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Abstract—The problem of the sine representation for the support function of centrally symmetric
convex bodies is studied. We describe a subclass of centrally symmetric convex bodies which is
dense in the class of centrally symmetric convex bodies. Also, we obtain an inversion formula for the
sine-transform.
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1. INTRODUCTION

The cosine representation of the support function of centrally symmetric convex bodies plays a
fundamental role in the integral geometry and in a number of related areas (see [2], [8] — [11], [17],
[21]). In this paper we study (in a dual sense) sine representation for the support function of centrally
symmetric convex bodies.

Denote by R™ (n > 2) the n-dimensional Euclidean space. Let S™~! be the unit sphere in R"
centered at the origin, and let Ay be the spherical Lebesgue measure on S* (\;(S*) = o}). Denote by
S, C S™! the great (n — 2)-dimensional sphere with pole at w € S*~!. The class of convex bodies
(nonempty compact convex sets) B that are symmetric with respect to the origin in R™ (the so-called
centered bodies) we denote by B, and the class of centrally symmetric convex bodies in R™ by B".

The most useful analytic description of a convex body is its support function (see [16]). The support
function H : R™ — (—o00, 00| of a convex body B is defined as follows:

H(B,z) = H(xz) =sup(y,z), =€ R"
yEB
Here and below (-, -) denotes the Euclidean scalar product in R™. The support function of B is positively
homogeneous and convex. Below, we consider the support function H(-) of a convex body as a function
defined on the unit sphere S"~! (because of the positive homogeneity of H(-)).

[t is well known (see [16]) that a convex body B is uniquely determined by its support function, and B
is k-smooth if its support function H is k times continuously differentiable function on S*~1. By C* we
denote the class of even, k times continuously differentiable functions defined on S*~1.

[t is known (see [9],[8],[21]) that the support function H(-) of an origin symmetric convex body

B € Bl which is a limit in the Hausdor[f metric of zonotopes (a finite sum of line segments) has
the following representation:

7O = [ 1w |md), ces! (11)
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with an even measure m.

The following question arises naturally. Does the support function of any centered convex body have
a cosine representation?

It is known (see [9], [8], [17], [21]) that the support function H(-) of a sufficiently smooth origin
symmetric convex body B € B} has the following representation:

HO= [ 160) M@ ra), 8™ (12)

with an even continuous function h(-) (not necessarily positive) defined on S"~1.

Note that the function A in (1.2) is unique. Also, a body B whose support function has an integral
representation of the form (1.1) with a signed even measure m is a centered generalized zonoid. I m is
a measure on S"~!, then the centered convex body B is a zonoid.

[t follows from (1.2) that the class of generalized zonoids is dense in B™. The right-hand side of (1.2)
is called the cosine-transform of A.

W. Weil [20] showed that a local characterization of zonoids does not exist. Later it was shown that in
even dimensions an equatorial characterization of zonoids exists (see [18],[11]), while in odd dimensions
an equatorial characterization of zonoids does not exist (see[15]). In[4] was defined a subclass of zonoids
admitting an equatorial characterization.

In the article, we consider a finite sum of (n — 2)-dimensional centered balls and their limits. Let
b = (r,9) be the (n — 2)-dimensional centered ball in R™ with radius r, and let Q2 € S~ be the unit
vector normal to b. The support function of b has the form:

H(b, &) =rsin(E,Q), 8™, (1.3)

Here and below by (5/,?2) we denote the angle between two directions. Now we consider a finite sum
(Minkowski sum) of (n — 2)-dimensional centered balls in R™. The support function of P, which is the
sum of b; = (r;,82;), 4 = 1, m, has the form:

H(P¢) = Zrl sin(§ Z% sin(&, ;) + sm(g/\Qi)], cesm . (1.4)
i=1 i=1

We define the class of convex bodies D, the so-called diskoids, which are limits in the Hausdorff metric
of finite sums of (n — 2)-dimensional balls. For the support function of a centered diskoid the sum in
(1.4) becomes into an integral, and we have

H() = /Sn_lsin(g?z)v(dﬂ), gest, (1.5)

where v is an even measure on S* 1.
The following question arises naturally. Does the support function of any centered convex body have
a sine representation? In this article we prove the following theorem.

