SINGULAR OPERATORS FOR BEGINNERS
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1. MAXIMAL OPERATORS

1.1. Definition of Hardy-Littlewood maximal operator and simple properties.
Denote by L}, .(R) the class of measurable functions f on R for which

[171< 00

for any bounded interval (a.b) C R. Given a function f € L;,.(R) denote

1
M (x) = s o [1f]

I>zx

where sup is taken over the intervals I = (a,b) > x. The function M f is said to be
the Hardy-Littlewood maximal function of f (or just maximal operator). The following
properties of the maximal operator are easy to check:

1) For any A > 0 and f € Lj,.(R) the set {M f > A} is an open set.

2) Mf(x) >0 forany f € Lj,.(R) and z € R,

3) For any f,g € Lj,.(R) we have

M(f +g)(x) < Mf(x) + My(z),

4) M(Af)(z) = |\|M f(z) for any f € Lj,.(R) and A € R.

5) 1M flloe < [[f]loo-
Property 1) follows from the continuity property of Lebesgue integral and it implies that
M f is a measurable function. The conditions 3) and 4) say that maximal function M
defines a sublinear operator and by 5) it is of strong (co,00) type. We shall see below

that the maximal operator satisfies weak-L! and strong-L?, 1 < p < 0o bounds. We shall
need the following

1.2. A covering lemma. For an in interval [ and a number r > 0 we denote by rI the
interval, which has the same center as I and |rI| = r|I|.

Lemma 1.1. /f E C R is bounded and G is a family of intervals with
Ec |JI,
Ieg

then there exists a finite or infinite sequence of pairwise disjoint intervals I, € G such
that

(1.1) E c|J5I.

Proof. Suppose we have E C A = [a, b]. If thereis an interval I € G so that IN[a,b] # @
and |I| > b—a, then we have E' C B C 3. Thus the desired sequence can be formed by
a single element /. Hence we can suppose that any element I € G satisfies the conditions
G Na,b] # @ and |I| < b — a. Therefore we get

U G c3A.
Geg
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Take I to be a ball from G satisfying
1
11| > 5 sup |1].
Ieg

Then, suppose by induction we have already chosen elements I, ..., I, from G. Take
1.1 € G disjoint with the intervals I, ..., I; and satisfying

Lal>5 s i)
2 1€G:In;=0,j=1,...k
If for some n we will not be able to determine [,,,; the process will stop and we will get a
finite sequence I1, I5, ..., I,. Otherwise our sequence will be infinite. We shall consider
the infinite case of the sequence (the finite case can be done similarly). Since the balls
I,, are pairwise disjoint and I, C 3A, we have |I,| — 0. Take an arbitrary I € G such
that I # I, k=1,2,.... Let m be the smallest integer such that

1
I > =|141].
1> Sl
Observe that we have

INL+o

for some of 1 < 5 < m, since otherwise [ had to be chosen instead of ,,,;. Besides,
we have || < 2|1;|, which implies I C 51;. Since I € G was taken arbitrarily, we get
(1.1). mi

1.3. Weak-L' and strong-L” properties.

Theorem 1.2. The maximal operator (1.4) satisfies weak-L' and strong-L?, 1 < p < oo,
inequalities:

¢ [1fl
A

(1.2) {M(f) > A} <
(1.3) M)y < cpll Fllp-

Proof. Denote
E={xeX: Mf(z) > A}
By the definition of the maximal function for any x € E there exists an interval I(z) > x

such that .
[ M.
Tl o V1>

We have E' = U,egl(x). Given interval A = (—A, A) consider the collection of intervals
G ={I(z): x € ENA}. Applying Lemma 1.1, we find a sequence of pairwise disjoint
subcollection {/;} C G such that

ENAc 5.
k



Thus we get
5 5
PAIC WOIES:D ST AESD O VIO Sy RV
- = I A Jr
Since A can be taken arbitrarily big, we get
1
Bl = o€ X : Mf(@) > M 5 5 [ If@ldt

and so (1.2). The inequality (1.3) follows from the Marcinkiewicz interpolation theorem,
since M satisfies weak-L! and strong-L*> inequalities. O

Remark 1.1. The following example shows that the maximal operator does not satisfy
strong-L' inequality. For the function f(x) = Ijo1)(x) we have

Lif  xel0,1],
Mf(z) = —if x<0,
Lif oz >1,

and so f € L', but M f ¢ L'. Thus M is not of strong L' type.

1.4. Some other maximal operators. Consider the following extension of the maximal
operator. For L] (R) define

(1.4) M, f(z) = sup (I}I /1 f(t)|’"dt> "

I>z

Note that the case » = 1 coincides with the Hardy-Littlewood maximal operator M and
obviously we have

M(f) < My(f) = (M fI")'"
Thus Theorem 1.3 immediately yields the following.

