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On Weyl multipliers of the rearranged trigonometric system

G. A. Karagulyan

Abstract. We prove that the condition ) o>, 1/(nw(n)) < oo is necessary
for an increasing sequence of numbers w(n) to be an almost everywhere
unconditional convergence Weyl multiplier for the trigonometric system.
This property was known long ago for Haar, Walsh, Franklin and some
other classical orthogonal systems. The proof of this result is based on
a new sharp logarithmic lower bound on L? for the majorant operator
related to the rearranged trigonometric system.
Bibliography: 32 titles.
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§ 1. Introduction

Let ® = {¢,:n =1,2,...} C L?(0,1) be an orthonormal system. Recall that
a sequence of positive numbers w(n) 7 oo is said to be an a.e. convergence Weyl
multiplier (a C-multiplier for short) if every series

> anpn() (1.1)

with coefficients satisfying the condition
> alw(n) < oo, (1.2)

is a.e. convergent (see [8] or [7]). The Menshov-Rademacher classical theorem
(see [10] and [19]) states that the sequence log? n is a C-multiplier for any orthonor-
mal system. The sharpness of log? n in this statement was established by Menshov
in the same paper [10], proving that any sequence w(n) = o(log”n) fails to be
a C-multiplier for some orthonormal system.

The following definitions are well known in the theory of orthogonal series.

Definition 1.1. A sequence of positive numbers w(n) ' oo is said to be an
a.e. convergence Weyl multiplier for the rearrangements (an RC-multiplier) of an
orthonormal system @ if it is a C-multiplier for any rearrangement of .

AMS 2020 Mathematics Subject Classification. Primary 42C05, 42C10, 42C20.

© 1809 Russian Academy of Sciences (DoM) and London Mathematical Society


https://doi.org/10.1070/SM9422

2 G. A. Karagulyan

Definition 1.2. A sequence of positive numbers w(n) ,* co is said to be an a.e.
unconditional convergence Weyl multiplier (a UC-multiplier) for an orthonormal
system ® if under condition (1.2) the series (1.1) converges almost everywhere after
any rearrangement of its terms.

For a given orthonormal system ®, we denote by RC(®) and UC(®) the families
of RC- and UC-multipliers, respectively. Observe that according to the Menshov-
Rademacher theorem we have log?n € RC(®) for any orthonormal system ®, and
a counterexample of Menshov tells us that log;2 n is optimal in this statement. The
following two theorems provide a necessary and sufficient condition for a sequence
to be a UC-multiplier for all orthonormal systems.

Theorem A (Orlicz; see [17]). If an increasing sequence of positive numbers A(n)

satisfies
[ee]

1
Z nA(n)logn <o (13)

n=1
then w(n) = A(n) log® n is a UC-multiplier for any orthonormal system.

Theorem B (Tandori; see [21]). If an increasing sequence of positive numbers A(n)
does not satisfy (1.3), then there exists an orthonormal system for which the
sequence w(n) = \(n)log®n fails to be a UC-multiplier.

In particular, these results imply that the sequence log? n(loglogn)i*e, e > 0, is
a UC-multiplier for any orthonormal system, while log? nlog log n is not a UC-mul-
tiplier for some orthonormal systems.

The study of RC- and UC-multipliers of classical orthonormal systems is an old
issue in the theory of orthogonal series. It is well known that the sequence w(n) =1
is a C-multiplier for trigonometric, Walsh, Haar and Franklin systems, while it fails
to be an RC-multiplier for these systems. Kolmogorov [9] was the first who observed
that the sequence w(n) = 1 is not an RC-multiplier for the trigonometric system.
However, he never published the proof of this fact. A proof of this assertion was
later given by Zahorski [31]. Afterwards developing Zahorski’s argument, Ul’yanov
(see [23] and [24]) established such a property for the Haar and Walsh systems.
Using the Haar functions technique, Olevskii [16] succeeded in proving that such
a phenomenon may also occur for arbitrary complete orthonormal systems.

