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mulae. Moreover, our formulae take into account the smooth dependence of norming con-
stants on boundary conditions. We also find some new properties of the remainder terms of
asymptotics.

Keywords: Sturm-Liouville problem, norming constants, asymptotics of the solutions, asymptotics of
spectral data.

1. Introduction and Statement of the Results
Let L(q, a,B) denote the Sturm—Liouville problem

—y'+q@y=py, xeOmuecC (1.1)
y(0)cosa + y'(0)sina = 0,a € (0,m], (1.2)
y(m)cosB + y'(nm)sinp =0, € [0,m), (1.3)

wher eq is a real-valued, summable function on [0,7] (we write q €
L%[0,7]). By L(q, a, B) we also denote the self-adjoint operator, generated
by the problem (1.1)—(1.3) in Hilbert space L?[0, 7] (see [1; 2]). It is well-
known that the spectra of L(q, a, 8) is discrete and consists of real, simple
eigenvalues (see [1; 2; 3]), which we denote by u,(q,a,8), n=10,1,2 ...,
emphasizing the dependence of u, on g, a and B. For u, the following
asymptotic formula have been proven in [4]:
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T

1
i @) = [+ 8@+ [a@© dt +r@ap), 04

0
where &, is the solution of the equation (for n > 2)

cosa
on(a,B) = ;arccos —

(n+ 8,(a, B))” sin2 a + cos? a

1 cosfS
——arccos )
/[

(n+ 6n(a,,8))2 sinZ B + cos?

(1.5)

and 1r,(q, @, 8) = o(1), when n = oo, uniformly in a,f € [0,7] and q
from any bounded subset of LL[0,7] (we will write g € BLL[0,]). It
follows from (1.5) (for details see [4]), that

cotf —cota

(e, B) = — 0(1/n?), a,pB € (0,n), (1.5a)
5, (1, B) =1+Lﬁl+ 0(1/n?) ==+ 0(1/n),
2 n(n+3) 2 (1.5b)
B € (0,m),

1 cota ) 1
6n(a, 0) = E T N + 0(1/1’1 ) = §+ O(1/n),
1 (n + 5) (1.5¢)
a € (0,m),
6y, (m,0) = 1. (1.5d)

Lety = o(x,u,a,q) and y = (x, i, 8, q) be the solutions of (1.1)
with initial values

@0,u,a,q) =sina, ¢'(0,u,a,q) = —cosa,
Y(m,u,B,q) =sing, Y'(m, 1, B,q) = —cosf.
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The eigenvalues p, of L(g, «, B) are the solutions of the equation

D(p) = p(m,p,a,q)cos B+ @' (m, 1, a,q) sin B =
=—[yY(0,u,B,q) sina +P'(0,u, B,q) cosa] = 0.

It is easy to see that for arbitrary n = 0,1, 2, ..., ¢, (x): =
= @(x, un (q,a, ), a,q) and Y, (x): = Y (x, pa(q, @, B), B, q) are
eigenfunctions, corresponding to the eigenvalue u,(q,a,f). Thes
quares of the L?-norm of these eigenfunctions:

an(q, @, B): = f 012 dx, bu(q,a B): = f Y (O[2 dx
0 0

are called the norming constants.
The main results of this paper are the following theorems:
Theorem 1.1. For norming constants a, and b, the following
asymptotic formulae hold (when n — o0):

it ) =5 |14 EE D o+
m 20 ap) ], OO
T2+ o B2 [ T+ 0@ B)] r"l oSt

2 ,(q, @, B)

[ + 6 )]
" 2u(q, 0 f)

T2+ ou(a, P2 [ T+ 6(a,p)]

bn(Q:a:ﬁ)=gl1+n +pnlSin2ﬁ+

lcoszﬁ,

where

n, =up(q,a,p) = —%J(n —t)q(t)sin2[n + §,(a, B)] t dt, 1.7)
0
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n,=mqgapB)=0 (n—lz) and 7, =7,(q,a,) =0 (n—lz) (the same esti-
mate is true for p, and p,), when n = oo, uniformly in «, 8 € [0, ] and
q € BL%[0, m].

