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1. INTRODUCTION

We denote the set of all nonnegative integers by N. Let T := [—m,7) = R/27, and let R := (—o0, 00).
By L!(T) we denote the class of all 2r-periodic measurable functions f on R satisfyingn the condition

171 :=/T|f| < .

The Fourier series of a function f € L'(T) with respect to the trigonometric system is

i cnein:z:7 (1)

n=—oo

where
c '—i/f(w)e_i"xdx
m 27'(' T

are the Fourier coefficients of f. Let S, (x, f) denote the partial sums of the Fourier series of f, and let

1 n
on(z, f) = ntl Zsk(ﬂ%f)
k=0

be the (C, 1) means of (1). Fejér[1] proved that o, (f) converges to f uniformly for any 27-periodic
continuous function. Lebesgue [2] established the almost everywhere convergence of (C,1) means,
provided that f € L'(T). The strong summability problem, i.e., the convergence of the strong means

n—1
SISk f) - f@)P, 2 €T p>0, @)
k=0

was first considered by Hardy and Littlewood in [3]. They showed that, forany f € L™(T), 1 < r < oo,
the strong means tend to 0 a.e. as n — oo. The trigonometric Fourier series of f € L*(T) is said to be
(H,p)-summable at x € T if the values (2) converge to 0 as n — oo. The (H, p)-summability problem
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656 GOGINAVA, KARAGULYAN

in L(T) was investigated by Marcinkiewicz [4] for p = 2 and later by Zygmund [5] for the general case
1 <p<oo.

Let @: [0,00) — [0,00), and let ®(0) = 0 be a continuous increasing function. We say that a series
with partial sums s,, is strongly ®-summable to a limit s if

n—1

1
Jim_ kz_o ®(|s; — s|) =

In [6], Oskolkov first considered the a.e. strong ®-summability problem of Fourier series with expo-
nentially growing ®. Namely, he proved the a.e. strong ®-summability of Fourier series under the
assumption

t
Inlnt

ma() = of

> as t — oo.

In[7], Rodin proved the following theorem.

Theorem (Rodin). /f a continuous function ®: [0,00) — [0,00), ®(0) = 0, satisfies the condition

lim sup Ino(t) < 00,
t—-4o00
then, for any f € LY(T), the relation
n—1
lim —Z@ |Sk(x, f) = f(x)]) =0 (3)

n—oo n
holds for a.e. x € T.

Karagulyan [8], [9] proved that the exponential growth in Rodin’s theorem is optimal. Moreover, he
also proved the following assertion.

Theorem (Karagulyan). If a continuous increasing function ®: [0,00) — [0,00), ®(0) = 0, satisfies
the condition
In®(¢
lim sup ne(t) = 00,
t—-4o00

then there exists a function f € L*(T) for which the relation

n—1

hmsupnztﬁ |Sk(z, f)]) =

holds everywhere on T.

[n this paper, we study the exponential summability problem for the rectangular partial sums of double
Fourier series. Let f € L'(T?) be a function with Fourier series

[e.e]

Z Cnmei(mm—l—ny), (4)

m,n=—00

where

1 X
Com = 75 // f (@, @2)e™ ) day diry
7 T2

are the Fourier coefficients of the function f. The rectangular partial sums of (4) are defined by

Sun(f) = Sun (w1, z2, f) Z Zc gi(ma1+nas)

—M n=—N

MATHEMATICALNOTES Vol. 104 No.5 2018



ON EXPONENTIAL SUMMABILITY OF RECTANGULAR PARTIAL SUMS 657

We use L log L(T?) to denote the class of measurable functions f with
[ 1108 151 < .
T2

where logt u := I(1,00) log u, u > 0. For the rectangular partial sums of two-dimensional trigonometric
Fourier series, Jessen, Marcinkiewicz, and Zygmund [10] proved that, given any f € Llog L(T?),

lim = (Sij(x1, 22, f) — f(z1,22)) =0 a.e.

for (x1,22) € T2 They also showed that, for every nonnegative function w:[0,00) — [0, 00) satisfy-
ing the conditions w(t) T oo and w(t)(log™ ¢)~! — 0 as t — oo, there exists a function f such that
|flw(|f]) € L*(T?) and the (C, 1, 1) means of the double Fourier series of f diverge a.e.