Theorem 1.3. The maximal operator (1.4) satisfies weak-L" and strong P, r < p < 00,
inequalities:

’MMﬁ>AH§O&w;

M (D)l < coll £lp-

Now consider the operators

T

Mg =swy [ M@ =sw o [

h>0 h>0 h Je—n
Obviously we have
M*f(x) < Mf(2),
so they both satisfy the weak-L! and strong-L” inequalities for 1 < p < oo., but the
following assertion is common only for those operators.
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Theorem 1.4. Let f € L'(R) and A > 0. Then the set G, = {M ™ f(x) > A} is either
empty or

(15) G)\ = Uk(ak,bk),
where (ag, by,) are pairwise disjoint intervals and
by
(1.6) L1 = Ak = a).
ag
The same statement is valid also for the operator M ™.

Proof. We will consider only the operator M ™, since for M~ it can be proved analogously.
First of all observe that the continuity property of integral implies that the set G) =
{M™ f(xz) > A} is open and has unique representation (1.5). The inequality

by,
/ |1 > A(by, — ax)
ak
is not possible, since it implies
M) =[] > 2
>
W) = bk — Ak Jag
and so a; € G, which is not true. Now suppose to the contrary we have
by,
L1 < Mk = )
ag
for some Ij;. Thus by continuity for some a; < a < by, (close to ax) we will have
b
(1.7) [ 171 < Mk = a),

Since

]_ u
0§/\f]§||f‘|1—>035u—>+oo,
U—ala u—a

and a € GG, the value of

b:sup{u>a: /au]f|>)\(u—a)}

is finite and

(1.8) /abm — (b — a).

Inequality b > by, is not possible, since in that case from (1.7) and (1.8) one can get

@s) [ rl= [ U= [ 115 2 - a) = Mo - a) = A b
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which means by, € G, that is not true. If b < by, then we will have b € (ay, bx) € G. So
there is b’ > b such that

(1.10) /bb/ ] > AW — ).

Likewise (1.9) from (1.8) and (1.10) we get

)
L 11> - a)

that is a contradiction by the definition of number b. Thus we conclude b = b, which is
also not possible by (1.7) and (1.8). mi

2. SEQUENCES OF GENERAL CONVOLUTION OPERATORS

2.1. Convolution of two functions.

Definition 2.1. The convolution of given functions f € L*(R) and g € L*(R) is defined

by
:/Rf(:v—t t)dt = /f (x —t)d

Theorem 2.2. If f € L'(R) and g € LP(R), 1 < p < oo, then (f * g)(x) exists almost
everywhere and

(2.1) LF* glly < 1 F1lllgll,-

Proof. Without loss oof generality we can suppose that f,g > 0. Using the Fubini's
theorem for positive functions (Tornelli theorem) for a given positive function h € L? of
norm one we obtain

/R<f dx—//f gl — t)dt - h(z)dz
—/f / (z — t)h(z)dadt

< [ F® gl linlde
< I1#11 g1l

Theorem 2.3. For any functions f,g € L*(R) we have

——

Frg=171-4
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Proof. Given a > 0 consider the functions f, = f-I(_44) and g, = g-I(_4,q). Clearly, fo, g, €
L'(R). Then applying Fubini's theorem, it follows that

(frg)@) = [ [ falu=t)ga(t)dt - e~ du
= / / falu —1)ga(t) - e dtdu
R JR
:/ga(t)e_imt/ fa(u—t)e_”("_t)dudt
R R
= fa(2) - §u().
Letting a — oo and applying the Plancherel theorem we complete the proof. ]

2.2. Operators associated with an approximation of identity and initial conver-
gence properties. Given function ¢ € L>(R) we denote

0" () = 16 - Lit: > ol o-
One can easily to check that

e ¢*(x) is even function,
e ¢*(x) is increasing on (—o0, 0] (and decreasing on [0, c0)),

o [p(x)] < o7 (x).

Definition 2.4. A sequence of functions ¢,, € L1(R) N L*(R), n = 1,2,..., is said to
be approximation of identity if it satisfies the relations

1)/gz§n—>1asn—>oo,

R

2) sup ¢y, [l1 < oo,

3)/ ¢, — 0, asn — oo, for any d > 0.
5

For any f € L?(R), 1 < p < oo we denote

(2.2 @f(@) = [ flo = ton(t)dt
By Theorem 2.2 ®,, defines a bounded linear operator on LP(R). Moreover,

H(I)nHLPﬁLP < Hﬁanl < Q.
Theorem 2.5. Let ¢,, be an approximation of identity, then the operators (2.2) satisfy
the properties

(i) If f € Ck(R), then ®,, f uniformly converges to f,
(i) If f € LP(R), 1 < p < oo, then ||, f — f||, = 0 as n — oo.



