ON EQUIVALENCY OF MARTINGALES AND
RELATED PROBLEMS

G. A. KARAGULYAN

ABSTRACT. We study some almost everywhere convergence prob-
lems of martingales. We obtain different equivalency theorems,
which show, that in some problems of martingale theory generale
martingales can be replaced with Haar martingales. We bring some
applications of these results in the theory of differentiation of in-
tegrals and in some problems of convergence of Riemann sums.

1. INTRODUCTION

The study of almost sure convergence of martingales has a deep
connection with different problems in harmonic analysis. Many results
in the martingale theory are direct generalizations of some theorems
on Fourier-Haar series, differentiation of integrals, maximal functions.
A central result in martingale theory is due Doob [4]. It says, that
any L'-bounded martingale converges almost surely. An analogous
problem for multiple martingales is considered by R. Cairoli in [6].
He has proved an almost surely convergence of d-multiple martingales
which are bounded in Llog? ' L.

In this paper we obtain some equivalency theorems for martingales.
One-dimensional and multiple martingales are considered. It will be
shown that in some problems concerning to almost everywhere conver-
gence of martingales one can consider simply Haar martingales. We
shall discuss also some applications of these equivalency theorems in
maximal functions and Riemann sums.

We consider the probability space of Lebesgue measureable sets in
[0,1). Let £ be the family of Lebesgue measurable sets in [0, 1). Denote
by S(F) the minimal o-algebra containing a family of sets £ C £. We
say a sequence of o-algebras {A,,, n =1,2,...} in [0, 1) is regular, if

1) An C An+17
2) A, is generated by a finite number of intervals of the form [a, b),
3) the o-algebra S (U,.A,) does not have an atom.
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We shall consider the probability space (Qg, L4, mg) of Lebesgue mea-

sure on d-dimensional unit cube Qg = [0,1)%. Let {A&k), n € N},
k= 1,2,...,d, be sequences of g-algebras in [0,1). We consider the
Cartesian product of these o-algebras

(1) An=Ann, =4 A n=(ny,... ng) € N%

7777 Nng

We say the multiple sequence {Ay,, n € N4} is regular, if each compo-
nent {A%¥, n € N} is regular. For a given function f(z) € L'(Q,) we
denote by

EAf(z), mneN
the conditional expectation of f(x) with respect to o-algebra A,. A
function © : L; — L, is said to be measure preserving transformation
(M P-transformation) of @y, if

O(FUF)=06(E)UO(F),

mq(O(E)) = ma(E),
for any E, F' € Ly. If © is an M P-transformation of ()4, then one can
easily check that

if ENF =@, then my(O(F)NO(F)) =0,
if £ C F, then my(O(F)\ ©(F)) = 0.

For an arbitrary measurable f(x) we define © f(z) as follows. If f(z)
has a form

(3) Z aillp, (x),

where F; € L4, 1 =1,2,...,m, is a pairwise disjoint family of measur-
able sets, then

Of(x) = Z ailes,) ().

In the generale case the function f(x) is a pointwise limit of a sequence
of functions s, (z) of the form (3). That is

@) f@) = lim su(x), @€ Qu

Using (2) and a standard argument one can observe that ©s,,(z) con-
verges almost everywhere and the limit function doesn’t depend on the
representation (4). So we denote this limit by © f(x).

For a given sequence of integers N = {1; € N: 1y < 1p < ...} we
consider the multiple sequence of o-algebras

(5) A=A n=(ng,...,ng) € N°

Vny s Vng )
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The sequence (5) is said to be a subsequence of (1).
The following two theorems are the main results of the paper.

Theorem 1. Let {A,, n € N} and {B,, n € N} be arbitrary multi-
ple reqular sequences of o-algebras in the unit cube Qq. Then for any
sequence of numbers e, >0, k =1,2, ..., there exist a measure preserv-
ing transformation ©, a sequence of sets Gy, C Qg and a subsequence
{Bn} of {Bn}, such that

(6) GnCGy, n<n,

(7) |Gn| > 1 — ¢, Iin n; >m

(8) (OB f(a) = (EB“ 0 @) f(z), z€Gn neN.

or any f € LY(Qq), wheren = (nq,...,nq) <n' = (nh,...,n!)) means
Y 1 d
n, <nj,i=1,2 ...,

Theorem 2. If {B,, n € N} is a subsequence of a reqular sequence of
multiple o-algebras { An, n € N}, then there exist a measure preserving
transformation ©, such that

(9) (© 0 E™) f(z) = (EP» 0 ©) f(2) a.e.
for any f € L'(Qq).