The two-dimensional a.e. strong rectangular (H, p)-summability, i.e., the relation

1 n—1 m—1
ml)}gloo e Z Z |Sij (71,22, f) — f(z1,22)[P =0 ae,
=0 7=0

was proved by Gogoladze [11] for f € Llog L(T?). These results show that, in the two-dimensional
case, the optimal classes of functions for (C, 1, 1)-summability and strong summability coincide. They
equal the class of functions Llog L(T?).

We prove the following theorem.

Theorem 1. If a continuous increasing function ®: [0,00) — [0,00), ®(0) = 0, satisfies the condi-
tion

lim sup M < 00, (5)
t——4o00 \/m
then, for any f € Llog L(T?), the relation
| noimol
o lm nm; ]ZZ:O@(!Sz'j(fch:cz,f)—f(wl,:cz)\) =0 (6)

holds for a.e. (x1,x) € T2

As a corollary of this result, we obtain Gogoladze’s theorem [11] on the a.e. HP-summability of
double Fourier series. The theorem of Jessen, Marcinkiewicz, and Zygmund [10] implies that the class
Llog L(T?) in our theorem is necessary in the context of the strong summability question. That is, the
theorem is invalid for classes larger than Llog L(T?). Our method of proof does permit obtaining (6)
under the weaker condition

I In ®(¢)
111 su
t—>+oop \/Z

There is a conjecture that (7) is the optimal bound of ® ensuring the a.e. rectangular strong summabil-
ity (6) for every function f € Llog L(T?).

(7)

The results on strong summability and approximation by trigonometric Fourier series have been
extended for some other orthogonal systems; see the papers [12]—[14] by Schipp, [15]—{18] by Leindler,
[19]-[22] by Totik, [23] and [24] by Goginava and Gogoladze, [25] by Goginava, Gogoladze, and
Karagulyan, [26] and [27] by Gat, Goginava, and Karagulyan, and [28]—[31] by Weisz.
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658 GOGINAVA, KARAGULYAN
2. AUXILIARY LEMMAS

We use the notation a < b for
a<c-b,

where ¢ > 0 is an absolute constant. We shall write a ~ b if the relations a < b and b < a hold
simultaneously. Throughout the paper, ¢ > 1 is used as the conjugate of p > 1, thatis, 1/p+1/¢ = 1.
By [a] we denote the integer part of @ € R.

The maximal function of a function f € L!(T) is defined by
1
M) = swp o 15w
rzerct || Jr

where [ is an open interval. The following one-dimensional operators introduced by Gabisonia [32] are
important tools in the investigations of strong summability problems:

S no [t q\ 1/q
<;<E/<k_l>/n‘f<“t>\+\f<x—t>\dt)) ,
Gyl (@) 1= sup GV (7).

neN

G f(z) :

Oskolkov’s lemma cited below plays the key role in the proof of our basic lemma.

Lemma 1 ([6]). For any family of pairwise disjoint intervals Ay C T with midpoints cy, the
inequality

{ > UAG /(= ¢ +14;]))
x €T :sup
p>1 plnin(p + 2)

> )\H < exp(—cA), A >0, (8)
holds, where ¢ > 0 is an absolute constant.