Theorem 1.1. A centered convex body B is a diskoid if and only if the support function of B has
representation (1.5) with an even measure v on S"~ 1,

Note that the class of diskoids is a subset of the class of zonoids because any diskoid is a zonoid.
Also, there is a zonoid which is not a diskoid, for example a segment is not a diskoid. Thus we have: the
diskoids are nowhere dense in B".

Now we define the class of generalized diskoids (see also[21]). A centered convex body B is said to
be a generalized diskoid if its support function H admits the following representation:

H() = /S - sin(€, Q) v(dQ), £e 8" ! (1.6)

with a signed even measure m. A generalized diskoid can also be defined as follows (see also [19]): a
body B is a generalized diskoid it B + B; = By, where By , By are diskoids.

In this article, we prove the following theorem which states that the class of generalized diskoids is
dense in B™.
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Theorem 1.2. The support function H(-) of a sufficiently smooth origin symmetric convex body
B € B} has the Jollowing representation:

1O = [ sn@DHD A1 (a9), ¢ e8! (17)

with an even continuous function h(-) (not necessarily positive) defined on S"~'. The function h
S unique.

The right-hand side of (1.7) is called the sine-transform of h and is denoted by (Qh)(:). Theorem
2.1 below shows that the measure v in (1.6) (the function h in (1.7)) is unique. Hence the transform
Q : C* — CX° is injective. The function h in (1.7) is called the generating density of the body B € B}.
Note, that the injectivity of the cosine-transform was proved by A. Aleksandrov [2].

Observe that Theorem 1.2 can be proved by using the expansion of & in the spherical harmonics (see
[3]). In this article, we prove the theorem by finding an inversion formula for transform (1.7).

Note that R. Schneider and R. Schuster [19], and S. Alesker [3] have proved several significant
results for sums of similar convex bodies and spherical harmonics. Also, note that the Minkowski class
My, GL(n), Where bis a (n — 2)-dimensional centered ball, coincides with the class of zonoids. In[13] was
considered the sine-transform of isotropic measures and isoperimetric inequalities were established.

An inversion formula for the sine-transform. By R we denote the Radon transform on the sphere
(the Funk’s transform) defined by:

RF(¢) = ! /SF(w)/\n_g(dw), cesmt (1.8)
13

On—2

for F € C°. For n > 3 an inversion formula for R was given by Helgason [14] (for n = 3 an inversion
formula was obtained by Minkowski and Blashke (see[9])). In [5] was considered the generalized Radon
transform on the sphere and was found an inversion formula (see also [6]). By = we denote the transform
Z:CX — CX define by: = = ((n — 1) + A), where A is the Laplace-Beltrami operator on S*~1,

The next theorem contains an inversion formula for the sine-transform.

Theorem 1.3. Let H(-) be the support function of a sufficiently smooth origin symmetric convex
body B € By. Then h = Q™ 'H = ———ER2H is the solution of integral equation (1.7).

T (n—2)on—

2. THE SINE REPRESENTATION FOR AN ORIGIN SYMMETRIC CONVEX BODY

Proof of Theorem 1.1. Necessity. Let B be a diskoid. Then there exists a sequence P,, of finite sums
of (n — 2)-dimensional balls, which converges to B in the Hausdorff metric. To each P, corresponds an
even meastre v, with finite support on 8"~! through (1.4). The sequence vy, is uniformly bounded
in total variation norm because v,,(S"1) < Cu([K]), where C'is a constant, K € B? is a convex body
containing B and u([K]) is the invariant measure of hyperplanes intersecting K. Hence one can select
a subsequence v/,, which weakly converges to an even measure v on S"~!, and the support function
H (B, -) has the representation (1.5) with measure v.
Sufficiency. Let the support function of B have the representation (1.5) with an even measure v on S~
Then there exists a sequence of even measures v,, with finite supports, which weakly converges to v.
To each vy, corresponds P, (a finite sum of (n — 2)-dimensional balls) through (1.4). Then H(P,,,-)
converges pointwise to H(B, ). Also, it is known that pointwise convergence of a sequence of convex
functions implies the uniform convergence on each compact. Thus, we have that H(P,,,-) converges
uniformly to H(B, -) on S"~!. Hence, P, converges to B in the Hausdorff metric, and thus B is a diskoid.
Theorem 1.1 is proved.