Later on Ulyanov (see [25], [27]) found the optimal growth of the RC- and
UC-multipliers of the Haar system. Moreover, his technique of the proof became
a key argument in the study of the analogous problems for other classical systems.

Theorem C (Ulyanov; see [26]). The sequence logn is an RC-multiplier for the
Haar system and any sequence w(n) = o(logn) is not.

Theorem D (Ul'yanov; see [26]). The sequence w(n) is a UC-multiplier for the
Haar system if and only if the bound

— 1
an(n) =

n=1

holds.
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In his famous overview [28] of 1964 Ul’yanov raised two problems (see [28], § 11),
and these have been further recalled several times in different papers of that author
(see [27], [29], [30]):

1) find an optimal sequence w(n) to be an RC-multiplier for the trigonometric
(Walsh) system;
2) characterize the UC-multipliers of the trigonometric (Walsh) system.

The following result somehow clarifies the relationship between these two prob-
lems in terms of the Orlicz ‘extra factor’ A(n) (see (1.3)). It also tells us that the
Orlicz theorem can be deduced from the Menshov-Rademacher theorem.

Theorem E (Ul’'yanov and Poleshchuk; see [26], [18]). If w(n) is an RC-multiplier
for an orthonormal system ® = {p,(x)} and A(n) is an increasing sequence of
positive numbers satisfying (1.3), then the sequence A(n)w(n) is a UC-multiplier

for ®@.

Relating to problem 1), we first note that the Menshov-Rademacher theorem
implies that log®n is an RC-multiplier for the trigonometric and Walsh systems,
and second, no RC-multiplier w(n) = o(log®n) is known for these systems. Simi-
larly, the only known UC-multipliers of trigonometric and Walsh systems are the
sequences A\(n) log? n coming from the result of Orlicz for the general orthonormal
systems.

The lower estimates for RC- and UC-multipliers of the Walsh system were studied
in [1], [14], [15] and [22]. The best result at this moment, proved independently by
Bochkarev (see [2] and [1]) and Nakata (see [14]), says that if an increasing sequence

w(n) satisfies
oo

1
> () = (1.4)

n=1

then it is not a UC-multiplier for the Walsh system.

For the trigonometric system analogous bounds were studied in [11]-[13], [21], [5].
The most general result is due to Galstyan [5] (1992), who proved that under the
condition

. 1
P (1.5)
= nloglognw(n)

the sequence w(n) fails to be a UC-multiplier for the trigonometric system. In con-
trast to the Haar and Walsh systems, in the trigonometric case we see an extra
loglogn factor in (1.5). Corollary 1.3 stated below tells us that the factor loglogn
can be removed also in the case of the trigonometric system.

Note that the following inequality is the key part of the proof of the Menshov-
Rademacher theorem.

Theorem F (Menshov and Rademacher; see [10], [19] and also [8]). For any ortho-
normal system {p: k=1,2,...,n} C L?(0,1) and any coefficients ay,

n
Z ak Pk

k=1

m

) (1'6)

max

< clogn
1<m<n

2

APk
k=1

where ¢ > 0 is an absolute constant.



4 G. A. Karagulyan

Similarly, the counterexample of Menshov is based on the following result.

Theorem G (Menshov; see [10]). For any natural number n € N there exists an
orthogonal system i, k =1,2,...,n, such that

m

Z@k

k=1

max

b
1<m<n

2

> clogn
2

Z Pk
k=1

for an absolute constant ¢ > 0.

To state the results of the present paper let us introduce some notation. For two
positive quantities a and b the notation a < b will stand for the inequality a < cb,
where ¢ > 0 is an absolute constant, and we write @ ~ b whenever a < b < a.
Let X denote the family of one-to-one mappings (permutations) on {1,2,..., N}.
We will consider the trigonometric system on the torus T = R/Z. For a given integer
N > 1 and o € Xy, we consider the operator T, n: L*(T) — L*(T) defined by

where ¢j, = / f(x)e 2™k dg,
T

m
T, nf(x) = max E Co e (R)z
g, f( ) 1<mEN it o(k) ’

Our main result is the following.