One can easily check that

(Z»(\Aj\/(!w—cj\+\Aj\))q)l/q > A/ (e — cj| + A1)
HAL Y o o 5{1721;13’ Do+ 2) }

Combining this with (8), we obtain

(3,011 — ¢l + ;1))
/Ti‘ilf TS S (9)

Lemma?2. If f € LY(T), then

_ Gy f(2) 1 1/2
{xeTigﬁ)m>)\}‘§<XHfH1> ; A>0. (10)

Proof. Itis enough to prove the same estimate for the modified operators

[n7] k/n q\ 1/q
Gy f(x) ::sup<z<%/( |f(:E—|—t)|dt> ) . (11)

neN\ 7 k—1)/n

Using the Calderon—Zygmund lemma, we obtain the following relation for the maximal function:

Ryi={zeT: Mf(x)>VA}=|JA, A>0, (12)
k=0

MATHEMATICALNOTES Vol. 104 No.5 2018



ON EXPONENTIAL SUMMABILITY OF RECTANGULAR PARTIAL SUMS 659

where Ay, C T are disjoint open intervals such that

[BAl < —Allflll- (14)

Weset 6} := [(k —1)/n,k/n] and 6} (z) := = + 6. Separating out the terms in the sum (11) for which &
satisfies the condition §}}(x) C Ry, we obtain

G;f(:n)ésup( Z (%/(k/n |f(x+t)|dt>q>l/q

neN . O (z)C Ry k=1)/n

n [k/n a\ 1/q
—i—sup( <—/ flx+t dt> >
neN Z k (k—l)/n’ ( )

k: 67 (2)Z Ry
=T+ 1L (15)

From the definition of Ry in the case 6 (z) ¢ Ry, it follows that

k/n
n/ f(z+8)]dt < V.
(k—1)/n

Thus,
> q 1/q 1 1/q
Given z € T, we set

ki(a) = min{k : 07 (x) C A} if{k: 0 (z) C A} # o,
Z > if{k:0p(z) C A} = 2.

We also set Ry := Ur— 3Aj and take an arbitrary point x € T \ Ry. One can easily check that if
ki(x) # oo, then

AZ’E N|$—Ci|,

where ¢; is the center of the interval A;. Thus, forany = ¢ EA, we have

(s 2 (Rf o))

§22§<i< > [, o))

k: oy (x

X /| A 1/a
<i‘é§<z<m \Ar/’f ‘dt>>

(S(E))

s A a\ 1/a »
5ﬁ<z<|x—c-|+m-|>> TR (17)

1=1
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660 GOGINAVA, KARAGULYAN

Using Chebyshev’s inequality and relations (9), (16), and (17), we obtain

~ G,f ()
ze T\ Ry :su p7>)\}‘
{ \ fix p>11) plnln(p + 2)

{:U CT\F, : VA (1 + oup il (2 = + rAj\»q)”") N AH

p>1 plnin(p + 2)

S

L [ (Z50851/ (7 — es1 + 18,0y
VA Jrp>1 phnin(p +2)

1

VA

for an appropriate absolute constant ¢ > 0. In view of homogeneity, we have

= G, f(x) £\

A

dx

N

Consequently, (14)—(18) imply

' Gpf(2)
fremem s )

. Gy f (@) i< (I 1]
<|{zeT\Rjy:su p7>A}‘+R ,§<—> + .
{rem B ot IS (5 %)
Again using homogeneity, we obtain (10). O

We will need the following estimates.

Lemma 3 ([32]). /fp > 1and f € L'(T), then
1 n—1 1/p
<5 > 18i(, f)l”> <GP f (). (19)
=0
Lemma 4 ([33]). I] f € LY(T), then

1 n—l 1/p
<5 > |Sj<:c,f>|p> < pGaf(a). (20)
j=0

Rodin [7] obtained a weak (1,1)-type estimate for the operators G, f(x) with fixed p > 1. From this
estimate one can derive the following assertion in a standard way.

