ALMOST EVERYWHERE STRONG SUMMABILITY OF
MARCINKIEWICZ MEANS OF DOUBLE WALSH-FOURIER
SERIES

GYORGY GAT, USHANGI GOGINAVA AND GRIGORI KARAGULYAN

ABsTRACT. In this paper we study the a. e. strong convergence of the
quadratical partial sums of the two-dimensional Walsh-Fourier series.

n—1
Namely, we prove the a.e. relation (L 3 [Spmmf — f|9)/9 — 0 for
m=0

every two-dimensional functions belongingito Llog L and ¢ > 0. From
the theorem of Getsadze [7] it follows that the space Llog L can not be
enlarged with preserving this strong summability property.

1. INTRODUCTION

Let P denote the set of positive integers, N:=PU{0}. Denote by Zs the dis-
crete cyclic group of order 2, that is Zs = {0, 1}, where the group operation
is the modulo 2 addition and every subset is open. The Haar measure on Zo
is given such that the measure of a singleton is 1/2. Let G be the complete
direct product of the countable infinite copies of the compact groups Zs. The
elements of G are of the form = = (xg, z1, ..., Tk, ...) with 2y € {0,1} (k € N).
The group operation on G is the coordinate-wise addition, the measure (de-
note by u) and the topology are the product measure and topology. The
compact Abelian group G is called the Walsh group. A base for the neigh-
borhoods of G can be given in the following way:

In(x) : =G, Iy(z):= I (z0,..., Tn—1)
={y € G: y= (20, Tn—1,Yn> Yn+1,--) } 5
(x € G,n eN).
These sets are called the dyadic intervals. Let 0 = (0:4 € N) € G denote
the null element of G, I, := I, (0) (n € N). Set e, := (0,...,0,1,0,...) € G

the n th coordinate of which is 1 and the rest are zeros (n € N).
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For k € N and x € GG denote by
ri (z) == (-1)"* (z € G,k eN)

0 .
the k-th Rademacher function. If n € N, then n = ) n;2", where n; €
i=0
{0,1} (: € N), i. e. n is expressed in the number system of base 2. For
n > 0 denote |n| := max{j € Nin; # 0}, that is, 2"l <n < 2/7I+1,
The Walsh-Paley system is defined as the sequence of Walsh-Paley func-
tions:

wo () = [ (re ()™ = )& (weGnep),
k=0

and wq := 1. The Walsh-Dirichlet kernel is defined by

n—1
x) = Z wi, ()
k=0
Recall that (see [15] and [35])

o if x € I,
g Do) ={ 0 7"

We consider the double system {wy,(z) X wp,(y) : n,m € N} on the GxG.
The notiation a < b in the whole paper stands for a < ¢ - b, where ¢ is a
constant depended on the gq.

The rectangular partial sums of the 2-dimensional Walsh-Fourier series
are defined as follows:

M-1 1

Sun(z,y, f): w; (v) wj (y)
1=0

2

<.
Il
o

where the number
Fii)= [ 1w 6)duay)
GxXG

is said to be the (i, j)th Walsh-Fourier coefficient of the function f.
Denote

n

SO (z,y, f) = f Ly)w (2),
=0
m—1 N

S (z,y, f) = [z, r)w (y),
r=0

where
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and

F ) :/f(x,y)wr () dp (3)
G

The norm (or quasinorm) of the space L, (G x G) is defined by

1/p
I£l,:= ([ FewPanen|  ©<p<roo).
xXG
We denote by Llog L (G x G) the class of measurable functions f, with
[ 1508t 111 < o0
GxG

where logt u := I(1,00) log w and I is character function of the set E.

Denote by ST (x, f) the partial sums of the trigonometric Fourier series of
f and let

o f) = —— 3 SF . )
k=0

be the (C,1) means. Fejér [1] proved that ol (f) converges to f uniformly
for any 27m-periodic continuous function. Lebesgue in [19] established almost
everywhere convergence of (C,1) means if f € Li(T),T := [-m, 7). The
strong summability problem, i.e. the convergence of the strong means

n

1
@ FILISE@N-f@I seT p>0

was first considered by Hardy and Littlewood in [16]. They showed that for
any f € L.(T) (1 <r < oo) the strong means tend to 0 a.e., if n — oo.
The Fourier series of f € Li(T) is said to be (H,p)-summable at = € T, if
the values (2) converge to 0 as n — oo. The (H,p)-summability problem in
Li(T) has been investigated by Marcinkiewicz [24] for p = 2, and later by
Zygmund [44] for the general case 1 < p < co. Oskolkov in [26] proved the
following: Let f € L1(T) and let ® be a continuous positive convex function
on [0,400) with @ (0) = 0 and

(3) In®(t)=0(t/Inlnt) (t — o0).

