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1. Introduction and Statement of the Results 

Let           denote the Sturm–Liouville problem 

 

                            (1.1) 

                              (1.2) 

                              (1.3) 

 

wher e  is a real-valued, summable function on       (we write   

  
       . By          we also denote the self-adjoint operator, generated 

by the problem (1.1)–(1.3) in Hilbert space         (see [1; 2]). It is well-

known that the spectra of          is discrete and consists of real, simple 

eigenvalues (see [1; 2; 3]), which we denote by                   , 

emphasizing the dependence of    on  ,   and  . For    the following 

asymptotic formula have been proven in [4]: 
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             (1.4) 

 

where    is the solution of the equation (for    ) 

 

        
 

 
      

    

            
 
           

  

 
 

 
      

     

            
 
           

   

(1.5) 

 

and               , when    , uniformly in           and   

from any bounded subset of   
       (we will write      

       . It 

follows from (1.5) (for details see [4]), that  

 

        
         

  
                    (1.5a) 

        
 

 
 

    

    
 

 
 
         

 

 
        

          

(1.5b) 

        
 

 
 

    

     
 

 
 
         

 

 
        

         

(1.5c) 

              (1.5d) 

 

Let              and              be the solutions of (1.1) 

with initial values 
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The eigenvalues    of          are the solutions of the equation 

 

                                     

                                      

 

It is easy to see that for arbitrary          ,         

                     and                           are 

eigenfunctions, corresponding to the eigenvalue          . Thes 

quares of the   -norm of these eigenfunctions: 
 

                   
    

 

 

                       
    

 

 

 

 

are called the norming constants. 

The main results of this paper are the following theorems:  

Theorem 1.1. For norming constants    and    the following 

asymptotic formulae hold (when    ): 
 

          
 

 
   

           

             
       

    

 
 

             
   

          

           
        

    

(1.6) 

          
 

 
   

           

             
       

    

 
 

             
   

          

           
        

    

 

 

where 

              
 

 
                             

 

 

  (1.7) 
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  and                  

 

  
  (the same esti-

mate is true for    and    ), when    , uniformly in           and 

     
      . 

Theorem 1.2. For both           and    ,      cases the 

function k, defined as the series 
 

       
  

         

 

   

                

 

is absolutely continuous function on arbitrary segment             , 

i.e.           . 

The dependence of norming constants on   and   (as far as we 

know) hasn't been investigated before. The dependence of spectral da-

ta (by spectral data here we understand the set of eigenvalues and the 

set of norming constants) on   and   has been usually studied (see [1-

3], [5-9]) in the following sense: the boundary conditions are separat-

ed into four cases: 

 

1)       ,        ,  i.e.         ; 

2)       ,        ,  i.e.           ; 

3)       ,        ,  i.e.       ,    ; 

4)       ,        ,  i.e.   ,    , 

5)  

and results are formulated separately for each case. For eigenvalues, 

formula (1.4) generalizes and unites four different formulae that were 

known before in four mentioned cases (see [4]). 

So far, for norming constants the following is known. 

In the case        it is known that for smooth   

 

         

     
 
 

 
    

 

  
   (1.8) 
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For absolutely continuous   (we will write          ) the 

proof of (1.8) can be found in [2]). Let us note, that if          , 

then      
 

 
 , and it is easy to see, that in this case (1.6) takes the 

form (1.8). In [10], under the condition      
     

  
 (almost every-

where), and       , where   is a function of bounded variation (we 

will write           , the author asserts that 
 

         

     
 
 

 
     (1.9) 

 

where the sequence        
  is characterized by the condition that the 

function               
 
    has a bounded variation on      , i.e. 

         . Our result is similar to this, but there are some differ-

ences, in particular, we assert that           . 

In [9], for     
      , it was proved that 

 

         

     
 
 

 
 
  
 
  (1.10) 

 

where        
     (i.e.      

  
     ), and         

 

 
  (see (1.7)). 

It is also important to note that norming constants           are 

analytic functions on   and  . It easily follows from formulae (3.1), 

(3.2) and (3.4) below and from the result in [4], which states that 

          (  
                  ) depend analytically on   and  . 

In the case       ,        it is known that for smooth   (for 

          the proof of (1.11) can be found in [2]) 

 

          
 

         
     

 

  
     (1.11) 
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Since         
 

 
   

 

 
  (see (1.5b)), then it is easy to see that 

(1.11) follows from (1.6). Besides, we see that (1.6) smoothly turns 

into (1.11) when     (for          ). 

In the case               the following result can be found 

in [2] for          : 
 

          
 

   
     

 

  
    

 

We think that it is more correct to write this result in the form 

(note that          ) 
 

          
 

        
     

 

  
   (1.12) 

 

to keep the beginning of the enumeration of eigenvalues and norming 

constants starting from  , but not from  , as in [2]. 

Our proofs of the theorems are based on the detailed study of the 

dependence of eigenfunctions      and    on parameters   and  . We 

will present it in the sections 3 and 4. But first we need to prove some 

properties of the solutions of the equation (1.1). 
 