Proof. Let 6 > 0. Using properties of approximation of identity, we get

/_55 ¢n(t)dt—/R¢n(t)dt’
= lim sup

W (t)d
n—oo /t|>5 ¢ <t) t‘
< lim oi(t)dt =0

— n—oo [t|>6

lim sup

n—oo n—o0

5
/5 On(t)dt — 1‘ = lim sup

Thus 7, = [°5 dn(t)dt —1 — 0 as n — oo and

(2.8). f(z) /fx—tgbn( tdt — f /gbn Vit + f(x (/ e dt—l)
- / Flo =) = FENGue)dt + [ (e = 006u(0)dt + 50/ (2)
=1+ 1+ Is.

From this we conclude
D, f(z) — f(z)] < w(8, Hllnll + Hfllc/M [Pn()|dt + [7lll fllc

that immediately implies (i). To proof the second part of theorem we use again (2.3).
Applying Holder's inequality, we get

H11||”—/R/56(f(x—t) F(@))bm(t)dt
/’/ [f (= 1) = F @) (O] n ()] 7dt

= </—6|¢”<t”dt> // [f (@ =) = f(2)]P|6n(t)|dtdx
— (/_‘l|¢n(t)|dt>p /_56|¢n(t)|/R|f(m—t) f@)|Pdxdt
< 07 ([ 1onl)

< (wp(9, 1))

Therefore we have ||1;]|, — 0 as 6 — 0. The integral I5 is the convolution of f and the
function ¢y, - If~sy. So applying convolution norm inequality (2.1) we obtain

1220y < Uy [ 10ul < Ifllp [ 65— 0350 = oo.
[t[>0 [t|>6

p

dx

P
dx
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The relation ||I3||, — 0 as n — oo is trivial. Thus we get

| P f — fll, = 0 asn — oo.

2.3. Lemma-estimation by maximal function.

Lemma 2.6. Let the positive function ¢ € L1(R)N L>*(R) be increasing on (—oo, 0] and
decreasing on [0,00). Then for any f € L*(R) it holds the inequality

[ swsea] < o115 0),

where M f(0) is the value of maximal function of f at 0.

(2.4)

Proof. Given positive integer n consider the intervals I, = [ay, bi], k = 1,2,...,n — 1

where
ak =inf{x <0 oa) > ’“’“’;”f”} by =sup{x >0 o(x) 2 k”i”%}

It iseasy toseethat Iy DI, D ... D [, 1 >0 and

n—1
_1 SRAC ) < énlz) + L.

n

Thus we obtain

’/Rf(t) dt‘ /‘f )o(t)dt < — Z/ £ () |dt+”f||1

I ||f||1
n )|dt +
kzl| g ,] | / 1ol
~ 2£(0). /R bu(t)it + ”{,J'l
< afO)ef + 11
Since n can be arbitrary large we get (2.4). m|

2.4. Maximal convolution operators and basic properties. Let ¢,, be an Al sequence.
Consider the operator

Df(z) = sup Dy, f ()]

where ®,, are the operators in (2.2). One can easily see that ® is a sublinear operator.
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Theorem 2.7. The operator ® is of weak- L' and strong-L? type for 1 < p < co. That
is

{z e R: @f(@) > A} < SIS
(25) 12£1 < coll £l

Proof. From Lemma 2.6 and properties of approximation of identity it follows that

uf@) < [ 15 =lloa®ldt < [ 17— 0los(0)dt < 161 ()

and so we get
Of(x) < C- Mf(x).

Since the maximal function M satisfies the weak L', so we have for ®. On he other hand
® satisfies also (00, 00) inequality, since for f € L™ we have

0f@)] < [ 1@uOIIf @ = )t < [ Fls [ [én(Dldt < C)1f e
Applying Marcinkiewicz interpolation theorem we obtain also (2.5). |
Corollary 2.8. If f € LP(R), 1 < p < o0, then ®,f(x) — f(x) almost everywhere.

Proof. Approximating f € LP(R) by a function g € Ck(R), for a given € > 0 we may
have decomposition f = g + h such that ||h[|, < . Chose a number A > 0. Applying
the first part of Theorem 2.5, we get ®,,g(x) — g(z) at any point = and so

Ey={z eR: limsup |®,f(x) — f(x)] > A}
={z € R: limsup |P,h(z) — h(z)| > A}.