2. NOTATIONS AND AUXILIARY LEMMAS

A set in [0, 1) is said to be simple, if it is a finite union of intervals
of the form [«, 5). If a finite family of simple sets A = {a; : i =
1,2,...,n} satisfy the relations

U;L:lai: [071)7 a’ima’j:®7 Z#.L

then we say A is a partition of [0,1). Any partition A defines a o-
algebra A generated by the atoms a;, ¢ = 1,2,...,n. We denote the
family of such o-algebras by 991. We shall use the letters A, B and C'
for partitions and the letters A, B and C for o-algebras corresponding
to these partitions. For any two o-algebras A and B we denote by

ANB=8{anb:ac A, be B}

the o-algebras generated by the sets of the form a N b, where a € A,
b € B. Let a be a simple set. One can easily check, that the function

¢a(z) = [[0,2) N al

defines one to one correspondence from a to [0, |a|), such that

[E] = |¢a(E)]
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for any Lebesgue measurable set E C a. For arbitrary simple sets a

and b we denote
¢a,b = (bl:l o (M(ba) .
|a

It is easy to observe that ¢,; defines one to one correspondence from

a to b and we have o
b
|¢a,b(E)’ =1
|a|

if £ C a is measurable. If A /B € 9, then we denote by [A, B] an
M P-transformation defined as follows. At first we consider the case
A C B. Take an arbitrary x € [0,1). We have = € a for some a € A
and a = U¥_,b;, where b; € B. We let

A, Bl(z) = {¢ap,(x) : i=1,...,k}

E

and
(A B)(E) = |JIA Bl().
el
If A and B are arbitrary, then A C A A B and we define
A, B] = [A, AN BJ.

It is easy to observe that 6 = [A, B] defines an M P-transformation.
We say a function g(z) is a rearrangement of f(x), if

P{g(x) > \} = P{f(z) > \}, AeR

We shall use the notation g ~ f for this relation. The following sim-
ple properties of M P-transformations and the operator of conditional
expectation E4 can be checked easily.

P1) For any M P-transformation # and measurable function f(x),
defined on )4, we have

0f(x) ~ flx).

P2) For any M P-transformation 6 the operator 6f(z) is linear-
bounded in L'(Q4) and

10112, (Qu)—11(Qu) = 1-

P3) For any A, B € 9t we have 0(a) = a, a € A, where 6 = [A, B].
P4) For any c-algebras A, B € 9 we have

EAf(z) =EPf(x), z€a, a€ANB.
P5) If 6 is an M P-transformation, then
0oE* =E' o9
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P6) If A, Be M, AC Band 0 = [A,B] then
E'of) =EA=E"o00.

PT) If A B, CeM ACC, AC B and 0 = [A, B], then
EY©) o g — EOONB 4 g

P8) If A C B C C and 6 = [A,C] then the equality

Eg(z) = E%(x)
implies
EPg(z) = (EP 0 0) g(x).
Everywhere below any M P-transformations # and conditional expec-

tations E4 will be considered as linear bounded operators from L*[0, 1)
to L'[0,1). Let

(10) {Ap: k=1,2,...},

(11) {Br: k=1,2,...},

be sequences of o-algebras from 9, satisfying
A C Agy1, B CBry, kE=1,2,...,

max |a| — 0, max|b| — 0.
acAn, be By,

We note, that if in addition each partition A,, consists of intervals, then
(10) turns to be regular. We associate with (10) and (11) a sequence
of M P-transformations Oy, k = 1,2,..., defined as follows. We take

@1 = [AhBl]y @k: = [Gk—l(Ak)aBk] 0616—17 k= 2737""
Denoting

(12) 01 =01, 0,=[0r1(Ap),Br], k=2,3,...,
we have
(13) @kzeko@k_l:9k09k_1o...091.

Lemma 1. For any sequences (10) and (11) the sequence

(14) A1,01(Az),...,0,1(A) ...,

s an increasing sequence of o-algebras from 9.

Proof. 1t is clear that ©4_1(Ag) € M. Such that Ay C Ag.q, we get
(15) Or(Ar) C Op(Apir).

According to (12) and the property P3), we have 6;(05_1(Ax)) =
Ok—1(Ag). Thus, using (13), we obtain

Or(Ar) = 0p(Or—1(Ar)) = Op—1(Ap).
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This together with (15) implies Oy 1(Ax) C Ok(Ars1). The second
and third conditions of regularity of (14) clearly follows from the corre-
sponding conditions of Ay and this completes the proof of lemma. [

Lemma 2. For any sequence (10) we have
O1(Ag) = 01 (Ag), 1>k
Proof. From (12) and property P3), we get

(16) Om(a) =a, a€B,y_1(Ay).
By Lemma 1, we have
(17) @k—l(-Ak) C ®m—1(~’4m); m > k.

