Multidimensional martingales
associated with the Ising model

Khachatryan L.A., Nahapetian B.S.

Institute of Mathematics, National Academy of Sciences of Armenia

Introduction

The problems relating to the multidimensional martingales are now becoming more
and more attractive (see, for instance, [1-12]). In the mentioned works the large
and interesting classes of such martingales are described and various limit theorems
are obtained. It was also demonstrated the applicability of the martingale method
in the mathematical statistical physics, particularly in the theory of Gibbs random
fields.

In [3], a martingale model associated with the Ising model was constructed. It
was shown that for this model the central limit theorem for the total spin (CLTS) is
valid for all values of parameters including the critical one. The latter is of special
interest as far as according to the generally accepted hypothesis the asymptotic
normality of the total spin at a critical point should not occur.

In this paper the connection formulas between the martingale and the Ising
models total spins probability distributions is established. We also found the simple
form of the total spin characteristic function of the martingale model expressed in
terms of the Ising model total spin distribution and vice versa. It allows to obtain the
direct proof of CLTS for the martingale model and specify the way of proving CLTS
for the Ising model for non critical parameters. Since CLTS for martingale model
holds for all values of parameters we presume that above mentioned connection
formulas give a possibility to find a limiting law for the Ising model total spin at
the critical point.

1 Preliminaries

Here we present the basic concepts and notations used in this paper. Let Z%, d > 1
be the d-dimensional integer lattice, W = {V C Z%,|V| < co}! be the set of all
finite subsets of Z¢ and X C R be some set.

A collection of random variables (&) = (&,t € Z?), each of which takes value in
X we will call a random field defined on Z¢ with phase space X.

For any S C Z% x; € X we denote by X° = {(z;,t € S)} the space of all
configurations on S. If S = @, we assume that the space X? = {@®}. For any
S, T C 7% such that SNT = @ and any configurations z € X° and y € X7, we
denote by xy the concatenation of x and y, that is, the configuration on T'U S equal

'Here and below the symbol |V is used to denote the power of the finite set V.
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tozon SandtoyonT. Forany S C T, x € X, we denote by xg the restriction
of z on S. .
Let S be the o-algebra, generated by cylinder subsets of the set X%*. The

distribution of a random field (&) is the probability measure P on (X Zd,%zd>,

such, that
Pr{(&,tez’)eB}y=P(B), Bes”

Let us define a group of transformations 7, a € Z% on X% such that (,z) .= Titq
for any z € X2, Let . be the o-algebra of invariant subsets of X%’

O‘Z:{AE%ZCI:T@A:A}.

A random field (&) with distribution P is called homogeneous random field if for
any A € 3% and a € Z¢
P(rad) = P (A),

and is called ergodic random field if its distribution P is trivial on .Z, i.e. P(A) €
{0,1} when A € .Z.

A random field (&) is called a martingale—difference random field (see [1]), if for
any t € Z¢

E&] < o0 and E(&/&,s € ZN\{t}) =0 (as.).

Here E (ft / &, s € 74\ {t}) is the conditional expectation of & with respect to o-
algebra generated by random variables &, s € Z4\ {t}, t € Z°.
The main result for the martingale—difference random fields is the CLT ( [2]).

Theorem 1. Let (&) be a homogenous ergodic martingale—difference random field
such that 0 < o* = E&} < oo. Then

1 1
lim P —— <x :—/6_“/2du, reR,
n-so0 <0'|Vn| th ) V2T

where V,, 1s a d-dimensional cube with side length n, n =1,2,....

2 The Ising model

Ising ferromagnetic model (further — Ising model) is defined on Z? by means of the
nearest neighbor pair interaction potential

Ty, It —s|l=1
Doy (225) =

0, [t = sl #1
d . .
where z;, 7, € X = {=1,1} and ||t — s|| = 3 [tV — s?|, ¢, s € Z4. The Hamiltonian
i=1
of this model is equal

Hh (x/z) = —= Z TiTs — Z a:tzis—hZ:Bt,

tseV teV,s€dV: teV
lIt—sl|=1 llt—sll=1



where z € XV, 7 € X2V, V € W and the parameter h € R corresponds to the
external field. Let § > 0 be a parameter proportional to the inverse temperature.
The conditional probability distribution of Gibbs random field (§;) corresponding to
the Ising model is defined by the following way

exp {—BH{} (x/f)}
> exp{—-BH! (z/z)}

2eXV

PP (& =t €V /e =a,,5€ ZN\V) = P (x)7) =

forany Ve W,z € XV and z € X2V
Denote

P‘éﬁ = Pg’h (x/2s=1,8 € OV) and P‘éf = P‘/j’h (2)%y = —1,s € V),

where

— d . — — mi —
oV ={teZ\V:pt,V)=1}, p(t,V)—IsIélél‘t s|.