Theorem 1.1. For any integer N > 1 there exists a permutation o € X such
that
|To,N 212 ~ log N. (1.7)

We note that the upper bound in (1.7) follows from the Menshov-Rademacher
inequality (1.6). Recall the weak L?-norm of an operator T: L? — L?, defined by

T ez = sup  A({ITf(2)] > A}D)V2.
71121, 250

From the lower bound of (1.7), applying Lemma 8.1, we easily deduce also a lower
estimate for the weak L?-norm of the operator T, . Namely, the following holds.

Corollary 1.1. For any integer N > 1 one can find a permutation o € X such

that
| T Nllz2—r2 2 VIog N. (1.8)

Applying (1.8) we prove the following results.

Corollary 1.2. Any increasing sequence of positive numbers w(n), satisfying
w(n) = o(logn), (1.9)

fails to be an RC-multiplier for the trigonometric system. Moreover, there are
coefficients ay, satisfying (1.2) such that the series

S
§ ane27mo(n)w
n=1

is almost everywhere divergent for some permutation o.
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Corollary 1.3. If an increasing sequence of positive numbers w(n) satisfies (1.4),
then it is not a UC-multiplier for the trigonometric system. Namely, there are
coefficients a,, satisfying (1.2) such that the series

i a, e’ ine (1.10)

n=1
can be rearranged into an almost everywhere divergent series.

Remark 1.1. Corollaries 1.2 and 1.3 can be stated in terms of real trigonometric
series, by considering

oo
Z ap, cos(nx + pr)

n=1

instead of the series (1.10). In fact, using an elementary argument, one can deduce
the real trigonometric versions of Corollaries 1.2 and 1.3 from their complex ana-
logues.

Remark 1.2. We do not know whether the reverse inequality to (1.8) holds for every
permutation o, that is,

max | T, nlr2r2.0 S v/log N.
ocEXN

Remark 1.3. An estimate like (1.8) is not known for the Walsh system. Note that
our proof of (1.8) is based on a specific argument which works only for the trigono-
metric system and it is not applicable in the case of the Walsh system. Namely,
we use a logarithmic lower bound due to Demeter [3] for the directional Hilbert
transform on the plane.

Remark 1.4. Recall the following problem posed by Kashin [20], which has become
more interesting after the result of Theorem 1.1: is there a sequence of positive
numbers y(n) = o(logn) such that for any orthonormal system ¢, on (0,1) the
inequality

m

1 1 2 1/2
(/ (max |3 o(2)pr(y) dwdy) <v(n)vn (1.11)
o Jo lsmsnji—

holds?

Remark 1.5. Finally, we note that the result analogous to Theorem D for the
Franklin system was proved by Gevorkyan [4]. In a recent paper of this author [6]
the analogues of Theorems C and D were proved for the orthonormal systems of
nonoverlapping martingale-difference (in particular, Haar) polynomials.

§ 2. Directional Hilbert transform and Demeter’s example

The starting point for our construction is an example given by Demeter [3] for
the directional Hilbert transform. To state it we need the notation

B(a,b) = {x € R*: a < ||x| < b}, 0<a<b< o
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and
Fg = {XZ (Il,l‘g) S R2: T COSG—FI‘QSin@ 2 O}

For a rapidly decreasing function f and a unit vector (cosf,sinf), 6 € [0, 27),
we define

1
Hgf(X) =p.v.— dt, X = (331,.732) S RQ,

™

/ f(x —t(cosf,sind))
R

t

which is the one-dimensional Hilbert transform corresponding to the direction 6.
It is well known that this operator can be extended to a bounded operator
on L%(R?). For the collection of uniformly distributed unit vectors

wk
@:{ek:N,k:172,...7N},

consider the operator

Hg f(x) = sup [Hy f(x)].
9o

The result of [3] is the lower bound ||H{|l2—2
give a detailed proof of this result.