2. Asymptotics of the solutions 

Let     
      , i.e.   is a complex-valued, summable function 

on      , and let us denote by        ,          , the solutions of the 

equation 
 

                (2.1) 
 

Satisfying the initial conditions 
 

                                         

  
           

           
           

          
(2.2) 



М А Т Е М А Т И Ч Е С К И Е  Н А У К И  

 
 

13 

Let us recall that by a solution of (2.1) (which is the same as 

(1.1)) we understand the function y, such that  ,            and 

which satisfies (2.1) almost everywhere (see [1]).  

The solutions    and    (as well as the second pair    and   ) 

form a fundamental system of solutions of (1.1), i.e. any solution   of 

(1.1) can be represented in the form: 
 

                  
             

              
             

(2.3) 

 

The existence and uniqueness of the solutions   ,           

(under the condition     
        were investigated in [1], [11-14]. 

The following lemma in some sense extends the results of the men-

tioned papers related to asymptotics (when     ) of the solutions   , 

         . 

Lemma 2.1. Let     
      . Then for the solutions   ,    

        , the following representations hold (when      ): 
 

              
 

  
         (2.4) 

        
     

 
 

 

   
         (2.5) 

                  
 

  
         (2.6) 

        
         

 
 

 

   
         (2.7) 

 

where  ,  ,  ,   are twice differentiable with respect to   and entire 

functions with respect to  , and have the form 

 

                   

 

 

                   

 

 

  (2.8) 
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(2.9) 

                        

 

 

                    

 

 

  

            

(2.10) 

                        

 

 

                     

 

 

   

            

(2.11) 

 

and   ,          , satisfy the estimates (when      ) 
 

                       
       

   
   (2.12) 

                       
            

   
   (2.13) 

 

uniformly with respect to      
      . 

Proof. In [14] the authors have proved that         can be ob-

tained as a sum of series 

 

                    

 

   

  

 

which converge to           uniformly on bounded subsets of the set 

          
      , and where           

     

 
, 
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For    we have the estimate (when     ): 

 

            
       

      
  
    

  
             (2.14) 

 

where                
 

 
 (see [14]). To prove (2.5), (2.9) and the es-

timate (2.12), we write    in the form 
 

           
         

 

     

 
    

 

 

 
 

   
                         

 

 

   

  
     

   
       

 

 

 
 

   
                   

 

 

  

 

and note that 

 

  
                                     

 

 

          

 

This implies that   
         . By writing                 

            
 
   , we obtain 
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where   
 

   
                 

 
    and therefore        has the 

form (2.9), where             
         

 
   . Now, from the esti-

mate (2.14), we obtain that 

 

            

 

   

  
       

      
  
  

  

 

   

 
         

    

    
 

  
      

        

 

   

  

 
         

    

    
 

  
      

             

 

   

 
         

    

    
 

  
    

      

 

   

  

 
         

    

    
 
     

    
  
    

    
 
       

     

     

 

This implies (2.12) for      . Since   
           and 

        
     

 
, then we obtain that  

 

   
               is also a 

twice differentiable function (more precisely             . Asser-

tions for   ,   ,    can be proven similarly. 

 

  3. The proof of the Theorem 1.1 

According to (2.3), the solution             which we will de-

note by           for brevity, has the form 

 

                                   (3.1) 

 

and according to (2.4) and (2.5) we arrive at:  
 

                 
 

  
              

     

 
 

 

   
              

 

Taking the squares of both sides of the last equality, we obtain:  
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(3.2) 

 

Recalling the formulae        
 

 
           and  

       
 

 
           , from (3.2), we obtain: 

 

             

 

 

 
 

 
      

      

  
       

 
 

 
               

 

 

 
 

  
          

 

 

        

 
      

  
          

 
 

  
               

 

 

               

 

 

           

 
        

   
                 

 

 

  
 

   
      

      

   
       

 
 

  
               

 

 

 
 

  
           

 

 

        

(3.3) 
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We are going to receive the asymptotic formula (1.6) by the sub-

stitution                        in (3.3). To this aim, we esti-

mate each term of the right-hand side of (3.3) for     . It can be 

easily deduced from (1.4) that for       we have the following as-

ymptotic formula: 
 

                    
   

            
     (3.4) 

 

where      
 

 
       
 

 
,                

 

 
  uniformly with re-

spect to           and      
       (see [15]). 

It follows from (1.5a)–(1.5d) that sin            
 

 
  and 

 

                  
 

 
                     

 

  
   (3.5) 

 

for all                  . 