It is well known that Pgﬁ and P‘éf are weakly converge to some limits Pf’h and
PP" when V 1 Z4. For d = 1 there exist the unique limiting distribution ( [13]), i.e.

pyt =poh

for any values of parameters (5,h). In the case d = 2 the uniqueness takes place
only for h #£0,0< 8 <ocand h =0, 0 < 8 < B, where ., is the critical inverse
temperature. But for h = 0 and § > .. we have

Pyt £ PP

A point (B, 0) is the critical point for the Ising model.

3 The martingale model

Consider the model which was introduced in [3]. The pair correlation between spins
in this model is equal to zero for any values of (3, h). This model is defined by the
following nearest neighbor pair interaction potential

) el - s, it =sll =1
Py (Yeys) = { 0, It —s|| # 1,

where y;,y, € Y = {—1,0,1}, t, s € Z¢. This potential is even, i.e.
Sy (z,t €V) =0y (1], t€V), 22XV VeW

It was shown in [1] that a Gibbs random field with symmetric (with respect to zero)
phase space and even potential is a martingale—difference random field. Hence the
Gibbs random field (7;) corresponding to the potential ® is a martingaledifference.
The Hamiltonian of this martingale model is given by

~ 3 1 B
H@(y/y)=—§ PR A S AR A

t,seV: teV,sedV: teV
llt—s||=1 llt—sll=1



wherey € YV, g e YEWV VeW.
Let us rewrite the Hamiltonian H% (y/g) in a more convenient form. Using the
same idea which was used in [3] one can obtain

- ~ 1 1 _
H (y/9) = 5. 2 Qlul=1)-Clyl =1 =7 > Clyl=1)- 25 -1)-
t,seV: teV,sedV:
b d llt—s]|=1 ) lt—s||=1
+ _
——— 2 Clul-)—5 > gl =r(VI].|oV]) =
2 teV 2 teV,s€dV:
[lt—s[|=1
Ly . ! .
=78 Q=125 =) -5 > g+ f(V].[0V])
teV,sedV:
l[t—s|l=1
where p y . .
fFVLIV =5IVI+5IVI—g >, 1-=7 > L
t,seV: teV,sedV:
llt—sll=1 llt—sll=1
and

The conditional probability distribution of the Gibbs random field () takes the
form

exp R — ﬁ[{; m
Q‘%h (nt:ytatGV/T]S:gS’SGZd\V) :Q‘B/,h (y/g): p{ B ~(y/y)}_ _
> exp {—BH{ (2/9)]

2€YV

h+d

oo { =7 21yl = 1/205 - 1)
5 e {-5m @125 -0}

zeYyV

It is not difficult to see that

> exp{—gﬂﬁd (2|z|—1/2|y|—1>} =

2eYV

[V]/2 g P R Z
=22 3 exp( —gHy 212 - 1/215] = 1) .
zeX
Hence
Qv (y/y) =
B h+d—an2)/8 _
B RIS
=2 v B riam2/s _ -
2 expq— Hy 2]z = 1/2]g1 = 1)
zeY
— > |yt| B htd—4(n2)/8
—2 &R 2yl - 1720 - ).
Denote

Qve =QV" (y/ys =0,s € V),
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Qv = QY (y/ys =1,s€dV),
Q" = QY (y/gs = —1,s € V).
We have

= 3 |yl B htd—4(n2)/p
0 @ll=1),

=3 |ul ﬁ’h+d—4(1n2)/,ﬁ
QUi =@t =2 TR (2l - ).
Further for any I C V one can write
= > el B htd—4(In2)/8
7h b
(@), =2 5" (A7) el 1)
I

and
= > lyel 8 htd—d(n2)/5
(@), = (ai), =2 & (REZH) epi-n. @

Since as V' 1 Z4 the limits in the right hand sides of (1) and (2) exist, then there
also exist limits

(@") @) =tm (Q)) .  je{o+-)

vizd
and

~ % lwl (8 hrd-an2)/s
(05") =2 5" (PEE) -,
I

(@27), 00 = (@), =2 5" (PEF) 2pl-).