2 log N. We find it appropriate to

~

Lemma 2.1 (Demeter; see [3]). For any integer N > Ny, where Ng is an absolute
constant, the function

1
f(x) = mlB(loN*9,N*8)(X) (2.1)
satisfies the inequality
1HS ()2 Z log NI f]2- (2.2)

Proof. A change of variable allows us to prove (2.2) for the function

1
h(x) = mlB(lo,N) (%)

instead of f. Fix a point x in the upper half-plane Ri satisfying

N

10° < ) < (2)
and consider the unit vector u = x/||x|| = (cosf,sin@). Clearly, there is a unit
vector uy = (cos b, sin 6;) such that

T
lux =l < - (2.4)

A geometric argument shows that the line x — tug, ¢ € R, has four points of
intersection with the boundary of B(10, N). Moreover, we have

E={teR:x—tu, € B(10,N)} = (4,a] U b, B), (2.5)
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where the numbers A < a < b < B satisfy

b= Awgll =[x — Bug| =N, [x—awgll = x - bugl =10, (26)
te (a,b) <= |x—tu <10, (2.7)
t¢[A,B] < |x—tug] > N.

For any t € E we have

o< el + e el < 5 4 v = 2 (28)

Based on (2.4), (2.6) and (2.8), we claim that
Il = 15 < o < x]| - 5, (2.9)
Il +5 < b < x| + 15, (2.10)
4]~ N < 5, (2.11)
1B] - N| < g (2.12)

Indeed, observe first that ¢t = ||x|| ¢ E, since
[ =l || <l = llxflu] + [x]] [ = el =[x [ - w < 2.

So from (2.7) we conclude that a < ||x|| < b. Thus, using also the inequality
110 — [[Ix| — al| = [lIx — aur]| =[x — au]|| < |af [lu — wel| <5,
we easily get (2.9). Similarly, we have (2.10). From

N
[14] = N| = [l Aug]| =[x = Aug ]| < [Ix]| < 5
and the same bound for B we obtain (2.11) and (2.12), respectively. If ¢ € E, then
by (2.4) and (2.8) we have
[l =t = Il — tul > [lx — tug]| — [t][[u — ] > 10 -5 =5,

and therefore

x| —¢
I — tugl| > [|x — tul| — [¢]lu - wgl] > [[|x]| - t| = 4.8 > ‘25|
Thus we get
1 B 1 ‘ < [t]]|a — ugl] < 257t N
lx —tulflx = tugll|  flx = tullllx = tagl] = N — |||
and hence, using also (2.5), (2.9) and (2.10),
Ho, h(x) / L
7 x)—pv. [ ———
W Jp k= ]
25 1 50 <1 10
T <= [ Sdat= 2. (2.13)

SN Je |t —x||]? ‘N ) 2 N
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On the other hand,

p.v./édt:py. /GLHW. /Bd’f
o % — ful] A T —tul] s Hx — tu]
a dt B dt
=PV / ==t 2" / £t — IxI)

IIXII/(X—t ) % II/ (t—IIXII llf)dt

=T (longXll A| —log|[[x|| — a| +log |a| —log |A])
” || (log|B |x||| — log|b — ||X||| + log|b] — log |B\)

Using (2.3), (2.11) and (2.12) we can say that
log’||x|| — A|, log|B — HXH|, log|A| and log|B|

are equal to log N + ¢ for different constants ¢ € [log(1/3),log(5/3)]. From (2.9)
and (2.10) we get log||[x|| — a|,log|b — ||x||| € [log 5,l0g 15]. On the other hand, for
log |a| and log |b| we have a lower bound by log(||x||/2) in view of (2.3). All these

imply that

1 21og(107°

pv. [ e > 21og(10-Tlx]]) (2.14)
g tlx —tull [l

Combining (2.13) and (2.14), we obtain

log(10~=°||x|)) 5w

Hih(x) > w|Hg, h > o
Tilg (X) 7T| Ox (X)| HXH N

for all x € Ri satisfying (2.3). Thus, simple integration shows that

EAGEEN o, (1)
B(105,N/3)NR3.