From (16) and (17) it follows that

Om(a) =a, a€ Oy 1(Ap),
and therefore, we get
(18) Om(Op_1(Ax)) = Or_1(Ax), m>k.
From (13) we have

O, =0,00,_,0...00,00;,_,.
Thus, using (18) for m =k, k+1,...,1, we obtain

O1(Ag) = Op_1(Ag), [>Ek.

O

Lemma 3. If (10) is reqular, then there exists an M P-transformation
©, such that

(19) 1©n(f) = Oy =0, n— oo,
for any f € L'[0,1).

Proof. At first we prove the convergence of ©,,(f) in L;. Since (10) is
regular we have

IEA(f) = fllz, =0,
as n — o0. So for any € > 0 one may find a number N, such that

[EA(f) = flle, <& n>N.

Since Oy are measure preserving, the last inequality immediately im-
plies

(20) IOK[E* (/)] = Ok(Hllz, <&, n> N,
for any £k =1,2,.... From Lemma 2 it follows that
Om[E (/)] = O.[EM ()], m>n.
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Combining this with (20), we get
1Om(f) = On(f)llz, <26, m>n>N,

which implies the convergence of ©(f) in L'. Denoting the limit
function by U(f), we have

(21) 10 (f) = U(fllzy =0, n— oo
On the other hand we have
m{O,(f) > A} =m{f >}, AeR
Thus, using (21), we get
m{U(f) > A} = m{f > A}.
Taking f = Iy for a measurable F' we will have U(f) = Ig for some
measurable G with mG = mF. So we define M P-transformation O,

taking ©(F') = G. To complete the proof of lemma it remains to show
that

(22) o(f) =U(f), [feLlo1).

From (21) it follows that U(f) is a bounded linear operator from L!
to L', since the same property have the operators ©,, (see P2)). Ac-
cording to the definition of © the equality (22) holds if f = Ir is a
characteristic function. Therefore by linearity the (22) will be satisfied
for the functions of the form (3). Thus, using the continuity of the
operators O(f) and U(f) we obtain (22) for any integrable functions.
The lemma is proved. O

Definition 1. We say the sequence (11) divides (10), if
(23) Ay C By, Oy 1(Ax) CBr, k=23,....
Lemma 4. If the o-algebra (11) divides (10), then we have
(24) Ef 0@, = E®1A) 0@, >k

Proof. The o-algebras B = B,,, A = 0, _1(A,) and C = 0,,_1(A,11)
satisfy the conditions of the property P7). Indeed A C B follows from
the fact, that (11) divides (10), the embedding A C C follows from the
regularity of A, that is A, C A,+1. By (12), we have

0, = [0,.-1(A,), B.] = [A, B].
Consider a function f € L'. Applying the property P7), we obtain
25) (E#Or ) 0,) (0,4(f)
= (BP0 6,) (0,-1(1)).
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Such that 6,, 0 ©,_; = ©,, we obtain
ES(4)(, (1)) = B (0, (/).

The o-algebras A = 0,(A,.11), B = 0,(A,1) A B, and C = B,
satisfy the conditions of P8). The condition A C B is clear. By
regularity of B,, we have B,, C B,,1. Besides, since {B,,} divides {A,},
we get 0, (A1) C Byy1. Therefore we get B C C. We have

gn—i—l = [@n(An+l)>Bn+l] = [Aa C]
Hence, using (25) and the property P8), we obtain

B (08 (0,(f)

= (O 00,1)(O,(f)

— B (0),.(f)).
Thus, such that By C ©,(A,11) A B, if £ < n, we get

(B 00,)(f) = (B® 0 0,11)(f), k<n.
From this we obtain
(BP0 0))(f) = (BP0 ©,1)(f) = ... = (BP0 ©4)(f).

Hence we have
(26)  (EP*0@)(f) = (E® 0 04)(f) = (E® 0 61)(Or-1(f))
and therefore, since
(27) O 1(Ay) C By,

we obtain

(28) (E®) 0 @))(f) = (B9 0 0))(f)
= (E® %) 0 6,)(04-1(f)).