According to Theorem 2.7 the operator ® satisfies weak L” inequality. Thus, applying also
Chebyshev's inequality, in the case 1 < p < co we get

Bl < [{z € R : sup |@uh(2)] + [A(z)] > A}
<HzreR: Sgp|®nh(x)| > A2} + |{z €R: |h(x)| > N/2}]

< |z eR: ®h(x) > N/2}| + (i)p 17217
<e (i)p 1Al + (i)p (IS

2\P
<(c+1) (A) eP
that means |E,| = 0 for any A > 0, since ¢ can be arbitrarily small. Thus we get
P, f(x) = f(x) a.e.. Now suppose p = oco. Take f € L*®(R) and denote f, = f-I(_q.4),
where a > 0. Obviously, f € L'(R) and so by the first part of the theorem we have
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®,, fo(x) — fu(z) a.e.. On the other hand if x € (—a, a), then § = min{a—z,2+a} > 0,
a

)
f(l’) = fa(x) nd
D0 f(2) = P fulz)| =

[ oula- t)f(t)dt‘
|t|>a
<l [ Jénle = bldt
[t[>a
<l [ 160(0)1dE 0,
1126
as n — 0o. Hence for almost all z € (—a,a) we get

nh_)ngo CI)nf(:L‘) = nh_{go q)nfa(x) = fa(x) = f(I)

Since a is arbitrary, we conclude @, f(z) — f(x) a.e. on R. o

3. ALMOST EVERYWHERE CONVERGENCE OF SEQUENCES OF GENERAL
OPERATORS

3.1. A lemma on approximation of kernels. We denote by BV (R) the right con-
tinuous functions of bounded variation on R. We say that the given approximation of
identity {y,,(z)} is regular if each ¢, (x) is positive, decreasing on [0, o] and increasing
on [—00,0]. In the regular case ¢, coincides with ¢} and for any 6 > 0 we have

5 6n(20) < 525 bn — 0.

Thus we can conclude
(3.1) ¢n(z) — 0 whenever |z| £ 0.

Lemma 3.1. Let {¢,(x)} be a regular Al. Then there exists a another Al of the form
o) = e L), AP = (o6
k=1
such that

1)0e AP, A 5 A 5 AW, AT =0 asn — oo,
2) Yp = SUp,cp |dn () — Un(z)| = 0 as n — oco.

Proof. We claim there exists a sequence a,, \, 0 such that

/| On(t)dt — 0 as n — oo,
t|>an

On(an) + On(—ay,) — 0 as n — oc.
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Using (3.1) and the property 3) of ¢,,, we may fix a sequence of integers 1 = N; < Ny <
... such that

1
n(t)dt < —, > Ng,
/|t|>1/k¢() 2 n k

OulL/1) + 60(=1/K) <

Then we define

1

Now take m,, arbitrarily satisfying m,, > n¢,(0), and define ¢,, = ¢,,(0)/m,,. Set
a,(fn) =inf{—a, <z <0: ¢,(x) > ke, },
b = sup{0 < = < a1 bn(x) > kep}

If || > «,, then we have 1, (z) = 0, ¢,(x) < max{¢,(a,), d(—a,)} and therefore we
get

(3.2) |0n(2) = Yn(2)] < max{on(an), p(=an)},  [z[ > an.
If |2| < o, then we have z € A" \A,(jr)1 for some k = 0, 1,. .. where A = [—a,, o).
This implies

Un(x) = kep,  kep < op(z) < (k4 1)c,
and therefore |¢,,(z) — ¥n(x)| < ¢,. This together with (3.2) gives us the condition 2)
of lemma. m]

3.2. Almost everywhere simple convergence of sequences of general operators.

Theorem 3.2. If i is a bounded generalized measure on R ( a function of bounded
variation) and '(z) exists, then ®,(z,du) — p'(xo) as n — oo.

Proof. We may suppose zo = 0. Let 1, (z) be the sequence obtained from lemma. We
have

/ U, (t)dt = ¢, Z(b,(gn) —al™) > 1 asn — oo.
R

k=1
Then we have

@ (0, dp) = 0 (0, dp)| < /R |0n(t) = Pu()|d]pl () < 3 - [l = 0.

On the other hand

m m (n) (n)
" . v (B = p(al™)
W (0,dpp) = en > (u(B”) = mlay™) = en Do (0 — af) = k
k=1 k=1 bk — Qg
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Since |A™| = 0 we get

(n) (n)
w(b,”) — pla
6, = sup ( k(nz (<n)k ) — ' (0)] =0
1<k<ms, bk‘ — ak

Thus we get

3.3. Almost everywhere ), -convergence of sequences of general operators.

Theorem 3.3. If i is a bounded generalized measure on R ( a function of bounded
variation) and ' (x) exists, then

sup |®,(x+0,dp) — p'(xo)| = 0 as n — oo,
10]<An

where \,, = ¢/¢,(0).
Proof. It is enough to proof that for any sequence 6,, with |0,,| < A, we have
Jim. P, (xg + Op, dp) = ' (z0).