Then for almost all x

1
(4) lim
n—oon + 1

Y o (ISE (@ ) - f@)]) =o.
k=0

It was noted in [26] that Totik announced the conjecture that (4) holds
almost everywhere for any f € Li(T), provided

(5) m®(t)=0(t) (t— c0).
In [27] Rodin proved
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Theorem A. Let f € L1(T). Then for any A >0

1 n
lim

n—>oon+12(eXP(A\5kT($,f)—f(w)\)—1) =0

k=0

fora. e. x €T.

Karagulyan [17] proved that the following is true.
Theorem B. Suppose that a continuous increasing function ® : [0,00) —
[0,00),® (0) = 0, satisfies the condition

log @ (¢
(6) lim sup log @ (t) =00
t—+o00 t
Then there exists a function f € Li(T) for which the relation
. 1 ¢
lim sup Z(I)(‘SkT(vaf)D =00
k=0

nooo N+1

holds everywhere on T.

For quadratic partial sums of two-dimensional trigonometric Fourier series
Marcinkiewicz [25] has proved, that if f € Llog L (TQ),'JI‘ := [—7,7)?, then
R R e

for a. e. (w,y) € T2 Zhizhiashvili [42] improved this result showing that
class Llog L (']I‘Q) can be replaced by I (Tz).

From a result of Konyagin [18] it follows that for every € > 0 there exists
a function f € Llog!™® (T?) such that

n
Z |S,€Tk (,y, f) — f (z,y)| #0 fora. e (z,y)€ T2,
k=0

These results show that in the case of one dimensional functions the
(C, 1) summability and (C,1) strong summability we have the same maxi-
mal convergence spaces. That is, in both cases we have L;. But, the situ-
ation changes as we step further to the case of two dimensional functions.
In other words, the spaces of functions with almost everywhere summable
Marcinkiewicz and strong Marcinkiewicz means are different.

The results on strong summation and approximation of trigonometric
Fourier series have been extended for several other orthogonal systems. For
instance, concerning the Walsh system see Schipp [31, 32, 33|, Fridli |2, 3],
Leindler [19, 20, 21, 22, 23|, Totik [36, 37, 38|, Fridli and Schipp [3], Rodin
[28], Weisz [40, 41], Gabisonia [4].

The problems of summability of cubical partial sums of multiple Fourier
series have been investigated by Gogoladze [12, 13, 14|, Wang [39], Zhag
[43], Glukhov [8], Goginava [9], Gat, Goginava, Tkebuchava [5], Goginava,
Gogoladze [10], Goginava, Gogoladze, Karagulyan [11] .

(7) lim

n—oo n + 1
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Almost everywhere HP-summability of Walsh-Fourier series with p > 0
proved by F. Schipp in [32]. Almost everywhere ®-summability with condi-
tion proved by V. Rodin [29].

Theorem C (Rodin). If ®(t) : [0,00) — [0,00), ®(0) = 0, is an increasing
continuous function satisfying (5), then the partial sums of Walsh-Fourier
series of any function f € L1 (G) satisfy the condition

n—oo n

lim + S ([Sy(, ) — f@)]) =0
k=1

almost everywhere on G.

In [11] we established, that, as in trigonometric case [17], the bound (5) is
sharp for a.e. ®-summability of Walsh-Fourier series. Moreover, we proved

Theorem D. If an increasing function ®(t) : [0,00) — [0,00) satisfies the
condition (6), then there exists a function f € L1 (G) such that

limsup%ZqJ (|Sk(z, )]) =

n— oo 1
holds everywhere on [0,1).

In [30] Schipp investigated the strong (H,p)- and BMO - summability of
Walsh-Fourier series. Among others he gave a characterization of points in
which the Walsh-Fourier series of an integrable function is (H, p)- and BMO-
summable. This is the analogue of Gabisonia’s result that characterizes the
points of strong summability with respect to the trigonometric system.