From these equations we conclude that the limiting distribution for the martin-
gale model is unique whenever

h+d—4(n2)/8

0 0
5 70, B>
and h+d—4(In2

A g 0<lap,

(since for corresponding parameters we have uniqueness in the Ising model), and
there is a phase transition on the curve

4ln2_
B

The critical point (8}, hY,.) of the martingale model has coordinates

h+d_ 07 6>4ﬂ07“

41n 2
B =A4B.,  hh = ———d,

cr

where [, is the critical inverse temperature for the Ising model. Note that at the
critical point the limiting distribution Q%r"er is unique.



4 Connection formulas of total spins probability
distributions

Denote by S5 = 37 & and Sy = > n: the total spins in the volume V' € W for the
tev tev
Ising model and the martingale model respectively. The relation

= 2|ne — 1, t e 2

allows to find the connection between probability distributions of total spins S£ and
S In [3] the formula expressing the probability distribution of Sj, by means of the
probablhty distribution of S5 and the inverse formula expressing the probability
distribution of S§ by means of the probability distribution of S{. were established.

Let us note that the inverse formula obtained in [3] is quite complicated and
inconvenient for further study. In this paper a more compact form for the connection
formula of total spins probability distribution is found.

For the sake of simplicity we will consider the random field (¢;) with phase
space Z = {0, 1} instead of the random field (&) with phase space X = {—1,1}
corresponding to the Ising model, such that

1
G = &+ ’ te 7zl
2
Then
Ct: ’nt|7 tEZd

The following two theorems present the connection formulas between probability
distributions of total spins S‘C/ and S}

Theorem 2. The probability distribution of total spin S}, by means of probability
distribution of total spin S‘C/ 1s given by the following formulas

[(IVI-k)/2]
P(Sp =k = > 2®emon, p (s@ —k+ 2m> 2 (3)

m=0
P(Sp=k)=P(SL=—k), k=0,1,.V],
where [-] denotes the integer part of number.
Proof. Denote Vt ={teV g =+1}and V- ={t € V :n, = —1}. Then
Se=>_m=V*-|v.
tev

Hence the event {w : S{, = k} can be rewrite as follows

{“‘Zm:’f} { VH = km, [V =m0 < m < LV I—k:}:
U

teV
-U U {w mo=—lteln= +1te]\]nt_0t€V\I}
m ICV Icr
|I|l=k+2m |f|:

2Here and below C* stands for the binomial coefficient, i.e. the coefficient of z* in the expansion
of (1+x)".



where [ = {teV g ==+1}, I = {tcV =1}, cI CcV,0<k<|V]
Then

[(IVI=Fk)/2]

PSi=k= Y ¥ 3 P(m 1teln= +1te[\[77t_0t€V\I)
m=0 |IIC|Vk+2m |I |
[(V|=k)/2]
= 3 3 z 2-k+2mp (¢, =1t €I, =0,t € V\I) =
m=0 Icv Ic
|I|=k+2m ’ |
[(V|=k)/2]
= > 2=®eEmgm N P(G=1tel,=0,teV\I)=
m=0 Icv
|I|=k+2m
vk ;
= X 2o, P (5§ =k +2m).
Similarly
[(IVI=k)/2)
P(Sp=-k)= > 2®mep, P(S)—=k+2m),
m=0

ie. P(Sl=—k)=P(SL=k),0<k<|V].

More important is the following theorem.

Theorem 3. The probability distribution of total spin S‘C/ by means of probability
distribution of total spin Sy is given by the following formulas

v/
2 (sg — o) =P(Sp=0)+2 Y (~1)"P(S} =2m),
m=1

[(IVI=k)/2] k4 om
P (S5 =k)=2" mzo (~)" SO P (ST = k4 2m) (4)
for any k=1,2,....|V|.
Proof. Denote
brsam =212 P (S5 =k + 2m).