Theorem 1.2. For both a,8 € (0,7) and @ =, B = 0 cases the
function k, defined as the series

oo

k(x) = z mcos[n + 8, (c B)]x

n=2

is absolutely continuous function on arbitrary segment [a, b] c (0, 2m),
i.e. k € AC(0,2m).

The dependence of norming constants on a and g (as far as we
know) hasn't been investigated before. The dependence of spectral da-
ta (by spectral data here we understand the set of eigenvalues and the
set of norming constants) on a and B has been usually studied (see [1-
3], [5-9]) in the following sense: the boundary conditions are separat-
ed into four cases:

1) sina # 0, sinf8 # 0, i.e.a,f € (0,m);

2) sina =0, sinf #0, i.e.a =mf € (0,1);

3)sina #0, sinf =0, i.e.a € (0,m), 8§ =0;

4) sina =0, sinf =0, i.e.a=m =0,

5)
and results are formulated separately for each case. For eigenvalues,
formula (1.4) generalizes and unites four different formulae that were
known before in four mentioned cases (see [4]).

So far, for norming constants the following is known.

In the case sina # 0 it is known that for smooth q

an(q' a'ﬁ) _ T 1
sinfa 2 +0 (F) (18)

10
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For absolutely continuous g (we will write g € AC[0,x]) the
proof of (1.8) can be found in [2]). Let us note, that if g € AC[0, ],

then s, =0 (%) and it is easy to see, that in this case (1.6) takes the

form (1.8). In [10], under the condition q(x) =d1;—ix) (almost every-

where), and sina # 0, where F is a function of bounded variation (we
will write F € BV[0,x]), the author asserts that

a,(q,a,B) =«
L M 1.9
sin? a 2 % (1.9)

where the sequence {a,}n=, iS characterized by the condition that the
function f(x):= Y oa,cosnx has a bounded variation on [0, 7], i.e.
f € BV[0,m]. Our result is similar to this, but there are some differ-
ences, in particular, we assert that k € AC(0, 2m).

In [9], for g € L4[0, ], it was proved that

a,(q,a,pB) _r N K_n, (1.10)
sin? a 2 n
where {1c,}52_o € 12 (i.e. Bzolkn|? < o0), and i, = 2, + 0 () (see (1.7).
It is also important to note that norming constants a,(q, a, ) are
analytic functions on aand B. It easily follows from formulae (3.1),
(3.2) and (3.4) below and from the result in [4], which states that
M(q,a,B) (A3(q, a, B) = u,(q,a, B)) depend analytically on a and g.
In the case sina = 0, sin 8 # 0 it is known that for smooth q (for
q € AC[0, ] the proof of (1.11) can be found in [2])

a,(q,m,p) = 2(”+1/2)2 [1 +0 (%)] . (1.11)

11
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Since 6,(m,B) = % +0 (%) (see (1.5b)), then it is easy to see that

(1.11) follows from (1.6). Besides, we see that (1.6) smoothly turns
into (1.11) when a — =& (for q € AC|0, «t]).

In the case sina = 0,sin 8 = 0 the following result can be found
in [2] for q € AC[O, rt]:

a,,(q,7,0) = % [1 +0 (%)]

We think that it is more correct to write this result in the form
(note that 6,,(r,0) = 1)

an(q,,0) = ﬁ [1 +0 (%)] (1.12)
to keep the beginning of the enumeration of eigenvalues and norming
constants starting from 0, but not from 1, as in [2].

Our proofs of the theorems are based on the detailed study of the
dependence of eigenfunctions ¢, and i, on parameters a and . We
will present it in the sections 3 and 4. But first we need to prove some
properties of the solutions of the equation (1.1).

2. Asymptotics of the solutions
Let q € L;[0,7], i.e. g is a complex-valued, summable function
on [0, ], and let us denote by y;(x, 1), i = 1,2, 3,4, the solutions of the
equation

—y" + q(x)y = A%y, (2.1)

Satisfying the initial conditions

10, =1 " »0,4)=0, ysmA)=1  m@mi) =0,

2.2
MO =0, wOD=1 ymH=0 ymp=1 &2

12
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Let us recall that by a solution of (2.1) (which is the same as
(1.1)) we understand the function vy, such that y, y’ € AC[0, ] and
which satisfies (2.1) almost everywhere (see [1]).