In [10] it is studied the exponential uniform strong approximation of the
Marcinkiewicz means of the two-dimensional Walsh-Fourier series. We say
that the function ¢ belongs to the class W if it increases on [0, +00) and

lim 4 (1) = ¢ (0) = 0.

Theorem E ([10]). a)Let ¢ € ¥ and let the inequality

lim v (u)

U—00 \/a

holds. Then for any function f € C (G x G) the equality

iz": (ew(\Su(f)*fl) _ 1)

=1

< 00

=0
c

lim
n—oo

is satisfied.
b) For any function ¢ € ¥ satisfying the condition
——¢ (u)

lim =00
U—r00 u
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there exists a function F € C (G x G) such that

1 m
Tim — 3 (650(|5u(070,F)—F(070)|) _ 1) — +oo0.

For the two-dimensional Walsh-Fourier series Weisz [41] proved that if
feLi(GxG@G), then

n—1
% > (Si @y ) = f(x,9) =0
§=0

for a. e. (z,y) € G x G.
In this paper we consider the strong means

L 2l /g
Hif = (2 > rsmmer>
m=0
and the maximal strong operator

Hlf:=sup Hlf.
neN
We study the a. e. convergence of strong Marcinkiewicz means of the
two-dimensional Walsh-Fourier series. In particular, the following is true.

Theorem 1. Let f € Llog L (G x G) and q¢ > 0. Then

1
piif >0 <5 (14 [[ 1908t 1s
GxG

The weak type (L log® L, 1) inequality and the usual density argument of
Marcinkiewicz and Zygmund imply

Theorem 2. Let f € Llog L (G x G) and ¢ > 0. Then

n—1 1/q
(711 Z |Srm (z,y, f) — f (m,y)]q> — 0 for a.e. (x,y) € GXG as n — oc.
m=0

We note that from the theorem of Getsadze [7] it follows that the class
Llog L in the last theorem is necessary in the context of strong summability
question. That is, it is not possible to give a larger convergence space (of the
form Llog Le(L) with ¢(oo0) = 0) than Llog L. This means a sharp contrast
between the one and two dimensional strong summability.

We also note that in the case of trigonometric system Sjolin proved [34]
that for every 7 > 1 and two variable function f € L,(T?) the almost every-
where convergence Sy, f — f (n — oo) holds. Since this issue with respect
to the Walsh system is still open, then in this point of view Theorem 2 may
seem more interesting.
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2. THE MAXIMAL OPERATORS OF THE WALSH-(GABISONIA OPERATORS

Let 1 <p<21/p+1/g=1,q € N and let f be an integrable function.
In [30] it is introduced the notion of the dyadic Walsh-Gabisonia operator in

the following way
P 1/p
VP f(x) = (2_"(7’_1)/G dp (u)) :

where E, f := Son (f). We prove the following lemma with respect to the

n

Z Qk}IIk(u)Enf(x +u+ e)
k=0

maximal Walsh-Gabisonia operators V) f := sup,, |Vn(p ) fl.
Lemma 1. Let f € L; (G) and 1 < p < 2. Then for each A > 0 we have

(V@ r>2}) S/

In order to prove Lemma 1 we shall use the Calderon-Zygmund decompo-
sition in the following form ([35]).

Lemma 2. Calderon-Zygmund lemma. Let f € L1 and X\ > ||f|l1. Then
there exist a sequence of pairwise disjoint intervals J, C G(k € P) and a
decomposition f =Y 72 frx of the function f such that:

Iollo <20 {fi £0) C Ji, /J o) (s) =0, 27 = u(Jy).
2 [ 1fu(s)ds <ax (keB), S 2 < b / F($)ldp (s).
Tk - k=1 S Ay

U= |JJh={zecG: (E|f])(x) > A},
k=1
where E* f = sup,, |E, f].

Proof of Lemma 1. It can be supposed that p < 2, since for the case p = 2
Lemma 1 is proved by Schipp in [30]. It is easy to get that p = q_il,p —-1=
qfll. We will heavily use the fact that ¢ is an integer.