We may suppose zy = 0 and 6, > 0. So our claim is

[ 66+ D)du(t) = 40)
Introduce the kernels

_ an(x); if =z é [_0n70]7
n () —{ 6.(0), if x€[=0,,0]

B 0, if z¢[—0,,0],
() = { $n(0) — ¢u(z), if x€[—0,,0]

It is clear ¢,,(0,, + ) = u,(x) — v,(z). Observe that
[onlly < M, ldnlly < [lunlls < M, Jlunlly = fonlls = 1.
Thus we get that the sequences

) = 15 v () = )

 all” el

form regular AI. Indeed take an arbitrary 6 > 0. We will have 6, < § for n > N. Hence
for such n we obtain

1 1 g
U, (t)dt = / (1)dt < / C(1)dt = 0 as n — oco.
JosUr0 = o [ balde < o [ on)
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Thus, according to the previous theorem, we get

[ 600+ 0du(t) = llualls | Ua(00du(t) = oall | Vat)dp(t)

= llunll(4'(0) + 0(1)) = flonllL(1(0) + o(1))
= ([lunlly = loall1)1'(0) + 0(1) = /(0).

4. HILBERT TRANSFORM

4.1. Definition of Hilbert transform and Privalov-Zygmund theorem. Given f €
LP(R), 1 < p < oo, we denote

(4.1) H.f(x) = f( D gt / fle=1) = : f@tt)

[t|>e

This integral can be considered as a convolution of f with the kernel function

ho(z) = (@)
T

Observe that h. € LI(R) for any 1 < ¢ < oo. Indeed, ||hlec = ¢! < oo, and if
1 < g < o0, then

oo (t _

|yh€||g:2/ T gt < o

e
Thus, by Hélder's inequality the integral (4.1) is well defined at any point x € R. We will
study different convergence properties of H.f(x) as ¢ — 0. The limit function H.f(x)
will be denoted by H f(z), which is said to be the Hilbert transform of f. Denote by A, (R)
the Lipschitz class of function, that are the functions satisfying |f(x) — f(y)| < Clz —y|*
with constant C' > 0.

Theorem 4.1. If f € A,(R)NCk(R), 0 < a < 1, then
1) H.f(x) uniformly converges as ¢ — 0,
2)||He(f) —H(f)l[, > 0ase — 0,1 <p < oo,

3) H(f) € Aa(R).

Proof. 1) For 0 < &1 < g9 we have

S —t) = f@)l

ga>t|>e1 |t|

(4.2) |He, f(z) — He, f(7)] <
< 2/52 Pt = 2((e2)" = ()") 0.

as €9 — 0. Thus H.f(z) uniformly converges and so H f(x) is defined at any point
r € R..
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2) It is enough to show that H.f € LP and the satisfactory of Cauchy principle. We
can suppose,

(4.3) supp f C (—A, A).

For 0 < £ < 1 we have

foy_ [ Sy, [ Sao0o 1,

[t|>e t [t]>1 t

H.f(z) =

The first integral is the convolution of functions f € Cx(R) C L' and h;(z) € LP. So by
Theorem 2.2 it belongs to LP(R). Observe that the second integral as a function on z is
supported in the interval (—(A + 1), A+ 1), since for |t| < 1 and |z| > A + 1 according
to (4.3) we have f(z —t) = f(z) = 0. Clearly, it is also a continuous function. Thus the
second integral is from LP(R) too. Hence we get H.f € L’(R). On the other hand for
0 < g1 < &9 < 1 the integral

fla—t) — 1@,
t

t

H.,f(x) = He f(2) = [
€2>|t|>€1
is a function supported in (—(A+ 1), A+ 1), so by (4.2) we get
2
1He, f(2) = Hey fllp < (24 +2) - —((e2)* = (€1)%) = 0.
3) Given h > 0, using oddness of the kernels K., observe that

Hf(x) =p.v. /R f(mt_t)dt = p.v. /R fle = ti — f(x)dt
NN VL P S (LI LY

[t|>2h

/ f(x+h—t)—f(x+h)dt
[t|<2h

Hf(z+h) = [ t

|t|>2h t

For the second integrals in the representations of H f(z) and H f(z + h) we have

[l —1) - f(z)
‘p.v. /|t<2h dt

2h o
: 32/ St < Che,

_ _ 2h o}
‘p.v./ fleth-1) f(””+h>dt|<2/ Bat<oone
t|<2h t

Thus we conclude

|Hf(zx+h) = Hf(x)] < - .

fle+h—1) [z —1) o
/It>2h dt — /Mh dt‘ +O(h?)
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On the other hand we have

/ f(x—i—h—t)dt_/ f(:c—t)dt|
[t|>2h [t|>2h

t t
Ry RRCES VS CP = S
|t|>2h t It|>2h t
_ flz—t) = f(x) flz—1) = f(z) o
B /|t>2h t+h dt = /|t|>2h t dt‘ +O(h7)
hflx—1t) — fz)| o
= /t|>zh W+ 7)) dt‘+0(h )
<C-h ﬁahf
2h<|t|<oco 2
<C-h-h*!=Cn"
Thus we get |H f(x + h) — Hf(z)| < C-h®, that means Hf(z) € A,(R). mi

4.2. L*-bound of H..
Theorem 4.2. For any f € L*(R) we have
(4.4) IH-fI| < ell fl2

where ¢ is an absolute constant.