Lemma b ([7]). Let f € Llog L(T). Then

1G2(F)h < 1+/T|f|10g|f|-

For any function f € L(T?), we set
Gpa(w1,m2; f) = Gp fuy (1), Gpa(w1,72; f) = Gp fr, (22),

Gz(:,bl)(xl,m;f) = G fo,(21), Géf‘%(:cl,:cz; £) =G5 fu, (22),

where f,,(-) = f(-,z2) and fy,(-) = f(x1, -) are considered as functions of z1 and x2, respectively.
Similarly, we denote the one-dimensional partial sums of f(z1, z2) with respect to each variable by

Sn,l(x17x27 f) = Sn(xly f:cz)7 Sn,2(x17x27 f) = Sn(x27 f:c1)

MATHEMATICALNOTES Vol. 104 No.5 2018



ON EXPONENTIAL SUMMABILITY OF RECTANGULAR PARTIAL SUMS 661
Lemma 6. /f f € Llog L(T?), then

(1/(nm) X070 S S (e, o, £)P)7
{sup sy iR > ]

1 1/2
(300 [Limmegris)) o aso

Proof. Using (19), (20), and the generalized Minkowski inequality, we obtain

n—1 m—1
—Z > 1Sij(@y,x2, )P
=0 7=0
1 n—1 m—1 1 m—1
- — Sia(@1,a2, Sia(NIF < — 3 (G @122, [Si2(1))”
=0 j=0 7=0

3
L

IN

n 1
67 (o122 (o

( )
(6o (s (5 S 15a00) ")) £ P Gunten e ooty

IN

Therefore,

/D
(1/(nm) S0 ot 1S g (@, w2, £)[P)
0= T2 7
V“ﬂwe sup. sup (T2 >A}

Gpi(z1,22,G22(f)) }
C ,x9) € T? RN Lk thut > Ay
{(:El 72) 2;111) plnln(p + 2)

Then, applying Lemmas 2 and 5, we see that
|Q| = / HQ($1,1’2)d$1 dl‘Q = / d$2/HQ($1,$2)d$1
T2 T T

1/2
SA(%AG2,2(‘T1,‘T2,f)dw1> dx2
1/2
5A[%<1+/T|f(:n1,x2)|log+|f(g:1,3:2)|dx1>] day

1 . 1/2
< [X(lJF/TQ [f (@1, 2)[log \f(xl,xz)!dxldxzﬂ ,

This completes the proof of the lemma. O

3. PROOF OF THEOREM 1

Let Lys := Ly (T?) be the Orlicz space of functions on T? generated by the Young function
M(t) = tlog™ t. It is known that L, is a Banach space with respect to the Luxemburg norm

HfHM::inf{)\:)\>O,/XM<%> §1}<oo.

According to Theorem 9.5 in [34, Chap. 2], we have

3(1+ [ 30) < lflae < 1+ [ 3050

MATHEMATICALNOTES Vol. 104 No.5 2018



662 GOGINAVA, KARAGULYAN

provided that || f||as = 1. Hence Lemma 6 implies

p>1 n,meN

Indeed, first, we derive the inequality in the case || f||as = 1 and then, using a homogeneity argument,
we prove it in the general case.

Proof of the Theorem. First, we shall prove that, for any f € Llog L(T?), we have
1
. (1/ o) 120 S5 15 (F) — £17)”
lim sup

nm—00 psq 2 In ln(p +2)

=0 a.e. (22)

Observe that (22) trivially holds for the double trigonometric polynomials. Indeed, let T" be a trigono-
metric polynomial of degree (s1, s2). Then we have

SW(T)_T:O7 i281, j2327
Sij(T) =T =84 ;(I~T, i>s, 0<j < s,
Sij(T)—T=5;6,(T)-T, 0<i<s, j=>so.

Thus, for any integers n > s1 and m > sg, we have

n—1 m—1
S Y s -
=0 7=0
1 s1—1 1 m—1 So— 1
SEDEDLRCREEI LS 50— 1P
=0 Jj=s2 z S1
1 s1—1 so—1
T Z|5m( ) =T
i=0 j=0
1 s1—1 so—1 1 so—1 so—1
< o Z S50 (T) = TP + — Z 96,5 (T) = TP + o Z Z 15:,;(T) = TP
i=0 Jj=0 =0
<442
n m

where ¢; and ¢y are constants depending on T'. Therefore, relation (22) holds for f = T'. To prove it in
the general case, it is enough to show that the set

nm p) /P
sz{nmsupsup(l/( ) X0 Xt 18i5(f) — 117) >A}

n,m—00 p>1 2 In ln(p +2)

has measure zero forany A > 0. Since M (¢) satisfies the Ay-condition, it follows that the function f can
be approximated by a trigonometric polynomial T" (see [34]), that is, there exists a T for which