Since we have to give an upper bound for p ({z : VP f(z) > A}) and we
have 1 (U) < 1|/ f|l1, the in the sequel we suppose that = ¢ U. We give some

bound for Vn(p ) f(x) such that it will be independent from n and consequently
it also will be an upper bound for V) f(z). By Lemma 2 we have for vi >n
that E,f; = 0. Thus, v; < n is supposed everywhere in the proof of this
lemma. Besides, if n > k > v, then E,, f;(x + ex, + u) = 0, since u € I}, and
thus u + e, € Iy and x ¢ J; = I,,(s) (for some s € ). And v; < k would
give  +u + ey & I,,(s) and consequently f;(z + ex +u +v) = 0 for every
v € I,. This really gives E,fj(z + e, +u) =0 for x € U and n > k > v;.
That is, n > v; > k can be supposed.
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Moreover,
Enfj($ + e + U) = En(fj]IJj)(x + e + u)
=1, ( + ex +u)Enfj(r + ep + u).

We can write

n—1
=200 [N M, @B | Y 5| @t diw)

k=0 jivi<n
< 2—n(p—1)/ Z 2k1+--.+kq]1]k1 (u)
G\ (jk)eam
1
q q—1
LI Bnfis(a + e + ) ) dp (u)
=1

ki+...k
Z 9—n(p—1)9 lq—lq/}llkl (u)
G

(4,k)e A

x e Iy, (u)

IN

g 1
X X ]Ilkq (U)H|E”f]z(‘r+ekz —|—u)’q71 d’LL7
i=1
where
A =L k) 15 = (o) ko= (k1. k),
OSI/jl,...,V]‘q <n,0<k <Vj1,...,0§]€q <I/jq}.

Till the end of the proof of this lemma let v;, be the maximum of v, , . ..

2 Vig -

For s € J;, we have B, f; (s) = 0 and for s € J;, we have 27"E,[f; |(s) <

4X|J;,|. That is, by
hj,(s) = {07 P P
[T, =271, s e Jj,
we have X o
(Enlfj )=t < (4X) =127 hy,.
Thus, from above written it follows that for z € U = |J;2, J; we have

vir@ < 3 gn(p—1)g "G
(4,k)€A)

X /G]I]k1 (w) x - x I, (u)
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q—1 L
) [T 1Entii(x + er, + )| (40271270 Dhy (2 + e, + u)dpu (u)
i=1
By the inequality of the geometric and arithmetic means we have
q—1 L
[T 1Bt (z + ex, + )|
i=1
q—1 q-1

1
< jZ|Enfji(x+eki + u)| H]Iin(a:—keki + u).
q i=1 i=1
Set

A LG R 5= Gryeerda) k= (ki k), 0 < vy vy, <,

0<k <vj,...,0 < kg <vj,,vy, :max{ujl,...,l/jq}}.

vj _
This by the fact that h;, = 97T . Ly, follows for x € U

X H Ly, (z + ek, + u)dp (u)
=1

1
X kit-tkg

4)\”122 Z o T gk

i=1 ji=1 (_] k‘ GAn

q
X /GHI’H (u) x -+ x ]I[kq (u) ‘f]z(m + ek, + u)| H]Ile (z + ek, +u)dp (w) -

=1
In the sum Z(j,k)eA’f fix the numbers ki,...,k; and the values of v
and v, (which is the biggest among vj,,...v; ). The only member in the
sum above depending on ji, ..., ji—1, ji+1, - - - jq is the product ], Ly, (z+

e, +u). Since for a ﬁxed le{l,...;i—1,i+1,...,q} the intervals J;, are

disjoint, then > 7% Iy, (= + ex, +u) < Iy(z + ek, +u) < 1. Set

Ag’i = {k::(k:l,...,kq):ngzl,...,kq<1/jq,/€i<l/ji <y, <n}
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- Alz = {k): (kl,...,]{?q) :0< kl,...,kq < I/jq,ki < vy, < I/jq}

= {k: c AL : 1@35(114:3 < yji}u{k: € A 1r£1§1<qus > 1/]-1} = A U A"

Thus, since A% already does not depend on n we have
Vi f(@)| = sup [V ()|

—1
K > > kit+tkq _ Yiq

cop T S Yt
i=17i=1vjg=vj; ke A}
o i 005+ 5 T () e+ 0] ().