Proof. Since C(R) is a dense subset of L!(R), without loss of generality we can suppose
that f € Cx(R) and so the integral H. f(x) is defined for all z € R. Also we have

ho(z) = /R he(t)e~tdt = /t N

:2/ Sin x dt
€ t

= QSignx/ St dt
€ t

|z

—ixt

t

dt

that implies ||2|lsc < 00. On the other hand applying Theorem 2.3, we have

1H-£Il, = |[H-f]|, = I Fhells < [hellcll £
Thus (4.4) is proved. o

4.3. fi functions.

Lemma 4.3. Let functions f,g € L*|a,b] satisfy the relation

T

/jf(t)dt > / g(O)dt, a<z<b,

a
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and it holds equality if t = b. Then for any increasing function h(t) on [a,b] we have the

inequality

(4.5) / " ()t < / " J(Oh(t)dt.
Proof. Denote
R(z) = / " (t)dt, where (1) = f(t) — g(0).

By the conditions of lemma it follows that R(xz) > 0 and R(b) = R(a) = 0. Besides we
have R'(x) = r(x) a.e.. Thus the integration by part implies

"X

g(Oh(t)dt = / r(O)h(t)dt

a

(4.6) / " HOh()dE — / ’

a

b
— R(b)A(b) — R(a)h(a) — / R(t)dh(t)

— / " R(t)dh(t).

Since R(t) > 0 and h(t) is increasing, the right hand side of (4.6) is non-negative and we
get (4.5). i

Let f € L'(R) be a positive. Applying Theorem 1.4, we have

G ={M"f(z) > A} = Up(al, b)),
Gy ={M"f(x) > A} = Ur(ay, by),

where the intervals (a7, b)) satisfy (1.6). Define two functions
if zeGy,

. A
fA(I)I{f(x) if zcR\Gr.

Lemma 4.4. There hold the relations

(47) [ F@de = [ f(@)de,
(4.8) 0< fif(z) <\ ae.



19

Proof. Indeed, applying (1.6), we obtain

+
bk

R/naf:/JR\Gif+/c:if:/1R\Gif+z/CLi /

k k
= FHY by —ay)
k

R\G*

by
= YL
k7%

R\G*
= / ff(x)dw,
R

and (4.7) follows. To show (4.8) take z € R. If x € GY, then fi7(x) = X\ and (4.8)
is immediate. Take a point z € R\ Gf and suppose that x is Lebesgue point for f.
According to the definition of the set G* we have

| 1 rzth \

— lim — <

fla)=lm- | f<

Since a.e. point satisfies Lebesgue property we get (4.8). O

4.4. Some estimates of F. operator. Define the modification of kernel h. by

)
£

= L=y (t
he(t) = {tlz}( ) + signz -

I t) I t
- fo<t<e} () L—ecicoy(t)
€ €
and corresponding convolution operator

@) =@+ [ =2 g

This relation obviously implies

(4.9) |H.f(x) = H.f(x)| < M f(x),
(4.10) lim H.f(z) = lim H.f(z) a.e.,

where M f(z) is the maximal function of f and (4.10) holds at any Lebesgue point. Rela-
tions (4.9) and (4.10) show that the operators H. and H. have common boundedness and

convergence properties and it follows from estimates of maximal operator (see Theorem
1.2).

Lemma 4.5. For any function f € L, f > 0, we have
H.f(x) > H.f(z), zeR\GY,
H.

>
(4.11) H.f(z) < H.fy (z), x€R\G,.
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Proof. We shall prove the first inequality. Since f and f; coincide on R\ G5, it is enough
to prove

D:/bhe(x—t)f(t)dt—/bhg(x—t)fj(t)dt20.

where (a, b) is one of the intervals (a;,b; ). Since a ¢ G, we have

/If§)\(x—a):/xf+foranyx>a.

This together with (1.6), implies that the functions f and f* satisfy the condition of
Lemma 4.3. On the other hand the function h(t) = h.(x —t) is increasing on (a,b) as a
function on ¢ for a fixed x € R\ Gj. Thus, from Lemma 4.3 we conclude

H.f(z) = / " FOh()dt > / " PO dt = HofF (2)

To prove (4.11) we suppose now (a, b) is one of the intervals (a; , b, ). Using the relation
b ¢ G, get the reverse inequality

[r=[1-[s=[r-20-2
—Ab—a) —Ab—2) = Az —a) :/;f‘.
Likewise, applying Lemma 4.3, we will get (4.11). O

4.5. Weak-L' and strong-L? estimates of H..

Theorem 4.6. For any ¢ > 0 the operator H. satisfies weak-L' bound. Namely,

I/

(4.12) o R |Hf(@)] > A < e 11

A>0,
where ¢ > 0 is an absolute constant.