The solutions y, and y, (as well as the second pair y;and y,)
form a fundamental system of solutions of (1.1), i.e. any solution y of
(1.1) can be represented in the form:

y(&) = y(0)y:1(x, 1) +y'(0)y,(x, 1) =

= y(m)ys (6, A) + ¥ (0)y4(x, ). (2.3)

The existence and uniqueness of the solutions y;, i =1,2,3,4
(under the condition q € L%[0,7]) were investigated in [1], [11-14].
The following lemma in some sense extends the results of the men-
tioned papers related to asymptotics (when|A| — oo) of the solutions y;,
i=1,23,4.

Lemma 2.1. Let q € Lg[0,m]. Then for the solutions y;, i=
= 1,2, 3,4, the following representations hold (when || = 1):

1
y1(x, A1) = cos Ax + 7 a(x, 1), (2.4)
sinAx 1
= - 2.5
yZ(xi A) A 212 b(x' A’)l ( )
1
y3(x,A) = cos A(m — x) + 7 c(x, 1), (2.6)
sinA(m—x) 1
= — 2.7

where a, b, c, d are twice differentiable with respect to x and entire
functions with respect to A, and have the form

a(x,A) = sin /'li q(t)dt + J q(t) sinA(x — 2t) dt + (2.8)

0 0

13
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) +R4(x, A},Cq),

b(x,A) = cos Axf q(t) dt — f q(t) cos A(x — 2t) dt + (2.9)

+10?2(x,/1, 9, O

c(x, 1) = sin A(m —x)fq(t)dt+fq(t)sin/l(2t—n—x) dt + (2.10)
i +R;(x, /1,3}11),

d(x,4) = cos A(m — x) j q(tdt + j q(t) cos A(m + x — 2t) dt) + (2.11)
' TR, (x, /fq).

and R;, i = 1,2, 3,4, satisfy the estimates (when |A]| = 1)
plimalx
Ri(x, 1, q), Ry(x,A,q) =0 < ] ) (2.12)
e lImal(m —x)
R3(x, 1, q), R,(x,A,q) =0 (T) (2.13)

uniformly with respect to q € BL[0,7t].
Proof. In [14] the authors have proved that y,(x,A) can be ob-
tained as a sum of series

Y202, q) = Z Se(x%,4q),
k=0

which converge to y,(x, 4, q) uniformly on bounded subsets of the set

sin Ax

[0, 7] x € x Lg[0, 7], and where So(x, 2, q) =~

14
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X
sinA(x —t)
S(x,A,q) = qu(t)Sk_l(t,/l, q)dt , k=1,2,..

0

For S, we have the estimate (when|1]| > 1):

[ITmA|x k( )
e Oy (X
1Sk (e, 2, @) < W‘)k—, k=0,1,2,.., (2.14)

where g,(x) = f(flq(t)ldt (see [14]). To prove (2.5), (2.9) and the es-
timate (2.12), we write S; in the form

X

S04 = |

0

sinA(x — t) sin At
A A

X

1
= ﬁf[cos A(x — 2t) — cos Ax]q(t)dt =
0 X X

cos Ax

1
— _2—/12.1- q(t)dt +2_Azf cos A(x — 2t) q(t) dt,
0 0

and note that

X

Sk(x, 4,q) = f cos A(x —t)q (t)S,_,(t, A, q)dt, k=1,2,...
0

This implies that S, € AC[0, ]. By writing y,(x,1,q) = So + S; +
+ Y%, Sk (x,4,q), we obtain

sin Ax 1
y) 272

yZ(xi /11 Q) = b(x' A)'

15



MATEMATHUYECKHE HAYKH

where ——b(x A) =21 Sk(x,4,q9) and therefore b(x,A) has the

form (2.9), where R,(x,A) = —2A2 %%, Si(x,1). Now, from the esti-
mate (2.14), we obtain that

|Iml|x elIm/lle.OZ(x) e O.éc—z(x)
< =
ZlSk(x A | Z I/1Ik+1 ] FIE 2, A2k <

elmilxg, 2(x>z o5 (%) _e“mﬂ'xoémioal(x)_
RIE A2 (=2t 1P At~

I
ez %0 03(xX) jimais e

E IER

This implies (2.12) for |A|>1. Since y; € AC[0,r]and
So(t, ) = 222 then we obtain that ——b (x,)) = y, — S, is also a

twice dlfferentlable function (more preC|ser b" € AC[ 0, m]). Asser-
tions for y,, ys3, y, can be proven similarly.