Consequently,

/_ ‘V(p)f(x)’p dx
U

-1
K e e Ei+---tkq Yiq

5(4A)Pflzz Z Z/Uququ

=1 ji=1vig=vj; ke A}

[ D) T 0 £+ e, + ) e ) i ).

The sum ZkeAg will be estimated as the sum of ZkeAg and ZkeAg'
Denote k* the maximum of kq,..., k.

i i Z/—QkﬁjkqQ‘:J—"ﬁ
U

§i=1viqg=vj; ke A}

[ Ly () - L (001 o+ e, )| i ()
G

00 00 Vi,

<SS Y ok e

Gi=1vig=vj, k*=0

< [ [ Do )50+ e+ 0] i ()
G G

vj, ¥

o] 0o .
<SS Y e s

ji=1vjg=vj, k*=0
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o0
D AT i

Ji=1

On the other hand, the part A} can be estimated as follows. For the sake
of simplicity we suppose that the maximum of k1, ..., kq is k.

k1+ +kq Yigq

DD E =

Ji=1 Viq=Vj; kGAl

x ( /G I, () x - x Ip, () |, (@ + ex, + )| dp <u>) e

0o oo Vi — Vig—1

<ZZZZ 2. 272

Ji=1vig=vj; kj, =0 ki=v;,+1ka,...ki—1,ki+1,.... kg <k1

k1+ +kq Yiq

-2 a1

< [ [ Do ()15 - en,+ 0] diu,2)
G G

vj
oo 00 Ja (q— 1) 1+k

S>> Z Z 2k |

jz—lujq th _Okl V] +1

V]z

e’} e’} 1 kji_yjq
SN > w2

Ji=lvje=vj; kj;=0

1/—1/

[o.¢] o
g Z Z V]q V]z q 1 Hfh”l

ji=1 Viq=Vi;

o0
S Ul S

Ji=1

Finally, this implies

H <{|V(p)f|1’ > A}) <pU)+ )‘17)/U|V(p)f|p < Hf)\”l

Lemma 1 is proved. O
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3. PROOF OF THEOREM 1

Let f € L1 (G x G). Then the dyadic maximal function is given by

M (2,y) = sup 2" / @+ s,y +0)dus,).
neN
Iy X1

For a two-dimensional integrable function f we need to introduce the
following hybrid maximal functions

Mif (2.y) —sup2”/|f + 5,9)|dp(s),

Maf (z,y) = sup2” / (g + ) du(8),
neN

®) Vi (z,y,f)

P 1/p
= sup [ 27— / 2911 Sén)f(m+t+e],y) dp (t) ,
neN
G |7=0
9 Vi(zy.f)
P 1/p
= sup | 27~ 1) / ZQJ]II Sén flz,y+t+e;)| du(t)
neN

It is well known that for f € Llog™ L the following estimation holds

(10) AM{(z,y) e GXG: Mf(z,y) > A}

51+/ 1f (@, 9)) log™ | (2, 9)] du ()
GxG

and for s =1,2

(1) //IMsf(x,y)du(w,y) < 1+//|f(x,y)llog+If(:v,y)ldu (2.1).

GxG GxG

Set
Q= {(x,y) EGXG:Vl(p)f(x,y) >)\}.
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Then by Fubini’s Theorem and Lemma 1 we can write

(12) wQ) = / / o, () dps ()

GxXG

= ( Io (z,y) du () | dp(y)

/If z,y)du(z) | du(y)

Q

< 1
N)\

<
~ )\

Analogously, we can prove that

(13) u{(m,y)erG:Vz(p)f(x,y)>)\}5 ||Ji\||1_

For Dirichlet kernel Schipp proved the following representation [30, page
622]

k

n—1
(14) Do () = > Tpage, @)Y en2 g (z + ¢5)
k=0 J=0
1

—5wm (2) + (m+1/2)1, (),

where m < 2™ and

-1t =0,1,.,k—1,
KT\ 41, if 5 = k.

Proof of Theorem 1. First, we prove that the following estimation holds

an_1 1/q

< VP ><m,y, Mif) + Vi) (z,y, Mof) + MF (z,y)
VP (@, y, A) + VP (g, A) + (I f DS

where A is an integrable function of two variable on G x G function of two
variable which will be defined below.