Proof. According to (4.9), we can consider H, instead of operator H.. From Lemma 4.3
it follows that - ~
H.f(z) < H.fy (x) whenever x € R\ GY.
this implies
Hr e R: H.f(z) > A} < |G|+ {z € R\ GY : H.fF(z) > A}

On the other hand using L? boundedness of H, (see (4.4)) and so H. along with (4.7)
and (4.8), we get

{z €R\GY: Hofy(2) > A} < {z € R [Hof (2)] > A}
_HEEDIE A
= e T

1 1 £l
— +2<7/ + — I
)\2/1[{’][‘)\‘ — )\ R’f)\‘ )\
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Thus we get

{z eR: H.f(x) > A} < "J;”l.
Similarly we can estimate [{z € R : H.f(z) < —\}| that completes the proof of theo-
rems. O

Theorem 4.7. For any 1 < p < oo and f € LP(R) we have

(4.13) [H(P)llp < coll Fllp-

Proof. Since we already know that H, satisfies weak-L' and strong L?-inequalities with
constants independent of €, from Marzinkiewicz interpolation theorem it follows (4.13) in
the case 1 < p < 2. Now suppose p > 2. Chose functions f,g € Cx(R). Observe that
the function h.(z — t)g(x)f(t) of two variables is integrable on R and so we can write

/R</R he(x — t)f(t)dt) g(x)dml
/R (/R he(z — t)g(m)da:) f(t)dt’

s llgllg - 1A, -

This implies (4.13) for the functions from Ck(R). Since Cx(R) is dense in LP(R), we
obtain (4.13) for arbitrary f € LP(R), o

[ Hof @) g(w)da

Corollary 4.8. 1) If f € L', then H.f converges to Hf in measure,
2)Iffel?, 1<p<oo,then|H.f—Hf|,—0.

Proof. 1) Any f € L' can be written in the form f € g+, where g € A;5(R) N Ck(R)
and ||r||; < d. The applying (4.12), for A > 0 we obtain

(4.14) lim {IFLf () = Ho f ()] > AH

o
Il _ 8

= lim [{|Hor () — Hor(o)] > M} < 00 <

Since § can be arbitrary the left side of (4.14) is zero. This implies the convergence in
measure of H.f(z) and the limit as we know must be denoted by H f(z).
2) This part of the theorem can be proved by the same approximation argument. O

Taking limit in (4.12) and (4.13) as € — 0, one can deduce the following

Corollary 4.9. The operator H satisfies weak-L' and strong-LP inequalities if1 < p < 0.
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5. OPERATOR H*

5.1. Oscillation lemma for H.. Consider the operator
A" f(x) = sup |He f(x)].

Lemma 5.1. Ifz -2’ > 0, then

; |z — ']

(5.1) |he () = he(a)] <

Proof. We can consider only the case z,2’ > 0. If 2,2’ > ¢, then h.(z) = 1/x and
h.(z') = 1/2’ and we will obviously have equality in (5.1). If 0 < z,2’ < ¢, then h.(z) =
h.(z') = 1/¢ and (5.1) trivially follows. Now consider the last case 0 < 2 < ¢ < 2’. So
we have

1 1
e o e~ T w-a

and (5.1) follows. mi

- -z

Lemma 5.2. Let I C R be an interval. Then for any function f € LP(R), satisfying
supp f C R\ 31, it holds the inequality

(5-2) [Hef(x) = Hef (2)] £ Mip(f), =2" €1,

where

1 1/P
My, (f) = sup (M/J\fl > :

Proof. From (4.9) it follows that

|Hef () — Hf ()] (@) + M f(z) + Mf(z')
(@) + M f(x) + Mf(2'
(@) + My f(z) + M, f (')
()| +2M;, f(2)

f
f
ef
f

so it is enough to prove (5.2) for the operator H.. If I = (¢ — d,c+ ), z,2’ € I and
t € R\ (3I), then on can check

[t —x| >t —c|/2, |t—2|>]t—c|/2.
Then, applying Lemma 5.1, we obtain

oo _ 4]
|t — x| [t —a'| = |t —c|*

|he(z — t) — he(a' — t)| =
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Thus we conclude

(5.3) |Hef(x) — Hef(a')] < e [f(0)||he(x — 1) — he(a" — 1)]dt

t
R\(31) |t — ¢|?

[f(c—1)]

[t|>35 |t]2

< [ 1fe=lot,

<30 dt

where
o(t) = 36 min{d 2+ 2}.
Notice that
o]l = 186%- 672 + 66 t>35f§ = 20.

Thus, applying Lemma 2.6, from (5.3) we obtain
|H.f(x) — He f(2)] < 20M f(c) < 20M,,f(c) < 20M;,(f)

completing the proof of lemma. O

5.2. Weak-L' and strong-L? estimate of H*.

Theorem 5.3. The operator H* satisfies weak-L' and strong LP inequalities for 1 < p <
00.