Finally, again taking into account of (27), from the property P6) we
deduce

(EP 0 6,)(0r-1(f)) = (E®) 0 6,) (41 (f)).
Combining this with (26) and (28) we get (24). O

Lemma 5. If the o-algebra (11) divides (10) and (10) is regular, then
there exists an M P-transformation ©, such that

(29) OoEM =EPf00, k=1,2....
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Proof. Such that ©, is measure preserving, from P5) we get
(30) 0, 0o E4 = EOA) 5 @,
Thus, using Lemma 2 and then Lemma 4 for [ > k, we obtain
(31) EOA) 0 ) = EO1A) 6 9, = EPr 0 ©.
Combination of (30) and (31) implies
O, 0B =EPr0@,, 1>k

Since (10) consists of interval o-algebras, we may define O, satisfying
the relation (19) of Lemma 3. Then, using the boundedness of operators
E4 and E®* in L' we get (29). O

For arbitrary o-algebras A, B € 9, generated by partitions A and
B, we denote

p(A,B) = U bl = U al.

beB\A acA\B
Lemma 6. If A€ M and (11) is reqular, then
lim p(AAB,,B,) =0.

n—o0

Proof. One can easily observe, that the number of elements in
(AN B,)\ By

does not exceed a number [ depended only on A. Thus, since {B,} is
regular, we get

p(A,B,) = U a glgn%X|b|—>O, n — oo.
a€(AAB)\Br o

3. PROOF OF MAIN THEOREMS

Proof of Theorem 1: One-dimensional case: Let {A,} and {B,} be reg-
ular sequences o-algebras in [0, 1) and e, > 0, k = 1,2, ..., is a sequence
of numbers. Suppose I; < Iy < ... <[, < ... are some integers and
{B, = B,,, n € N} is a subsequence of {B;}. We introduce a sequence
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Cr € M and measure preserving transformations ©; as follows:

Cl :Al A Blla @1 = [A17C1]7
Cy =01(As) AN B, O3 =1[01(Az),Cs) 0Oy,

Cn :G)n—l(An) A Bln7 @n — [G)n—l(An)a Cn] o @n—h

It is clear that the sequence {Cy} divides {Ax} (see definition in (23)).
Therefore, by Lemma 5, there exists an M P-transformation © such
that

(32) OocE*=E%00, k=12,....

Using Lemma 6, the numbers {l,} can be chosen satisfying
p(By,,,Cr) < e

Denoting

(33) G= | o

a€B;, NCy,
from the definition of p, we will have
|G| =1 —p(By,,Ck) > 1—¢.

On the other hand, by the property P4), we get
(34) (E*00) f(z) = (EP% 0 ©) f(z), € Gy
From (32) and (34) we immediately obtain

(@0 EM) f(z) = (EP*x 0©) f(2), =z € Gy,
which completes the proof of Theorem 1 in the case of d = 1. O

If T is a bounded linear operator in L'[0,1), then we denote by Ty,
1 < k < d, the operator

Ty - L'(Qa) — L'(Qua)
defined by
Tef(xy,...yxq) =Tf(x1, . k1, Ths1y -+, Ta)-
It is clear, that the operator T} is bounded in L'(Qy).
Lemma 7. If T and P are bounded linear operators in L'[0,1), then
P,oTl,=T,0oPFP, n#m, 1<nm<d.
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Proof. We have to prove that
(35) (Pn © Tm)f(x) = (Tm © Pn>f<x)
for any f € L*(Qq). If

(36) Fx) =[] e, ()

where Ej, C [0,1), k = 1,2,...,d are measurable sets, then, using the
linearity, we have

x) = [ [ 1e () - P(Lg,) ()

k#n
and then
(T 0 Pa)f(x) = P(Ig,)(z0) - T(Ig, ) (@m) - || T, (k)

k#n,m

The same we will have for (P, o T,,)f(x). Hence (35) holds for the
functions of the form (36) and their linear combinations, i.e. it holds
for the all simple functions. If f(x) € L'(Qq), then we find a sequence
of simple functions s, (z,y) of the form (36), such that ||s, — f|[z: — 0.
Using the continuity of mappings 7;, and P,, as well as the equality
(35) for the functions s,, we immediately get (35) in general case. [

Proof of Theorem 1: The generale case: Using the above notations, we
have

EAs — <E'A£‘11))1 o...0 (EA;cfi))d, n=(ny,...,ng).

Without loss of generality, in the formulation of the theorem one can
assume that e, > €,,1. Applying one-dimensional case of the theorem

for the sequences of o-algebras AP and B,(Lk), we may define an M P
-transformations ©,, £ = 1,2,...,d, a sequences of measurable sets

{ng) }, and a subsequences of a—algebras l’;’(k), such that

(@koEAEk’) fla) = (EB’E’“’ o@k) flo), zeGW, i=12....