Since
1 an_q /a1 1 n_q 1/q2
(2,1 > [Smm (2,9, f)l‘“) < <2n > 1Smm (fcvy,f)l(”) ;
m=0 m=0

when ¢q; < g9, without of generality, we can suppose that 2 < ¢g € N.



14 GYORGY GAT, USHANGI GOGINAVA AND GRICORI KARACULYAN

It is easy to show that

o1 1/q
<Z |Smm (xv Y, f)‘q>
m=0
on_1 1/q
— <Z |Smm ($7y552",2”f)|q)

m=0
on_1 a\ 1/q
S / / Sonon (@ + 5,5+ £, f) Din (5) Do (£) d (5, )
m=0 &~ '~
-1
< suwp / / Sonan (24 5,9+, £) S Gomn (,9) Do (5) Do (£) i (5,1)
{amn("fvy)} m=0
xG
by taking the supremum over all {a,,, (z,y)} for which
n 1
m_q /p 1 1
> (@)l ] <14+ - =1
0 p q
From (14) we can write
2n—1
(16 [[ S (@t 5,04 0.5) S (5.9 Do (5) Do (0t (5,1
m=0

GxG

n—1 n—1 ki ko

= //52",2" (z+s,y+t,f) Z Z Z Z H1k1\1k1+1 (s)

GxG k1=0 k2=0 j1=0 j2=0
X]Ifkg \kg+1 (t) Ek1j1E k2o g1 tiz—2
2" —1
X Z Omn (x,y) Wm (5 +t+ej + €j2) du (S,t)
m=0
1 n—1 ki
_5 // SQn72n (.Z' + S, Y + t, f) Z Z H1k1\1k1+1 (S)
GxG k1=0371=0
2" —1
ki 200 i (@,9) win (5 £+ €5,) dp (s, 1)
m=0
n—1 k1
+/ 52717271 ($+S,y+t, f) Z Z]Ilkl\lk1+1 (S)
GxG k1=071=0
2" —1

xek 2, (8) ) cmn (2,y) win (s +¢jy) (m+1/2) du (s, 1)

m=0
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1 n—1 ko
5 [[ St rsy 03 Y ., ©
axa k2=0j2=0
o2
X Ehyjp 2727 Z Qo (T, Y) Wi (s +t 4 €j,) dpi (s, 1)
m=0
2n_1
+; / / Sonan (T4 5,9+ 6, ) S Gomn (229) W (5 + 1) dp (5,1)
Gxa m=0
1 on_1
_5 // 52",2” (:L' + 5,y +t7f) Z Omn (x,y) Wm, (3)
Gxa m=0

X <m + ;) I, (t) dp (s, t)

n—1 kg

+ / / Sonan @+ s, y+6) S S L, ()

e} k2=072=0

2m—1
Xy 2?1 Y o (2, 9) win (E+ €5,)

m=0

X (m + ;) T, (s)du(s,t)

2" —1
1
-3 / / Sonon (@4 5,5+ L) S Qn () wp (1)
GxG m=0

x (m + ;) I, (s) dp (s, 1)
m_1

+// S (@ 8y 40) 32 o (1)

GxG

2
« <m v ;) L. ()10, (£) du (5, 1)

9
k=1

15
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It is easy to show that

on 1 1/p
(17) PLIS (Z]amn(m,y)\p>
m=0

xgPnin/a / @t syt 0] du(s,1)
Iy X 1In
< N (2y),

on1 1/p

(18) 5| < 20/ <Z |t <m,y>rp> 171l < 2791 £,
m=0

(19) 8] < / Soman (z 4+ 5,y + 4, 1])
I, xG

2n—1

Zamn x,Y) W, (t) (M +1/2)

-/ (2"/f Tt s,y +t+0)| dp (v >)

I, xG I,
2n—1

X Z A, (X, Y) Wiy (£) (M +1/2)
m=0

-/ (/ (2”/f<x+s,y+t+v>du<s>) du(@))
G n In

2" —1

X Z A (X, y) Wy (£) (M +1/2)
m=0

5/( M1f<x,y+t+v>du<v>)

G

dp (s, 1)

dp (s,1)

dp (t)