Proof. First we shall prove that H* satisfies weak-L? inequality for any 1 < p < oc.
Suppose f € LP(R). Given A > 0 and A > 0 consider the set

E=FE\a={ze€(-AA): H f(z) > \}.
For any z € FE there is ¢(x) > 0 such that
(5.4) ’He(x)(f)(x)’ > A

Denote I(z) = (x—¢(z), z+e(x)) and J(z) = £1(x). We have E C U,epJ(x). Applying

covering Lemma 1.1, we find a sequence = € E such that the balls {J, = J(zx)} are
pairwise disjoint and
E C UIk, where [, = I(l’k) = 5J%.
k

According to Lemma 5.2, we have

[H(f - Tann)(xn) = H(f - Tang ) (2)] < C - My, (), @ €y
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Thus, one can easily conclude from (5.4) that

(5.5) [H(f Iz, )(@)] = [H(S - Teyg, ) (k)]
— [H(f - Tz ) (2n) — H(f - Invg, ) (2))]
>AN—C-My,(f), z€Jg
For the constant
B = 10YP|| H|| po— Lo

we define

(5.6) Jo=A{w € Ji: [H(f - Ii)(2)| < 8- My p(f)}-

Using the weak-L? inequality for the operator H, we can write
[T\ Tl = {z € Jy: [H(f-Tp) ()] > 8- My ()}

< ||H||pT~)LP»°° ”f . I[I Hp
— B (Mg ()P} o
p
S ||H||1LT—>LP’°° |f|p
BP - mflk |f|p I,
_ el _ 1
10 2’
and so we have
- ~ 1 1
(5.7) | Tkl > [Tl = [Tk \ Ji] Z§|Jk|:E|Ik|'
Consider the constant
1
0= ———.
2(C+5)

If
x € J\ {M,f(z) > 5\},
then, using subadditivity of H together with relations (5.6), (5.5), we obtain
|Hf ()| = [H(f - Tayg) (@) = [H(S - 1) (2)]
ZA=C My () = 8- My p(f)
2 A= (C+p5)- Myf(x)
> A= (C+B)oA
= \/2.

Hence we conclude

Lijk CA{M,f(z) > A JIH S (2)] > A/2}.
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Combining this with (5.7) and the weak-L? boundedness of operators M, and H, we
obtain

EZES NI ARG UDPA
P 2

< T0({M f(z) > oA [ + [{[H f(z)] > A/2}])
I/

< 7”2.
p

A
Since the estimate does not depend on A, we obtain

{xER:H*f(:c)>)\}SH°;|Jg

that is the weak-L? inequality of H*. To show the strong-L? estimate for 1 < p < oo set
pr=((p+1)/ <p<ps=p+1. We have already proved that H* satisfies weak L?* and
weak-IP? inequalities. By Marcinkiewicz interpolation theorem so we obtain strong-L”
inequality H*. Theorem is proved. O

Corollary 5.4. If f € LP(R), then H.f(x) converges to H f(x) almost everywhere.

Proof. Fix a A > 0. For any § > 0 we can find a function g € A;/5(R) NCk(R) such that
|7|l1 < &, where r = f — g. According to Theorem 4.1 H.g(x) — Hg(x) a.e.. Denote

Ey={z eR: limsup|H.f(z) — Hf(x)] > \}.
e—0

Thus, applying weak-L? bound of operator H*, we obtain
|E\| = {z € R: limsup |H.r(x) — Hr(z)| > A}
e—0

<|{x eR:2Hr(z) > A}

>

6
A TA

Since 6 > 0 can be arbitrary small we obtain |Ey| = 0 for any A > 0 that means
liII(l] |H.f(z) — Hf(x)] =0 a.e. .
E—>

This completes the proof. O



	1. Maximal operators
	1.1. Definition of Hardy-Littlewood maximal operator and simple properties
	1.2. A covering lemma
	1.3. Weak-L1 and strong-Lp properties 
	1.4. Some other maximal operators

	2. Sequences of general convolution operators
	2.1. Convolution of two functions
	2.2. Operators associated with an approximation of identity and initial convergence properties
	2.3. Lemma-estimation by maximal function
	2.4. Maximal convolution operators and basic properties

	3. Almost everywhere convergence of sequences of general operators
	3.1. A lemma on approximation of kernels
	3.2. Almost everywhere simple convergence of sequences of general operators
	3.3. Almost everywhere n-convergence of sequences of general operators

	4. Hilbert transform
	4.1. Definition of Hilbert transform and Privalov-Zygmund theorem
	4.2. L2-bound of H
	4.3. f functions 
	4.4. Some estimates of  operator
	4.5. Weak-L1 and strong-Lp estimates of H

	5. Operator H*
	5.1. Oscillation lemma for H
	5.2. Weak-L1 and strong-Lp estimate of H*