3. The proof of the Theorem 1.1
According to (2.3), the solution ¢(x,u, a,q), which we will de-
note by ¢(x, 1%, a) for brevity, has the form

o(x,2%,a) = y,(x,) sina — y,(x,A) cosa, (3.1)

and according to (2.4) and (2.5) we arrive at:

sin Ax
y)

1
5 :
o(x, A%, a) = |cos Ax + 1 a(x,/l)] sina — [ 2/12 b(x, /1)] cosa.

Taking the squares of both sides of the last equality, we obtain:

16
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a’(x, )
42

1
@?(x, A%, @) = cos? Axsin® a + 7l [a(x, A) cos Ax + l sin? a

2 P b(x,/’l)cos)lx_l_a(x,/l)sinlx
7 |cos Ax sin Ax 7 7

a(x,A)b(x, /1)]
L %

sin? Ax
12

b%(x,A) b(x,A)sinAx
424 A3

cos®a +

X sina cosa + s° a.

(3.2)

Recalling the formulae cos? Ax = %(1 + cos 2Ax) and

sin? Ax = % (1 — cos 2Ax), from (3.2), we obtain:

i
T
f @%(x, 2%, a)dx = Esin2 a+

0
T

=
2

0

sin 2Aw

.2
sin“ a +
42

T
1
a(x,A) cos Ax dx + ﬁf a®(x,A)dx |sin? a —
0

sin? A
12

sina cos a +
1 T ™ (3.3)
+/1—2 fb(x,l) coslxdx—fa(x,l)sin/lxdx sina cosa +
0

0
T

sinacosa.f Nhix ) d _|_l 5 _sin2/17'r 2.
B a(x,A) b(x, 1) dx 572 cos” a Y¥E cos” a
0
1{r 1 [
_ : | p2 2
pE fb(x,l)smlxdx 4/’lfb (x,A) dx |cos“a.
0 0

17
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We are going to receive the asymptotic formula (1.6) by the sub-
stitution A = 4,(q, @, B) = /i (q, @, B) in (3.3). To this aim, we esti-
mate each term of the right-hand side of (3.3) for A = 4,,. It can be
easily deduced from (1.4) that for A, = \/u_nwe have the following as-
ymptotic formula:

[q]
Z(n + 5n(a,ﬁ)) * b

An(q,a,B) =n+ &y (a, B) + (3.4)
where [q]: = %fonq(t)dt, L, =1,(q,a,B)=0 (%) uniformly with re-
spect to a, B € [0,7] and q € BLL[0, ] (see [15]).

It follows from (1.5a)—(1.5d) that sin2ré,(a, ) = O (%) and

sin2n,(q,a,B) =0 (%) ,cos2mA,(q,a,B)=1—-0 (%), (3.5)

for all (a,B) € (0, 7] x [0, 7).
Thus, the second term

1
n?

sin 2,
An

sina =0 ( ) sin? a. (3.6)

Important is the third term: ifona(x,/ln) cos A,x dx. According
to (2.8) and (2.12) we have

a(x, 1) = A(x, 1) + 0 (%) (3.7)

where

18
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X X

A(x, A,) = fq(t)dt sind,x + f q(t) sin A,,(x — 2t) dt. (3.8)

0 0

After multiplying both sides by cosA,x, integrating over [0, ]
and changing the order of integration we get

T T
sin? A,
f A(x,1,) cos L, x dx = 7 L f q(t) cos? At dt —
n
° . ° (3.9)
sin 24,

s
1
— —f q(t) sin 2A,t dt — —f(rt —t)q(t) sin24,,t dt.
41, 2
0 0

Taking into account the formulae (3.5) and denoting (see (1.7))

™
1
i, =#,(q,a,B): = _Ef(n —t)q(t) sin24,t dt,
0

we can rewrite (3.9) in the form

i
1
fA(x, A cosdyx dx =#, + 0 (E) (3.10)