2" -1

X Z O (T, y) Wiy () (M +1/2)| dp (t)
m=0

g / SD (2,y+ 1, ML f)
G

2" —1

< |57t (2 y) Wi () (m 4 1/2) | dp (8)
m=0
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1/p
—-n (2) P
S2 S (x,y +t, My f)) du(t)
G
“\/

G

Then from the Hausdorff-Young inequality, we have

q 1/q

du (t)

q 1/q

dp (t)

2" —1

Z Amn (X, y) Wy (£) (M +1/2)
m=0

2m—1
(20) / S un (5, 9) w0 (1) (m+1/2)
m=0

G

2n—1

sup / (1) S () wen (8) (m+ 1/2) dpe (1)
m=0

gll,<1
lall, &

2" —1

= sup S n (2,9) (m +1/2) / g (1) wn, (£) dps (2)

lall <1 | 2% J
1

m=0

on_1 1/p
< sup (Z |t () (m+1/2)\”>

lgll,<1

= sup
llgll, <1

m=0
on_1 1/q
X ( > g (m) |q>
m=0

on 1 1/p
S sup 2" (Z |mn ($ay)|p> lgll, < 2"

llgll, <1 m—0
Hence
o1 1/p
| Js| < 2"/ (Z | <x,y>rp> Va?) (@, y, M f)
m=0

< 2P (a,y. M)
Analogously, we can prove that
(21) ol S 2"V (,y, Ma f)
Now, we estimate Jy. Since
/52717271 (x+s,y+t,|f])du(s) =2""Samon (x,y+1,|f])
In

from (20) we can write
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n—1 n—1
@ HEY St [ SeaGrsyrnls)
J2=0 ka=j> Inx([k2\lk2+1)
on_q
% |3 o () 0 (¢ + €52) (m + 1/2) | e (5, )
m=0
n—1 '
< et / Songn (x + 5,y + 1, | f])
2=0 LT,
on_q
X Z (2, Y) Wiy (T + €5,) (M +1/2)| dp (s, 1)
m=0
n—1 A
s> ot [ | [ e wssy+ tlihan(s)
J2=0 Ij2 n
on 1
X Z Amn (xu y) W (t + €j2) (m + 1/2) d/i (t)
m=0
n—1 )
s20 322 [ S @y 1,11
72=0 Tj,
on 1
IS Qi (@) W (¢ + €3) (m+1/2) | dp (1)
m=0

n—1
S27" Z 27271 /Sznm (@,y + 1+ €, | f1)

-
72 Tj,

2" —1

Z A (T, y) Wy (£) (M +1/2)
m=0

X dp (1)

n—1
S 2"/ Z 2j2ﬂsz (t) Sanon (z,y +t +ej,, | f])
G Jj2=0
-1

> tn (2, y) win () (m +1/2)
m=0

X dp (t)

P 1/p

n—1
<o / S 20y, (£) Sy @,y +t+ esy, 1) | dpe(2)
G 72=0
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2m_1 q 1/q

X /
m=0

> o (2, y) win () (m+1/2)| dp (2)
G

n—1 p 1/p
S / Z 2j2H[j2 (t) Saon on (m,y+t+ej2, ¥ dp (t)
G j2=0
Since
Sonzn (2. y + 1+ €5y, | f1)

:2"/ 2"/\f(:c+u,y—|—t+ej2 + o)l dp (u) | du (v)
In In
S 2”/M1f(z:,y+t+ej2 +v)dp (v)
I
= Sé%) (x,y+t+ej, Mif)
from (22) we can write
(23) | J7]
p 1/p
Z 2211, (6) S5 @,y +t+ e, MiS) | dia(2)
G Jj2=0
< 297 (@, M)
Analogously, we can prove that
(24) T3] S 2"V (@, y, Mo f)
For J; we can write

-1 n—1

k1 k2

DI I WL
k1=0 k2=071=0 j2=0

/ S (&4 8, + 4, 1]
(I \ iy 41) <k2\1k2+1)

2" —1

Z Amn ($7y) Wm (S +t+€j1 +ej2)

m=0

(25)

2/\

X

\

dp (s,1)

n—1 n—1

S Yo [[ St syl

71=072=0 I ><I
on_1
Z Amn (T,Y) W, (s + T+ e, +€j,)

m=0

dp (s,t)

19
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n—1 J1

_ 3N onti / Sonon (z + 8,y + 1, | f])
31=072=0 1) x1j,
on_q

X Z Omn (%y) Wm (5 +t+ €4, + ej2) dlu’ (S’t)
m=0

n—1 n—1

+> > ohte? / Sonon (z+ 5,y +1,|f])

J1=0j2=j1+1 1, X1,
on_1

X Z (X, Y) Wi (s +t + €5, +ej,) | dp (s, t)
m=0

= Jiu + Jia2.