If=Tlu<e,  |f=Tln <e
Since (22) holds for T, applying (21), we obtain

I (1/(nm) S0 S Sy (f =) — (F = T)P)
o= (g Py 73 >3}
(1/(nm) 1) S 18i,(F = T)P) 7 =T A
= {f}iEN e Pinin(p+2) >§}'+Hi‘i€p2lnln<p+2> >§}'

1f =TI\ fle (Y2 e
< [ = < (= .
N( A U Y X

MATHEMATICALNOTES Vol. 104 No.5 2018
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Since € > 0 can be taken arbitrarily small, we conclude that |G| = 0 for any A > 0, and hence (22)

holds. To prove (6), observe that

e e}

u(s):eXp< m>§v(s)zz<g m>k s> 1, (23)

k=1
for some absolute constant d. Indeed, if s > 1, then one can check that
s

1< m<k(s):[

S

—_— 1<2
lnln(s+2)] <

s
Inln(s +2)’

and therefore for d large enough, we have

d 5 Mo rd ] mln(s+2) \*
U(3)2<k(s) lnln(k(s)+2)> ><§ lnln(k(s)+2)> > ) 2 u(s),

which implies (23). If the function & satisfies (5), then one can check that

A-s
< 7 )=
D(s) < exp< (A s 19) ) u(As), s> 5,

for some positive numbers A > 1 and S > 1. Consider the functions
wij(f) = Si;(f) = f,
o) = {%,j(f) lgsg (/)] < 8,
0 it |, ()] > S,
i () = @ij(f) = oi;(f)-
[t follows from (23) and the definition of ® that

17§m1 1nz—:lm—l 1n—lm—l
— (|, (f — (| ; () + — (|5 5()I)
m =0 ;=0 ’ nm =0 j=0 ’ nm =0 ;=0 ’
1 n—1 m—1
< %Z > @k (HD) + oAl ()
=0 j=0
1 n—1 m—1 . 0o 1 n—1 m—1 d A ’(,0 ( )‘ k
S CIGIED D DS (Himss )
1 n—1 m—1
< o 2 2 Bl (1)
2 () o reoi,j<f>rp)”f’>k/2
+k§::1(d\/2) <ps>ul}/)2 4p%Inln(2p + 2) ’

The second term of the last expression tends to zero almost everywhere, because, according to (22),

have

1
limsup sup (1/(nm) 3215, Z o leii(F)IP) &
nm—oo p>1/2 4p?1n ln(2p +2)

pl/p
i g (V) S S 181() ~ 7P)

=0 .e.
~ n,m—oo p>1 2 In ln(p + 2) ae

MATHEMATICALNOTES Vol. 104 No.5 2018
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664 GOGINAVA, KARAGULYAN

Hence, to obtain (6), it is enough to prove the same for the first term. Relation (22) and Chebyshev’s
inequality imply

#{i,7 eN:0<i<n, 0<j<m,yp(r,z2) >e}

Tn m(xly 1’2)

nm
’I’L— m—
1 1
Sz =3 Y leiglanan =0 ae,
=0 j5=0

where #C denotes the cardinality of a finite set C. Thus, for a.e. (x1,z2) € T2, we have

n—1 m—1

hmsup—z Z (|7 j(z1, 72, £)])

nm
n,Mm—00 =0 j=0

< hmsup(rn,m(whx2)¢(5) + (1 - rn,m($1,x2))q)(€)) = (I)(e) a.e.

n,m—00

Since € > 0 can be taken arbitrarily small, we obtain

n—1 m—1
n}rlLIEoo nm q> |(102] l‘1,$2,f)|) =0 a.e.,
=0 7=0
which implies (6). O
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