0

1
n

Since sin 21,,t = sin 2 <n+6n+0< ))t =sin2(n+ §,)t +

O1n holds uniformly with respect to ¢€/0,7z/, then xn=x»n+017, and
therefore the third term of (3.3) has the form

1[(,1) hx dx=—— 1.0 ()
7 | alodn) cosdnx dx = =)
0

19
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Now, let us focus on the remained terms of the equality (3.3) for

A = A,. The terms from the fourth to the eighth have the coefficient Aiy

wherey > 2, and therefore they have the order O (n—lz) Concerning the

sin 2mAy,

last four terms of (3.3), we observe that both Ve cos?a and

n

%f:bZ(x,/’ln) dx cos? @ have the same order 0(1) cos?a. An im-

An
portant term is %fonb(x,/’ln) sin A,,x dx. According to (2.9) and (2.12)

we can write b(x, 4,,) in the form

1
b(x, 1) = B(x, 4,) + 0 (A—) (3.11)
where
B(x,A,) = j q(t)dt cos A, x — f q(t) cos A, (x — 2t) dt. (3.12)
0 0

A simple computation yields:

X X

B(x,A,) sinA,x = f q(t) dtsin2A,x — f q(t) sin 24t dt — A(x, A,,) cos A, x.
0 0

After integrating the latter equality from 0 to m, changing the
order of integration and taking into consideration (3.9) we get:

T

T
cos? A
jB(x,/ln) sinA,xdx = _A—nﬂf q(t) sin? At dt +
0 n 0
sin 24, ; 1 ;
+m—”] q(t) sin24,t dt — —J(n —t)q(t)sin2A,t dt =
40, 2
0 0

20
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= 0 (3) 0 () + =+ 0 (3)
- Y7, az) T T T UG )

and the refore the eleventh term of the equality (3.3) for 1 =7, has
the form

1fnb(/1)'a dx = = n +0(1)
A3 X0 4n) S A X_A% n+ 6,(a, B) n2/ |
0

Let us remark that from (3.4) we have % -1 =0 (%) Thus,

n+6n o
T 2x, 1 )
a,(q,a,B) = > [1 + Tt 0. B)] +0 (ﬁ)] sin® a +
+0 (%) sina cos a + (3.13)
s 21y 1
+ 2[n+6,(a,p)]? [1 + m[n + §,(a, B)] +0 (ﬁ)] cos® a.

If sina # 0, then O (n—lz) sin a cos a can be included into the term

0 (%) sin? a, and if sina = 0, then these terms are absent. Finally, we

can write (3.13) in the form (1.6). For b,, everything can be done simi-
larly. Theorem 1.1 is proved.

4. The proof of the Theorem 1.2
In the sequel the following notations will be used:

X

G@t):= (mr—t)q(t) and o(x) := jq(t)dt = f(n —t)g)dt. (4.1)
0

0

Now, we have

21
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T

f Ggt)sin2(n+ 6,)t dt =
0

Hy B 1
n+6,(a,f)  2[n+6,(apB)]

1

r in 218
= —)fsinZ(n+6n)tda(t) = ——G(T[) S Amon
n
0

2(n+68,) (4.2)

2(n+6

T

+f o(t) cos2(n+ §,)t dt.
0

It was observed in (3.5) that sin2né, = 0 (%) If we denote by

6(x) = a(g)and Cpi= :i?ni”;’; =0 (n—lz) then we can rewrite k(x) in
the form
k(x) = ki(x) + ky(x), (4.3)
where
ki(x) = —a(m) nZ:Z cp cos[n + 8, (a, B)]x, (4.4)
o 2T
ky(x) = Z f G(t) cos[n + 6, (a, B)]t dtcos[n + 6,(a, B)]x . (4.5)
n=29

Since ¢, = O(n—lz) then the series in (4.4) converges absolutely

and uniformly on [0,2x], and k; € AC[0,2m].
Next, we consider two cases:
Case I: Ifa, B € (0,m), then by (1.5a) we have