Thus, the second term 
 

       
  

        
 

  
        (3.6) 

 

Important is the third term: 
 

  
                
 

 
. According 

to (2.8) and (2.12) we have 
 

                   
 

  
   (3.7) 

 

where 
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  (3.8) 

 

After multiplying both sides by       , integrating over       

and changing the order of integration we get 

 

                

 

 

  
       

  
              

 

 

  

 
       

   
               

 

 

 
 

 
                    

 

 

  

(3.9) 

 

Taking into account the formulae (3.5) and denoting (see (1.7))  

                 
 

 
                     

 

 

  

we can rewrite (3.9) in the form 
 

                 

 

 

        
 

 
   (3.10) 

 

Since                      
 

 
                 

 1  holds uniformly with respect to       ], then   =  + 1 , and 

therefore the third term of (3.3) has the form 

 

 

  
                 

 

 

 
  

         
    

 

  
   

 



М А Т Е М А Т И Ч Е С К И Е  Н А У К И  

 
 

20 

Now, let us focus on the remained terms of the equality (3.3) for 

    . The terms from the fourth to the eighth have the coefficient 
 

  
 , 

where   , and therefore they have the order   
 

  
 . Concerning the 

last four terms of (3.3), we observe that both 
       

   
       and 

 

  
             

 

 
      have the same order   

 

  
     

  . An im-

portant term is 
 

  
                 

 

 
. According to (2.9) and (2.12) 

we can write         in the form 
 

                   
 

  
   (3.11) 

where 

 

               

 

 

                         

 

 

  (3.12) 

 

A simple computation yields: 
 

                      

 

 

                      

 

 

                

 

After integrating the latter equality from    to  , changing the 

order of integration and taking into consideration (3.9) we get:  
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and the refore the eleventh term of the equality (3.3) for      has 

the form 

 

 

  
                 

 

 

 
 

   
 

  
         

   
 

  
    

 

Let us remark that from (3.4) we have 
 

  
 

 

    
   

 

  
 . Thus, 

 

          
 

 
   

   
            

    
 

  
         

    
 

  
           

 
 

              
   

   
            

    
 

  
         

(3.13) 

 

If       , then   
 

  
          can be included into the term 

  
 

  
      , and if       , then these terms are absent. Finally, we 

can write (3.13) in the form (1.6). For    everything can be done simi-

larly. Theorem 1.1 is proved. 
 

4. The proof of the Theorem 1.2 

In the sequel the following notations will be used: 
 

                                    

 

 

               

 

 

   (4.1) 

 

Now, we have 
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(4.2) 

 

It was observed in (3.5) that           
 

 
 . If we denote by 

         
 

 
 and     

       

        
   

 

  
 , then we can rewrite      in 

the form 

 

                  (4.3) 

 

where 
 

                             

 

   

  

 

(4.4) 

                               

  

 

 

   

                  (4.5) 

 

Since      
 

  
 , then the series in (4.4) converges absolutely 

and uniformly on       , and            . 

Next, we consider two cases: 

Case I: If         , then by (1.5a) we have 
 



М А Т Е М А Т И Ч Е С К И Е  Н А У К И  

 
 

23 

        
         

   
    

 

  
  

 

 
    

 

  
     

 

 
   

 

where   
           

 
. 

 

Recalling the Maclaurin expansions of the functions      and 

     around the point    , we obtain 

 

                
               

 
         (4.6) 

 

where      , as all the other entries of (4.6), is a smooth function 

(    
 ) and 

 

        
 

  
  (4.7) 

 

uniformly on         . Therefore    can be written in the form 

 

                         

where 

           
 

 
             

  

 

 

   

       

    
 

 
             

  

 

 

   

          

   
 

  
              

  

 

     

 

   

  

                

  

 

 

   

             
 

 
              

  

 

 

   

       

(4.8) 
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(4.9) 

                    

  

 

     

 

   

  (4.10) 

 

Since            , then Fourier coefficients are 
 

             

  

 

    
 

 
                

  

 

     
 

 
   (4.11) 

 

Also we note that 
 

              

  

 

    
 

  
   (4.12) 

 

Therefore the trigonometric series in (4.8) converges absolutely 

and uniformly on       , and            . 

It follows from (4.7), (4.11) and (4.12) that the terms of the se-

ries in (4.9) have the order   
 

  
 , and therefore            . 

About       we can say the following: Since            , then 

the Fourier series of    
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where        
 

 
             
  

 
,        

 

 
             
  

 
, con-

verges to       in every point of        and this series is a function 

from         .The same is true for               : 
 

         
    

  

 
       

            
       

 

   

  

 

But it is easy to see, that     
         and     

          . So 
 

 

 
                 

      

 
             

 

   

  

 

i.e. this is “the even part” of Fourier series of     , and is absolutely 

continuous on       . Thus, for the case           Theorem 1.2 is 

proved. 

Case II: If    ,   , then          , and the function       

takes the form                     
  

 
      

    and again it is 

"the even part" of Fourier series (without the zeroth, the first and the 

second terms) of an absolutely continuous function. Theorem 1.2 is 

proved. 
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О НОРМИРОВОЧНЫХ ПОСТОЯННЫХЗАДАЧИ ШТУРМА-ЛИУВИЛЛЯ 

Арутюнян Т., Пахлеванян А. 

Для нормировочных постоянных задачи Штурма-Лиувилля с суммируемым потенциа-

лом доказывается новая асимптотическая формула, которая обобщает и уточняет 

ранее известные формулы. Кроме того, наши формулы учитывают гладкую завис и-

мость нормировочных постоянных от краевых условий. Мы также находим некот о-

рые новые свойства остаточных членов асимптотики. 

Ключевые слова: задача Штурма-Лиувилля, нормировочные постоянные, асимптотика 

решений, асимптотика спектральных данных. 
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