The next theorem shows that the measure v in (1.5) is unique (see also [13]).

Theorem 2.1. /[ v is an even signed measure on S™~! with
/ sin(£,00) v(dQ) = 0 @2.1)
Sn—1
forall ¢ € S"1, thenv = 0.
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Proof. We use expansions in spherical harmonics. Let Q4 be a spherical harmonic of order d. We multiply
(2.1) by Qg, integrate over S"~!, and use Fubini theorem to obtain

Jsnes (Jnes sin(€9) 0(d) Qu(€)Ma-1(d€)

= Jorr (Jon s 510(E2) Qu©) a1 (d6)) v(d9) = 0. (2.2)
Next, the Funk-Hecke formula states that (see [12])

[ sin(E0) Qu€)ha-1(d€) = 00aQul®). (23)

where a,, 4 is a coefficient depending only on d and n, and a,, q # 0 if d is even. Thus, for all spherical
harmonics of order d we have

- Qa(Q)v(dQ) = 0. (2.4)
Notice that if d is odd, then (2.4) is true because v is an even measure. Using uniform approximation
of continuous functions on 8"~!, for every continuous g we obtain [g,_, () v(dQ2) = 0. Taking into
account known results of integration theory we can conclude that this is possible only if v = 0. Theorem
2.1 is proved.

3. AN INVERSION FORMULA FOR THE SINE-TRANSFORM

Let B € B be a convex body with sufficiently smooth boundary and with positive Gaussian curvature
at every point of the boundary 9B. Let s(w) be the point on 9B, the outer normal of which is w. Further,
let R;(w) be the i-th principal radii of curvature (i = 1,...,n — 1) of 9B at s(w). k1 (w) - - - kp—1(w) > 0,
where ki (w), ..., kn—1(w) signify the principal curvatures of OB at s(w).

The concept of a flag in R™, which naturally emerges in combinatorial integral geometry, will be of
importance below. A detailed account of the concept in R? can be found in[1]. Here we consider the so-
called directed flags (below just a flag). A flag is a pair {g, e}, where g is a directed line containing
the origin O and e is an oriented hyperplane (a hyperplane with specified positive normal direction)
containing g. There are two equivalent representations of flags: (w, ) or (&, ®), where w € S*~ ! is the
normal of e and ¢ is the planar direction in S, that coincides with the direction of g, while £ € S*~!is
the spatial direction of g and ® is the planar direction in S¢ that coincides with the normal of e.

Let & € S"1and ® € S¢. By B(®) we denote the projection of B onto the hyperplane with normal ®
containing the origin O. Then for (n — 1)-dimensional volume of B(®) we have

1 n—1

Vir(B@®) =5 [ 1@ | [T Riw) daca (). (3.1)

=1

By D(O, 1) we denote the n-dimensional ball of radius 1 centered at the origin. Now we write (3.1) for
the Minkowski sum B +eD(0, 1) (¢ > 0). Using the classical Steiner formula for volume we obtain

n—1 -1 1 n—1
vn1<B<<1>>+eD<o,1>>=Zs%( Z. )Wi<B<<1>>>=2 | 1o | TT(R) + roa(awis2)
=0 gn—1 i=1