@:(@1)10...0(@d)d,
Gn:{xEQd: xkeGgi) , n=(ngy...,nq).
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We have

d
Eny
’Gn’ >1— Z% >1 — Eminny»
k=1
as well as

(37) @i, (OroBY) f(x)
— @iy (B 004) f(x), x € Gy e N
k
Applying Lemma 7 several times, we conclude

®g:1 <@k‘ o EAg‘ch))

k
(*)
:(®iﬂ(@wk)o(®iﬂ<EA%>k>:ﬂ)OEAm
and similarly
(38) @i, (B 00,) —Efo0,
k
So from (37) and (38) we get (8). (]

Proof of Theorem 2. The proof of Theorem 2 is a direct repetition of
the proof of Theorem 1 with a little change. That is, if B, is a sub-
sequence of A,, then we will take Bn = B,. Then all the sets G5 in
(33) coincide with [0,1) and therefore in the proof of general case of
Theorem 1 we will have |G,| = 1 for each n € N. So the equality (9)
will be satisfied almost everywhere in the generale case. U

4. MAXIMAL FUNCTIONS

We consider the family of dyadic rectangles

(w){x:@hnﬂweQw

ti—1 t; . .
on: Sxi<2n.7221,2,...,d},1StiSQ”Z,niEN.
in the unit cube Q4. Denote by R, the subfamily of these rectangles
corresponding to a fixed multiindex n = (ny,ng,...,ng). It is clear,

that R, consists of mutually disjoint rectangles, which union is )4. For
an infinite set of integers N'C N we consider the family of rectangles

Ry = U Rn
neNd
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If N = N, then instead of Ry it will be used also the notation fR.
It is said, that a basis Ry differentiates the integral of a function

fe Ll (Qa), if
) 1
D) = diam (R)EglxeRemN |R| /R J)dt = Jx) ae. .

We note, that if Ry C Ry and Ry differentiates the integral of

f € L'(Qy), then so we will have for the basis Ry~. By Llog® ™ L(Qq)
we denote the class of functions satisfying the bound

/Q fl(log* 1)) < oo,

The classical Jessen-Marcinkiewicz-Zygmund theorem [12] states, that
the integral of any function from the class Llog? ! L(Qq) is differen-
tiable with respect to the basis of all dyadic rectangles SR. Consider
the maximal function

(40) Myt = sup o [ Il
R:xERN |R| R

corresponding to the basis Ry If N = N, then we shall use M f(x)
instead of My f(x). In the theory of differentiation of integrals it is
well known that the differentiation properties of a basis SRy closely
connected with some week type estimates of maximal function (40). In
the case N/ = N, a most general estimate for (40) is due M. de Guzman
(7], [8]. That is the week type inequality

ma{x € Qa: Mf(x) > A}

d—1
5/62d&)f)|(1+10g+&/\t)|> dt, \>0,

In fact, Llog?®™' L is the widest Orlicz class of functions, which integrals
are differentiable with respect to the basis R, and it is proved by Saks’s
in [17] and [18]. Analogous problem as well as some other problems
concerning general basis SR are considered in the papers by K. Hare,
A. Stokolos [10], P. Hagelstein [9] and A. Stokolos [19]. Notice that,
if ' = N, then Ry coincides with 2R, but in general Ry is strongly
included in R and so we have

My f(x) < M f(x).

In spite of this, the basis SRy doesn’t have better differentiation prop-
erty than 9, which is proved by A. Stokolos in [19]. Moreover, he
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proved, that for any sequence N and a number 0 < A < 1 there exists
a measurable set F C ()4, such that

(41) mg{x € Qq: Mylg(x) > A}

d—1
Z/ L (%) (1 + logJr —|HE(t)|> dt.
Q4 A A

Using this estimate one can easily show that the class Llog?™' L is
again the optimal Orlicz class of functions, having differentiable inte-
grals with respect to the basis 9. The construction of the set E in
[19] satisfying (41) is based on a modified Bohr lader construction (see
8], p. 89), which is used in the Saks theorem too. These problems for
differentiation of integrals can be discussed in view of martingale the-
ory. Indeed, consider the sequences of o-algebras Aﬁl’“), k=1,2,...d,
in )y generated by the dyadic d-dimensional rectangles

1 .
{X:(.Tl,...,Q?d)GQdizzn §$k<2in}, 221,2,,2n

It is easy to observe that o-algebra A,,, defined by (1), coincides with
the o-algebra generated by the rectangles R,,. Moreover, we have

An £l — 1
E7" f(x) R R(x)f(t)dt,

where R(x) denotes the dyadic rectangle of the form R,, containing
the point x. So taking A, = S (Rn) in Theorem 2 we will get some
equivalencies between the basis SRy and R and the Stokolos theorem
follows from Theorem 4 bellow. So from Theorem 2 we obtain

Theorem 3. For any N C N and f € L*(Qq) there exists a function
g ~ f such that

ma{x € Qa: Dyg(x) = g(x)} = ma{x € Qu: Df(x) = f(x)}.