22
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e =2t o (1) 4o (D)o (3)

mn

(cotB—cota)
— L

where d =

Recalling the Maclaurin expansions of the functions sinx and
cos x around the point x = 0, we obtain

cosnx —d - x sinnx
cos[n + 8, (a,B)]x = - + e, (x), (4.6)

where e,(x), as all the other entries of (4.6), is a smooth function
(e, € C*) and

1
e,(x) =0 (F) (4.7)
uniformly on x € [0,2m]. Therefore k, can be written in the form

ko (%) = Li(x) + L (x) + 15(%),

where
foe) 1 21
L(x)=—-d- xz 1_1_[ & (t) cosnt dt sinnx —

n=2 9

foe) 1 21

—d - z ;lf G(t) sinnt dt cosnx +d?-
n=2 9
- o (4.8)
X Z ﬁf té(t) sinnt dt sinnx +
n=2 0
oo 2T oo 21

+Zf e ()6 (t)dtcosnx —d- x ;}lof e, (t)é(t) dt sinnx,

n=29

23
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- 2n
le(x) _ ;en(x) Of &) cosnzt dt —
_d.Ze"T(lx) Ofn té(t) sinnt dt +Zen(x) Of e,(t)é(t) sinntdt , )
w 2
Ly (x) = ; Of G(t) cos nt dt cos nx. (4.10)

Since ¢ € AC[0, 2r], then Fourier coefficients are

21 21

f 6(t)cosntdt =0 (%), j- té(t)sinntdt =0 (%) (4.11)

0 0

Also we note that

21

j e (D&(6) dt = 0 (%) (4.12)

0

Therefore the trigonometric series in (4.8) converges absolutely
and uniformly on [0,2x], and [; € AC(0,2).
It follows from (4.7), (4.11) and (4.12) that the terms of the se-

ries in (4.9) have the order 0 (%) and therefore [, € AC[0, 2x].
About [3(x) we can say the following: Since & € AC|[0, 2m], then
the Fourier series of &

ao(6)
2

g(x) = + Z (a,,(6) cosnx + b, (6) sinx),
n=1

24
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where a,(6) = %foznﬁ(t) cosntdt, b,(5) = %foznﬁ(t) sinnt dt, con-
verges to 6(x) in every point of [0,2r] and this series is a function
from AC[0, 2c].The same is true for 0*(x) = (2w — x):

~ ay(c™) N _
62n —x) =———+ ) (a,(c*) cosnx + b,(c*) sin x).

But it is easy to see, that a,(¢*) = a,(6)and b,(¢*) = —b,(F). SO

%(6(x) +6(2m — x)) = aoga) + z a, (6) cosnx,
n=1
i.e. this is “the even part” of Fourier series ofé(x), and is absolutely
continuous on [0, 2]. Thus, for the case «,f € (0,m) Theorem 1.2 is
proved.
Case ll: If « = m,f = 0, then §,,(m, 0) = 1, and the function k,(-)

takes the form k,(x) =X, f02"6(t) cosntdt cosnx and again it is

"the even part" of Fourier series (without the zeroth, the first and the
second terms) of an absolutely continuous function. Theorem 1.2 is
proved.
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O HOPMHUPOBOYHBIX NOCTOSHHBIX3AJAYU HITYPMA-JINYBUJLIIS
ApyTionsin T., IlaxsieBansin A.

Hna Hopmupogounvlx nocmoannuix sadayvu LLmypma-Jluyeunna ¢ cymmupyemuim nomenyua-
JI0OM 00KA3b186a€MCs HOBAS ACUMNMOMuUYecKkdas Qopmyia, komopas obobwaem u ymouusem
panee uszeecmuuvle opmyavi. Kpome mozo, nawu gopmyner yuumsieaiom iaokyio 3aeucu-
MOCMb HOPMUPOBOUHBIX NOCMOAHHLIX OM Kpaesvlx yciogutl. Mvl maxoice Haxooum Hexomo-
pble HOBble CBOUCMEA OCMANOYHBIX YIeHO8 ACUMIIMOMUKU.

Knwuesvie cnosa: saoaua [lmypma-Jluyeunis, HOpMUposounvle nOCmosHHble, ACUMIMOMUKA
pewteHu, aCUMNMOMUKA CHeKMPAIbHbIX OAHHBIX.
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