It is easy to show that s+t +e;, € I, for s € I;,t € I, and ja» < ji.
Hence, we can write

n—-1 75
(26) Jn Sy e // Songn (x + 8,y +t + 5+ ejy, | f])
J1=0j2=0 I;, %1,
2n—1
X Z Qi (2, Y) wm (E+ €5,) | dp (s, 1)
m=0
n—1 71
<o TN gt // / |f (x4 s+u,y+t+s+ej, +v)| du(u,v)
71=072=0 I, x1Ij, xIn
2n—1
X Z (T, y) Wi, (E+ €5,)| dp (s,1)
m=0
n—1 71
TN
J1=0j2=0

x/ // 2j1/|f(x+s+u,y+t+8+ej2+v)du(s) d (u,v)
Ij)

I]'2 nXIn
2" —1
Z Qmn (T, Y) Wiy (T + ej1) dp (1)

m=0

X

n—1 J1

IR

71=0 j2=0
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></ 2"/ 2j1/\f(x+s,y+t+s+ej2+v)du(s) d(v)
Ij2 In I;
-1

Z Omn (I, y) Wm (t + ejl)

m=0

X dp (t).

Set

Aj (zyy) =2 [ |f(z+s,y+s)|du(s).
I

Then it is evident that
Aj (zy+x)=2" [ |f(z+s,y+a+s) du(s)

IJl

=21 [ |Fy(z+s,y)|du(s),
Ij1
where

FQ(x>y) = f(.T,y+fU)
From the condition of the theorem it is evident that Fy € Llog L (G x G).
On the other hand,

sup 4 (z,z +y) S MiFs (2,y).
j
Let
A(x,y) :=sup 4; (z,y).
j
It is evident that

(27) [[A@yanay = [[A@y+ 2 dutay)

GxG GxG

g/ M1F2 (mvy)du(x7y)
GxG

<1+ / IFy (2, )] log™ | Fs (2, 9)] du ()
GxG

S1+ [[17 @wlog! If @)l du o).
GxG
Then from (26) we have

n—1 J1

(28) Tl S )Y 2k

Jj1=0j2=0
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></ 2"/A(:1c,y+t+v+ej2) d (v)
I, In
2n -1

Z U (@, Y) win (+ €5,)

m=0

dp (t)

n—1 J1

< Z 22”/52” (x,y +t+ej,A)

J1=0 j2=0

2" —1
Z Qmn (1‘7 y) Wm (t + ejl)

m=0

dp (t)

n—1

SZ/ZQJZHI (t) S 2n (ac y+i+ej, A
n=0g Jj2=0

2" —1
S o (29) win (4 €5,)

m=0

dp (t)

n—1

<> 2292]1 () S (z,y+t+ej,, A

J1=0 G[ J2=0
2n—1
Z Qo (T, Y) Wy (t—i—e]1

Analogously as in (20) we can prove that

)
o)
o)

on—1
/ Z A (T y)wm(t+e]1
g |m= 0
on 1
N (Z | mn (xvy)|p> <L
m=0
Hence
n—1
T $ 0 2 (w,y, A) < 2V (2, A),
Jj1=0
where

AELl(GXG).

Analogously, we can prove that

(29) Jia < 2V (2., A).
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Combining (25), (28) and (29) we conclude that

(30) 1] S 2V (g, A) 4+ 27V (2, 4).
Analogously, we can prove that

(31) ol 4 14| S 279V (2,5, A) + 29V (., 4).

Combining (16), (17)-(24), (30),(31) we obtain of estimation (15).
Combining (10), (11), (12), (13), (15), (27) and Lemma 1 we conclude
that

p{Hlf > A}
1
S 5 UMl + IM2flly + Al +AuAMf > A})
1 +
S 5|t ] et
GxG
Theorem 1 is proved. O
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