Theorem 4. For any N C N and f € L'(Qq) there exists a function
g ~ f such that

ma{x € Qa: Myg(z) > A} = ma{x € Qu: Mf(zx) > A}.

It is well known that E“» f(x) almost everywhere coincides with the
n-th rectangular partial sum of Fourier-Haar series of function f(x).
So these theorems can be discussed in view of Haar series too.
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5. SOME MARTINGALE EQUIVALENCY THEOREMS

In this section we consider some applications of Theorem 1 in some
martingale convergence problems. We will prove some theorems, which
show that in the problems of a.s. convergence of generale martingales
one can consider simply Haar martingales.

Theorem 5. Let {A,, n € N} be arbitrary sequence and {Bn, n €
N} be regular sequence of multiple o-algebras in Q4. Then for any
€ LYQq) there exists a function g(x) ~ f(x), such that

mg{EA" f(x) converges } > mq{EP"g(x) converges }.
Let us do a remark about this theorem before starting the proof. Let

{A,, n € N} is an increasing sequence of o-algebras in F. Doob in [4]
proved that the sequence

EAf(z), n=1,2,...,
converges a.s. for any f € L'([0,1)). A generalization of Doob’s the-

orem for multiple sequences of o-algebras {A,, n € N} obtained by
R. Cairoli in [6]. He proves that the multiple martingale

E*f(x), neN
converge a.s. for any function f € Llog?™' L(Q,), that is

/Q Fldlog £ < oo.

The simplest martingales are the Haar martingales, which correspond
to the o-algebras R, of d-dimensional dyadic rectangles (or dyadic
intervals in the one-dimensional case) defined in (39). Doob’s and
Cairoli’s theorems for Haar martingales are a consequences of Lebesgue
and Jessen-Marcinkewicz-Zygmund differentiation theorems correspond-
ingly. So, using Theorem 5, Doob’s and Cairoli’s theorems, can be also
deduced from Jessen-Marcinkewicz-Zygmund differentiation theorem.
To prove Theorem 5 we need the following

Lemma 8. If {A,, n € N¢} is an arbitrary sequence of multiple o-
algebras and f € LY(Qq), then there exists a reqular sequence {Bn, n €
N4} such that

mg{EA" f(x) converges } > mga{EP" f(x) converges }.
Proof. Denote

G = {E* f(x) diverges },

G(6) = {lim sup E4» f(x) — lirllginf E4 f(x) > 5} .

n—oo
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We have
Thus for any € > 0 there exists a number § > 0, such that
mq (G(0)) > mq(G) —e.
Consider a sequence of multiindexes
(42) n® =n® ), k=12
satisfying the relation n® < n+1)  Consider the sets
GM(8) = { sup  EMf(x)—  inf  EAf(x) > 5} :
n(k) <n<n(kt+1) n() <n<n(k+1)

Using the definition of G(9), it is easy to observe, that for a suitable
sequence (42) we can ensure

mq (GP(8)) > my (G(9))

3

—§7 ]{':1,2,

Then we can find a regular sequence of multiple o-algebras {B,, n €
N4}, such that

4]
md{ sup |EA“f(X)—EB“f(x)|<—}>1—%, E=1,2....
n(9) <n<n(k+1) 3 2
Thus we get
B : B 0
ma sup E™ f(x) — inf E™ f(x) > -

n() <n<n+1) n() <n<nlt+1) 3

n(k) Sngn(k‘f’l)

> mgG™®(8) N { sup B4 f(x) - EP f(x)] < g}

2e €
> mg (G(9)) — oF 2 G| - ST

—€
and therefore

mg{EP" f(x) diverges }

> my <lim sup { sup EP» f(x)

k—o0 n(k)SnSn(k+1)
. B 0
- inf EPf(x) > =
n(9) <p<n(s+1) 3

> mg(G) — €.
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Since ¢ is arbitrary we get
mg{EP" f(x) diverges } > mgq{E*" f(x) diverges },
which completes the proof of lemma. U

Proof of Theorem 5. Using Lemma &, in Theorem 5 we may suppose,
that {A,} is regular too. Thus, applying Theorem 1, we define an
M P-transformation © corresponding to ¢; = i~! with the properties
(6)-(8). We take g(x) = ©f(x). From (6) and (7) we obtain that for

the set
G=|]J Gn

neNd
we have my(G) = 1. According to (8), for any x € G, we can find an
index n(x), such that