Here W;(B(®)) is the i-th quermassintegral of B(®) (see[16]). Comparing the orders of € of both sides
of (3.2) we get the following formula

n—1
(0= OWoraoB@) =5 [ 1(@.0) | 3 Rilw) dna(d) (33)
i=1
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Next, using the spherical coordinates w = (v, ¢), where v = (a) is the polar angle measured from &
(the zenith direction) and ¢ € S¢, and applying the spherical cosine rule, we find

| (w, @) |=sinv | cos(g;,\CI)) | . (3.4)
Now integrating (3.3) with respect ® over S¢ and using (3.4) we obtain

/(n—l)Wn_2(B(<I>)))\n J(d®) = / sin(E w ZR - 1(dw)/ycos(<2?b) | Ao (dD).
Se

Sn—2 Snfl

Finally, for any ¢ € S"~2 we have (see [4])

[ Teos(er®) | Ana(de) =
S’n 2

Thus, we have proved the following theorem.

2003

n—2

Theorem 3.1. Let B € B} be a convex body with sufficiently smooth boundary and with positive
Gaussian curvature. Then for € € S"~! we have

n—1

= In=3 in(€, w i(w) Ap—1(dw :
[0 D aB@) Moataw) = 2 [ €D R ha) (39

where W,,_o(B(®)) is the (n — 2)-th quermassintegral of the projection of B onto the hyperplane
orthogonal to ® € S¢.

It is known (see[16]) that in (n — 1)-dimensional space for W,,_2(B(®)) we have
(n—1)W,_2(B(®)) = . H(B(®),u) Ap—2(du) = H(B,u) A\p—2(du), (3.6)
Sn— Sa

where H(B(®), ) is the support function of B(®) which is the restriction of the support function of B
onto S¢. Let B € B be a convex body. In [7] it was shown that

n—1

(n—1)+A)H(B,) =Y Ri(-), (3.7)

i=1
where A is the Laplace-Beltrami operator on S™~!. Substituting (3.6) and (3.7) into (3.5) we get

= n8 sin(€,w) [((n — n_1(dw). (3.
/S5 [ 5. H(U))\n2(dU):| )\nf2(dq)) = (n— 2) /Snl (57 )[(( 1) —|—A)H(f)])\ 1(d ) (3 8)

Thus, we have proved the following theorem.

Theorem 3.2. Let B € B} be a convex body with sufficiently smooth boundary and with positive
Gaussian curvature. Then for the support function H of B we have

L QEm)E cesml (3.9)

R(RH)(§) = RH(€) = (g —

Theorem 1.3 is a consequence of Theorem 3.2.

4. EXAMPLE OF A CONVEX BODY WITH SIGNED GENERATING DENSITY

In this section, we give an example of a sufficiently smooth origin symmetric convex body B € B3
for which the solution of the equation takes also negative values. Let U be a e neighborhood of a
point Qg € S? and g be a sufficiently smooth even function defined on S? such that g(Q) > 1 for
QeSN{UU{-U}}landg(Q) < —-1forQ e {UU{-U}}.
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Consider the following function defined on R?
=
PO = k] [ sin(€.2)9(2) ala®), € € RAO, (4.1)

where |¢| is the norm of £ and ? = £/|&|. Observe that F'is positively homogeneous. Now we are going
to show that for sufficiently small € the function F'is also convex.

For the first order partial derivative of /' we have

D - [ A=Y ), ge RO, (42)

S |¢]sin( €, Q)
where 5 = (617 527 63) and 2 = (Qla QQ? 93)

Next, for fixed € € S? and ¢ € S¢ we choose € as the zenith direction and 1) as the azimuth reference.
Then, for the second order derivative on direction ¢ at £ = (0,0, 1), we have

0?F(€) sin? ¢

0%, le=(0,0,n)= /2 ey g(£2) X2 (dQ2), (4.3)

where (v, ) are the usual spherical coordinates of  on S? based on the choice of ¢ as the North Pole

and v as the reference direction on Se. It follows from (4.3) that for a sufficiently small  for all £ € S?

°F(€)
S|

B € B3 for which F is the support function.

we have > 0. Therefore, the function F' is convex, and there is an origin symmetric convex body
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