|n|~!. It remains to observe,

that the series " p~2a—4+2« converges for a < ¢+ 1.5. Theorem 3 is proved.
g p

nez

§3. SPECIAL CASES AND NUMERICAL RESULTS

In this section we consider examples, that illustrate the results of §2.

Example 1. The simplest case (see also (11)) corresponds to the classical Fourier system

1, for
for

lz| <1/2,
z| > 1/2.
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All conditions of Theorem 1 are fulfilled, and on [~1/2,1/2] we have ®(z) = z7972. According to
(14),

Jim (2N 1)) SL(F)]| = [Ag11la(a), (31)

2q+1 2
a(q) = 2\l 2y 3

Thus, we have an exact asymptotic estimate of Ly—error for the Fourier-Bernoulli method (see [7],

where

[8]). The following table contains numerical values of a(g) for various values of q.

q -1 0 1 2 3 4 5

a(g) 0.4501 0.1654 0.0816 0.0439 0.0246 0.0142 0.0083

Table 1. Numerical values of the constant a(q) for various values of q.

Example 2.
cos® Zx, for x| <1,
0(z) = 2 ol < s> 0.
0, for |z|>1,
We have
25
2 2s T .25 T S 9T
w(z) = cos™ —x +sin”“® —z, V()= . 32
(@) 2 2 ( cos?s T + sin?* X (82)
It is clear, that the condition 1° of Theorem 1 is fulfilled. We have
U(x)r297* < const x?$72474, (33)

The function on the right-hand side of (33) is monotone on each of the intervals (-1/2,0) and
(0,1/2) and integrable on (—1/2,1/2) for s > ¢+ 1.5. Hence the condition 2° of Theorem 1 is fulfilled.

Besides, for 0 <z < 1/2,
B(z) =0(z)z T2 -0z —1)(z—1)"72 =272 cos® T (x —1)"7 2sin® z:1:,
and for —1/2 <z <0,

B(a) = B(a)e 02 0w + V(e +1) 7 =21 Feos’ Do — (4 1) Zsin' T



According to Theorem 1

2N + )72 f = STHI = [Agsalba(a, 5), (34)

lim
N—o0

1 920+3 1/2 |®(2)]?
2 __r | —29—4 _
0 = i (gt (ot ) ).

The numerical values of the constant b,(q,s) for some values of s and ¢ are presented on Fig. 1.

where

Comparison with Table 1 shows, that for even values of ¢ (lower diagrams, Fig. 1) the values of
constant b;(q, s) are always greater, than the corresponding values of a(q), and if s increases, then
b1(q,s) approaches a(q). Thus, for even values of ¢ the classical choice of §(z) in Example 1 leads

to more effective interpolation, than that of in Example 2.

Fig. 1. Numerical values of the constant b,(q,s) for various values of s and q.

For odd values of ¢ (upper diagrams, Fig. 1) the situation is different. The values of constant
bi(g,s) first rapidly decrease (if s increases) up to some minimal value, and then increase up to the
values of constant a(q). Comparison with the results of Table 1 shows, that for greater values of
s the values of b;(g,s) becomes less, than a(q). Such behaviour of b(q,s) with sharply expressed
minimum allows to find an optimal value of the parameter s for fixed odd values of q. The optimal
values of the parameter s determined by means of MATHEMATICA 3.0 are given in Table 2.
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q S bi(g; s) bf((;)s)

—1 1.17501 0.318887 1.4
1 3.68683 0.015286 5.3
3 6.26922 0.001880 13.1

5 8.83021 0.000234 354

Table 2. Optimal values of the parameter s and constant b;(q, s).

The last column in Table 2 describes the efficiency of optimal interpolation relative to the
classical case (see example 1). Note that the optimal value of the parameter s increases with g.

For s = ¢ + 1.5 from (32) we have (see also Theorem 2)
B= lii% U(z)z™ 2773 = (r/2)%3,

Thus, the conditions 1° and 2° of Theorem 2 are satisfied. Besides, we have

U(z)z=2073 - B
T

< const x,

and hence the condition 3° is satisfied. So, by Theorem 2

(2N +1)9tts

N e hl(T‘f'l)Hf = SN (NI = [Ag111b2(),

where

1 1

ba(q) = DYESRYIwE

The Table 3 contains numerical values of b:(g) for some values of q.

q -1 0 1 2 3 4 5

ba(g) 0.3989 0.1995 0.0997 0.0499 0.0249 0.0125 0.0062

Table 3. Numerical values of by(q) for -1 < ¢ <5.
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Finally, for s < ¢+ 1.5 we have (see also Theorem 3)

== ()"

Therefore, for a = s all conditions of Theorem 3 are satisfied, and hence

2

1 ! 4
/ £+ (g)emimns g (36)
-1

(N +1)%[|f = SE(NIF = w2022 20 37
nez

lim
N—o00
So, for odd values of ¢ and an optimal choice of the parameter s, we get more sharp algorithm as

compared with the classical trigonometric approximation (Example 1).

Example 3. Consider the case, where

—~1/2
0n+7’(2N+1) o _2g—4 (_1)n+7‘
S (;(n+r(2N+ 1))~ TN T (37)
for n+7r(2N +1)#0 and 6y =1, 6, on+1) = 0 for r # 0. By Theorem 1

1f = SH(HI =o(@N +1)7771%), N — co.