(©o E*") f(x) = (Eg“ o @) f(x), if n > n(x).
This means that the sequences
(6 0 E*») f(x) and (EB" o @) f(x) = EPng(x)

converge simultaneously. Therefore, since mg(G) = 1 and By is a
subsequence of B,,, we get

mq{EP"g(x) converges }
< md{EB" g(x) converges }
= mq{(© o E*") f(x) converges }
= mq{E*" f(x) converges }.
U

For a given multiple sequence of o-algebras A = {A, : n € N4} we
consider the maximal function

Maf(x) = sup, E4|f(x)]

These maximal functions play significant role in the martingale con-
vergence theorems. We prove

Theorem 6. For any two different families A = {A,, n € N¢} and
B = {B,, n € N} of reqular sequences of multiple o-algebras and for
any function f € L'(X) we have

sup ma{x € X : Mug(x) > A} = sup mqa{x € X : Mpgg(z) > A}

g g~f g g~f
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Proof. Using Theorem 1, we define an M P-transformation © corre-
sponding to &; = ¢/i with the properties (6)-(8). Let f(x) € L'(Qq)
and ¢g(x) = ©f(x). Such that

GnDGi1,..1, NE N
using (8), we get
(43) Maf(x) = Mgg(x) < Mpg(x), x€ G

Therefore, since P(G11,..1) > 1 — &, we obtain

ma{x € Qa: Maf(x) > A}

<ma{x € Qu: Mpg(x) > A} +1—ma(Gi1..1)
< sup mg{x € Qg : Mpgg(x) > A} +e.
g:g~f

Since ¢ is arbitrary, this implies
sup ma{ Mag(x) > A} < sup mq{ Mpg(z) > A}
g:g~f g:g~f

Similarly we can prove the converse inequality and the theorem is
proved. O

Let ® : Rt — RT be an increasing convex function. Denote by
L®(Qq) the class of functions f on Qg with ®(|f]) € LY(Qg). If ®
satisfies Ag-condition ®(2z) < k®(x) then L? is Banach space with
the norm || f||ze = || f||e to be the least ¢ > 0 for which the inequality

(44) /T ® (|—JCF|> <1
holds.

Theorem 7. Let ® : Rt — RT be an increasing convex function.
Then for any two families A = {Ayn, n € N} and B = {B,, n € N/}
of reqular sequences of multiple o-algebras we have

sup [|[Mag(z)lle = sup [[Mpg(z)]e.

g g~f g g~f

Proof. From the inequality (43), obtained in the proof of Theorem 6,
we have

Myf(x) < Mpg(x), xe€G =G,
Therefore

(45)  [Maf(X)lle < sup [Mpg(x)lle + [Msf(x) - La(x) ]

g:g~f



ON EQUIVALENCY OF MARTINGALES AND RELATED PROBLEMS 19

Such that the norm || - ||¢ is absolute continuous the last term in (45)
can be sufficiently small. Hence we get

sup [[Mag(x)[le < sup [Mpg(x)|s
g:g~f g:g~f

and so the converse inequality. This completes the proof of Theorem

7. O

Theorem 8. Let {A,, n € N%} be an arbitrary sequence of multiple
o-algebras and f € L'(Qq). Then there exists a subsequence {By, n €
N¢} of Ay, such that EP f(x) converges a.s.

We say the multiple sequence of functions fy(z), 2 € Qg, n € N9,
strongly converges to f(x) in measure, if

(46) lim im0 lim fu(z) = f(x)
min n;—00 min n;—o00 min n;—o0
i€A, i€Ag i€A,

for any partition Ay, As, ..., Ag of the set {1,2,...,d}, where the it-
erated limits are considered in the sense of measure. It is well known
that for any f € L'(Q,) and for an arbitrary sequence {A,, n € N}
the multiple sequence EA f(x) strongly converges in measure. So the
theorem immediately follows from the following

Lemma 9. If the multiple sequence of functions fu(x), x € Qq4, n €
N4, strongly converges to f(z) in measure, then there emists a set
N C N such that the subsequence fo(z), n € N9, converges almost
everywhere to f(x).