The relation (3) will be written as follows

[(IVI=FK)/2]
P (S‘r} = k) = Z k+2mbk+2m7

m=0

which is one of mutually inverse relations of Chebyshev type (see, for example, [14]).
Then

[(1VI=k)/2] . )

by, = Z—:o (=)™ (Cp + O ) P(S) =k +2m) =
[(VI=h)/2] k4 om

— _ m > " m " ym Ui —

= X (0" Ol (S) =k 2m),



which proves the relation (4). The expression for P (S‘@; = O) follows from the
requirement

5 Characteristic functions

Relations obtained in Theorem 2 allow to express the characteristic function of the
total spin S{, in terms of the probability distribution of the total spin S‘C/.

Theorem 4. The characteristic function fs‘n/ (t) of the total spin Sy. has the follow-

g form
\4

for (1) =" (cost)* P (55 - k:)

k=0

Proof. For the sake of simplicity let us denote |V| = n,
P(sy=i)=da", j=0n,

P(Sy=j)=b",  j==nn

By virtue of Theorem 2 one have

/2]
o) =" 27¥0s ey, k=01, [n/2],
j=k
[n/2]

B | = 22 2RO L k=12, [n/2],

bk = b,k, k= —n,n.
Then

it Q7 n [n/2] n 1 n
fs(’, (t) = EeitsSy — b(() ) + kzl ( it2k +efzt2k) bék + kzl ( it(2k—1) _f_efzt(Zkfl)) _bgkll _

(n) /2] 25 (n) J i—k (_it2k it2k
=by + > 27Vay, Z Co; " (e"2F 4 eit2h) 4
=1

[n/2] ,
+ E 9-2j+1, ( ) Z C%] kl ( it(2k—1) _I_ef@t(%q)).

It is not difficult to show, that

(1 + €2it)2j _ eQit ng + chj—k (ethk + e_”%)
k=1

Hence
J
chj—s (eitQk + efitZk) —e —2itj (1 + e?zt) Cé] _ ( —it + ezt) ng
k=1
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Similarly, from
. 2 y 1 . . ] . . .
(1 + 627,15) J—t ezt(Qj—l) chj—lﬂl (e—zt(Zk—l) + ezt(?k—l))
k=1
we have ‘
J .
ch‘;_kl (e—it(Qk—l) + eit(Qk—l)) _ (e—it + eit)Qj_l,
k=1

[n/2] o
Taking into account that b = 3 2% ngag;), we finally obtain
i=0

n e~ it 4 eit J . n .
i =3 (S5 ) = 3 oty

7=0
]

The next theorem establishes the expression for the characteristic function of
the total spin S‘C/ in terms of probability distribution of the total spin S{.. It is
interesting that in obtained expression the coefficients are the known Chebyshev
polynomials of the first kind.

Theorem 5. The characteristic function fS‘c/ (t) of the total spin S‘C/ has the follow-

g form
V]

fS‘g/ (t) = Z cos (k: arccos e”) P (S} =k).

k=—|V|

Proof. Here we will use the notations introduced in the proof of Theorem 4. By
virtue of the Theorem 3 one have

[n/2]
=" +2 Z )" by,
[n/2]
n k o™
@ék) - 22k Z ]{Z +m m—H’:bénz?
- [n/2] o —
n k — m m
a2k 1 ( 1) 22k 12(_1) m—i—k 1Cm+]]§ lem 1
m=k

for any k = 1,2,...,n/2. Then

_ pitss, _ (1) /2] it25 ,(n) /2] it(2j-1) ,(n)  _
fSC (t) = Ee™v =qa;’ + Z e Vag;" + >, € Ao~
Jj= Jj=1
[n/2]

+m>%i—mwww

(/2] (-1)%““ e ko1
>

2k—1 k— it\J
. , C’ " 4%ty
= 2¢it j; L +] k+j5—1 ( )




Denote k — 7 = s. One have

- : he~ 2k
k i i s it —S
Z:; Okﬂ] 462 t)J — (_462 t) ;m s (_462 t)
and
- 2k —1 j k k 2k —1
—_ k 7 i - " i _s
D g oGk (A7) = (4e) ) g O (—4€)
j=1 s=0
Hence

[k/2]

fos (1) = b +sz itk ”)Z O ()