Now we present a more exact estimate, displaying the principal term of ||f — S%(f)|l-

Teorem 4. Let 9+ € A,, a >1/2, ¢> —1, and 9,, be a sequence from (37). Then

1 1
N + 124 7 - 85 () = LD (|Aq+1|2 v2 [ ek - | [ e o

).

lim
N—oo

where ¢((s) = . r—* is the Riemann function.

r=1

Proof: 1t is easy to check, that

41?20 +4)

Jim (2N + 1) B - Sn ()] = 2atd
Therefore,
| _ | Aga1|2¢(2g + 4)
ngnoo(QN + 1>2q+4||f _ S;Jv(f)HQ _ A}E)noo(QN 4 1)2q+4||F2 — SN(F2)||2 + qﬁ_ﬂT
We use (13) with
1) ! 2 i
fon=Fon= mn)ere’ on = /71 FO (@)e ™ dw,  n A 0.
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Like in the proof of Theorem 2, the second term on the right-hand side of (13) for f, = F,, is

majorized by the third term, for which we have the estimate

9204 const
Z |Fy |? < const Z 2 +4 < const Z n- IRt < (2N ¢ 1)2a+3+2a”
|n|>N [n|>N In|>N

The last term on the right-hand side of (13) for f, = F»,, is majorized by the expression

1/2
’ 5 |2
n 1/2 | n+r(2N+1)
const Z <| |q+2 (tn) (Z (n+r(2N+1))2‘1+4> ) <

rez

1/2
const N o
S BN L (2N+1 )a+2 Z |~ (Z (n+7r(2N +1))” 29—4—2 ) <

rez

const o const
(2]\]' + ]_ 2q+4+a Z 2N + 1)2q+3+2a

Therefore,

. 2q+4|| £ _ Q4 2 _
Jim (2N DT = S (F]

4 \II( )|5|2 |Aq+1|2C(QQ+4)

N
2q+4
lim (2N +1)™ Z {20+ n2a+4

T 9 2q+4 N
2 —00 N
It remains to prove, that

N
: U(t
lim (tn)

2q
N—o0
n=—N tn

L0 = 2020 +4) > 162

nez

(39)

By the arguments of the proof of Theorem 3, the series on the right-hand side of (39) converges,

because |6,]? < |n|72%, a > 1/2. Hence,

. ((2g +4 : Ag1]°¢(2¢ + 4
Jim @N 17 - sy () = LI § s o e [0 Y)
nez

An application of Parseval equality completes the proof of Theorem 4.
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Example 4. Consider the function

sinz\"™
o) = (22 (10)
where m > 1 is an integer. This is the well-known case of B—splines, for which supp(p(x)) € [-m,m].
We have
0 _ (=1 sin™ 7z 2(z) = sin®™ 7z 4 g)2m
($ + S) - ﬂ_m($ + S)m ’ w $) - 2m ;(:L‘ S) ’
-1
U(z) =2 (z+s)72m <1+x2m2'(x+s)2m> . (41)
seZ sEZ
Besides,

\I’(ac)x_Qq_4 < const x2™ 2174,

Thus, for m > ¢+ 2 all conditions of Theorem 1 are fulfilled. After some simplification, from (14)
we obtain
i (2N A+ I f = S{NI = [Agsalei(g,m),

where

22q+3 1/2 -1 s(m+1) + —m—q—2)\2
ci(g,m) =n 2074 <—2q—|— 3 +/0 x4 (2sez(71) (z +5) ) dx | .

ZSGZ($ + S)_Qm

Fig. 2. The values of constant c;(¢,m) for -1 <¢<2and 2<m <8.
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The Figures 1 and 2 are similar. As in Example 2, for even values of ¢ (lower diagrams in
Fig. 2) the values of constant c;(q,m) exceed than the corresponding values of a(g), and ¢ (g, m)
approaches a(q) as m increases. For odd values of ¢ (upper diagrams in Fig. 2) ¢;(g,m) is less than

a(q), and again approaches a(q) as m increases.

It follows from (41), that (see Theorem 3)

C = lim ¥(z)z 2" = Z g = 2¢(2m).

z—0
s€Z
Hence, for m < ¢+1 and a =m all conditions of Theorem 3 are fulfilled. By (29)

2

lim
N—o0

m C(Qm) ! 1 ! —iTNnT
N+ 077 = SEDIF = 2y 3 e || 1P @)™ do
nez -

It is easy to check, that the function (40) generates a sequence satisfying (37) for odd values of g.

In this case the assertion of Theorem 4 remains valid for Example 4.

Example 5. Consider the function

0(z) = (Sinm>mcosm, (42)

T

where m > 1 is an integer. It is clear, that supp p(z) € [-m — 1,m + 1]. For m > ¢ + 2 all conditions of

Theorem 1 are fulfilled, and from (14) we obtain

(2N + DI f = SFHI = [Ags1lda(g, m), (43)

lim
N—oo

where

d2(q m) = a20—4 2—2q+3 +/1/2 p20—4 _ (Z:sez(fl)S(m—m)(a7 +8) TR dz | .
n 2¢+3  Jo 2sez(@+s5)72m

The numerical values of d;(q,m) for various values of ¢ and m are presented in Fig. 3.
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Fig. 3. The values of constant d;(¢q, m) for various values of ¢ and m.

Finally, for m < ¢+ 2 all conditions of Theorem 3 are satisfied, and from (29) we obtain

1 2
N+l - s = B Y | [ e (a4)
nez -

i
For even values of ¢ the condition (37) is fulfilled, and Theorem 4 can be applied.

In fact, by means of choice of the spline as in Example 4 (for odd ¢ > —1) and “modified spline”
as in Example 5 (for odd ¢ > 0), we obtain fast algorithms of high accuracy based on functions

with local supports.
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