Proof. To avoid huge notations and for better understanding we prefer
to prove the lemma in the case of d = 2. So we consider a sequence
frin(z) which strongly converges in measure to f(x). According to
(46) we have

'n&gnoo Srrna(T) = foons (),
A fony (€)= oo (2),
(47) m foon () = f(2),
i foeo(2) = f(2),
ol fo i, (2) = f(2).

where all the limits are considered in measure sense. We suppose that
the sequence N' = {l,ls,...,lx,...} have been already chosen. Then
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we denote
Gy =

{fin(@) = for (@) <27% i=1,2,... k- 1}
O] frne (@) = frooo(@)| <27Fi=1,2,... k—1}
N { firoo (@) = f2)] < 277}
N {l oot (@) = f(2)] < 277}
N {l fipan () = ()] < 277}

Using (47), we can chose the sequence N, such that

1

Putting

G = Upen Nizn G,
we will have my(G) = 1. Hence, it is enough to prove the convergence
of i1, (x) for any z € G, as n,m — oo. If z € G, then

r € Gy, k>k(x).

Chose arbitrary integers n, m > k(x). If n = m, then, according to the
definition Gy, we have

| finim (@) = f(2)] = [ fr,0.(2) — f(2)] <27
If n < m, then we get
| fin i () = foounm (z)] <277,
| fooidm (7) = f(2)| < 27"
and therefore we obtain
| finim () = f(x)] < 2-277.
The lemma is proved. U

6. RIEMANN SUMS

In this section we display an application of martingale theorems in
Riemann sums, defined by

(48) Rnf(x):%nz_:f(ij%), z €T,
k=0

where f(x) is an integrable function on the torus T = [0,1] = R/Z.
It will be an important complement to the paper [13] by author. It
is not hard to see, that if f is continuous then these sums converge
to the integral of f uniformly and they converge in L'(T) while f
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is Lebesgue integrable. We consider almost everywhere convergence
problems of Riemann sums or subsequences of (48). B. Jessen in [11]
proved a.e. convergence of subsequence Ry f(x) for any f € LY(T).
W. Rudin [16] constructed an example of a function L>°(T), such that
R, f(x) everywhere diverges. These are two fundamental theorems in
the theory of Riemann sums. Almost everywhere convergence problem
of Ry, f(z) for a given sequence of integers D = {1 < 1; < ly < ...}
is investigated by many other authors([3], [5], [1], [2], [14], [15]). As
it is shown by Rudin [16] convergence properties of R;, f(x) strongly
depend on arithmetic properties of D. L. E. Dubins and J. Pitman in
[5] proved, if

(49) D:{nEN:n:plflpSQ...pfld, ki, ko, ... kg € N}

where py, pa, . . ., pa, are some fixed primes, then for any f € Llog?™* L
the subsequence R, f(z) corresponding to (49) converges a.e.. Then
Y. Bugeaud and M. Weber in [3] proved that the class Llog? ' L is
nearly sharp.

Theorem A (Bugeaud, Weber). If the sequence D = {l, k =1,2,...}
is defined by (49) and 0 < € < 1, then there exists a function f €
Llog® "¢ L(T) such that Ry, f(x) is almost everywhere divergent.

The proof of this theorem is based on the method of R. C. Baker
[1], where author has proved a weaker version of this theorem. A final
correction in the last theorem is made by author in [13].

Theorem B (Karagulyan). Let I be a sequence in (49) and ¢ : RT —
R* be an increasing function satisfying the condition

. o)
1 R S
:Cl—>rgo €T lnd_l €T

Then there exists a function f(x) € L?, that is

/0 6 (1f(2)]) do < oo,

such that the sequence Ry, f(x) is everywhere divergent.

=0.

We prove this theorem, establishing a direct connection between Rie-
mann maximal functions and ordinary maximal functions in R%. We
associate with the set of integers (49) the family of d-dimensional rect-
angles

t;—1 t;
{xEQd: > Sxk<7,k‘:1,2,...,d},
p’L k2

) 7

O§t1<pfz, si:O,l,Q,..., i:1,2,...,d
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and denote it by SRp. Consider two maximal functions

Rpy(r) = sup Rylg(z)], =z €T,
ne

and .
Mpf(x) = swp o [0l x e Qu
R:xERp |R| R
In [13] we proved, that

(50)  sup md{x eT: Rpg(z) > )\}

llglle<1

= sup md{:c €Qq: Mpf(x) > )\},
Iflle<1

for any A > 0, where || - [[¢ is Orlicz norm defined in (44). Using

Theorem 6 we have

(51) sup7nd{a:e(9d: AJDf(x)>>A}

f~g

= supmd{x €EQq: Mf(zx) > )\}.
f~g

Since the norm || - || is rearrangement invariant, using (50) and (51),
we obtain

Theorem 9. If D is the set of indexes from (49), then

sup md{:c €T: Rpg(x) > )\}

llglle<1

= sup md{x €EQq: Mf(x) > )\},
I flle<1

where M f(x) is the mazimal function with respect to all dyadic rect-

angles defined in Section 5.
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