Let us transform the known expression of the Chebyshev polynomials (see, for
example, [15]). We obtain

[k/2] I: [k/2] L
cos (k arccosx) = E (—1)° ’ Cy 2k-2smlgh=2s — oh=lgk E k Ci_y - (—42*) ™"
—s -5
s=0 =0

Then

foc (t) = b + 2 E cos (k arccos e™) ™.
v
k=1

Since b s ,3, we finally obtain

n

fS‘c/ (t) = Z cos (k arccos e™) b,gn).

k=—n

6 On the limit theorems

As it was mentioned above the limiting distribution Q%r"er of the martingale model
at the critical point is unique. Hence it is ergodic ( [16]). Since the potential ® is
translation invariant the corresponding to this model martingale—difference random
field (n;) is homogenous. Hence the random field (n;) satisfies the conditions of
Theorem 1, and therefore CLTS for the martingale model holds also at the critical
point (3, h,).

However the result of the Theorem 4 allows to easily obtain the direct proof of
the asymptotic normality of the total spin S

Theorem 6. Let fS"}/\/D_S(’, (t) be a characteristic function of the normalized total

gn
spin V__ . Then

/DST

fse/m(t) e 2 as V1 7%
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Proof. Since random field (¢;) is homogenous let us denote P ({; = 1) =p, t € Z%.

It is clear that M S‘g/ = p|V]. Since (1) is a martingale-difference random field we
have M Sy, = 0 and

DS =ESu)? =Y E =Y P(=1)=Y PG=1)=p|V|.
tev tev eV

Here we used the relation ¢; = || = n?, t € Z°.
By virtue of the Theorem 4 one can write

14 J
Sy ¢ _
fs@/\/DS{} (t) = Eexp {Zt p"/w } = ]Ezo <cos p— W) P <S‘</ = j>.

Further sequentially applying the Maclaurin series to functions

2
cosx:1—$—+o(x4)

2
and '
(14 2) =1+ jz+o0(2?),
we obtain
J
COS; =1-7- t +7- 0(|V’ )+0(|V|_4)

VoV 2p V]

Then

sn/mﬂ i(l—j 2t|2v|—|—j o (V| )+o(|V|‘4)>P(56—j)—

Co(VI)ESE o (V) =1- 5 +o(V),

2p IVI
and the assertion of the theorem follows. O]

In [17] it was shown that for Gibbs random fields corresponding to bounded finite
range potential the local limit theorem for the total spin (LLTS) follows from the
central limit theorem. Thereby for the martingale model LLTS is also valid.

Now we return to the consideration of the Ising model. Since & = 2(; — 1 for
any t € Z¢ we have S5, = 255, — |V| for each V € W. This observation leads to the
following results.

Theorem 7. The probability distribution of total spin S‘g/ by means of probability
distribution of total spin Sy, is given by the following formula

[(n=|V[)/4] :
k+[VI+4) E+ V] .
& _ o(k+|V])/2 S R VAR R e mo_ - 171
P(Sv_k>—2 > (-1 P 2j0k+2‘w+jP Sy 5 T2 )

for any —|V| < k < |V].

Theorem 8. The characteristic function fg (t) of the total spin S‘g, has the follow-
1%

ing form
14

fg‘ﬁ/ (t) = e "IV Z cos (k arccos e**) P (S}, = k).
k=—|V]
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It is known that CLTS for the Ising model holds for non critical values of (3, h)
(see, for example [18]). Let us note that the results of Theorems 7 — 8 also give a
possibility to prove same result for the Ising model by virtue of their validity for the
martingale model.

It is known that when h = 0 and S 1 (.. the correlation between components of
random field (&;) corresponding to the Ising model grows and one can not consider
the components of (&) as a weakly dependent random variables. Hence it is assumed
that CLTS can not be valid at the critical point for the Ising model. In the same
time for the martingale model CLTS and LLTS hold for any values of parameters.
This fact gives us a hope to find by proposed method a limiting law for the Ising
model total spin at the critical point.
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Abstract

A martingale model associated with the Ising model is considered. The char-
acteristic function of the martingale model total spin was expressed in terms
of the Ising model total spin distribution and vice versa. The direct proof of
central limit theorem for the martingale model total spin was obtained. The
possible way of proving the central limit theorem for the Ising model total
spin was specified.
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