- /N/3 log®(10~57) 107 log(10~°r) N 252
~ 1 T N N

)dr > log® N
05

and ||h|l2 S ViIog N for N > Ny. This implies (2.2).
Lemma 2.1 is proved.

§ 3. Smooth modification of the function f
Since the one-dimensional Hilbert transform is the multiplier operator of ¢ sign x,
for any direction 6 = (cos 6, sin ) we have

ﬁe\f(x) = isign(z cos 0 + x4 sin 0) f(x).

Recall the multiplier operator T» corresponding to a region D C R? and defined by

——— o~

Tp(f) =1pf.
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One can check that .
f—iHgf

To,(f) = L1 (3.1)
We denote
T*f = sup |TF9f|'
0O
So the bound (2.2) is equivalent to the inequality
17 (f)ll2 2 log N || f]|2; (3:2)

which will be used in the next sections. In this section we examine some properties
of the function (2.1).

Lemma 3.1. The function (2.1) satisfies the relations

£l ~ N2, [fll2 ~ +/log N (3.3)
and

1/2
0.0 = sw ([ Ifcm - foofax) SNV e

[hil<s
for any 0 < § < N~10,

Proof. Equations (3.3) are results of a simple integration. Fix a vector h, ||h|| < 4.
Observe that
x € B(ION™? +§,N~8 - §) (3.5)

implies that x + h € B(10N %, N=8) and so

1 1

[x+h]  [x]]

[l

< — 0 < N6
[l + b {Ix]

[f(x+h) - f(x)| =

Using this we get

/ £+ h) = F ) dx
B(10N=948,N—8—6)

S|B(ION™? 46, N78 — §)|N3052 < N2062, (3.6)
If
x € B(ION™? = §,10N"° +§) UB(N~8 -6, N8 + ), (3.7)
then |f(x +h) — f(x)| < 2[|f]loe < N? and so

~

/ |f(x+h) — f(x)]*dz < N6. (3.8)
B(10N—9+48,10N—%—8§)UB(N 8§, N—8+5)
If x is outside the regions that we have in (3.5) and (3.7), then f(x+h) = f(x) = 0.

So combining (3.6) and (3.8) we obtain (3.4).
The lemma is proved.
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It is well known that there exists a spherical function K € L*°(R?) satisfying
the relations

K(t)dt = 1, (3.9)
R2
supp K C B(0,1) (3.10)
and c
0 < K() < e (3.11)

where ¢ > 0 is a constant. Indeed, choose a spherical function ¢ € C*°(R?) with
supp ¢ C B(0,1/2) and define K(z) by K = ¢ (¢ * ¢). Clearly, we have (3.10), as
well as (3.11) for any power instead of 50 in the denominator. The relation (3.9)
will be satisfied after a suitable choice of the constant ¢;. We are going to replace
the function (2.1) by the function

g(x) = . f(x —t) 72 (t)dt, (3.12)

where
H(x) = N K(N¥x).

Lemma 3.2. For N large enough, the function (3.12) is spherical and satisfies the
relations

supp g C B(0, N'9), (3.13)
1
lg = fllz S &= (3.14)
and
1T"(g9)ll2 % log N|gll2- (3.15)

Proof. The function g is spherical since f and J# are spherical. Applying the
Fourier transform to the convolution (3.12) we get

i) = F00. 700 = F R (5 ) (3.16)
so (3.10) immediately implies (3.13). Write g in the form
9 = [ Flx= 08 (O dt1n. () + [ Fx 00 deLp ()
R2 R2

=11 (x) + I2(x).
Applying (3.3) and (3.11), we can roughly estimate

]-B(l oo)(x)
(X)) S —mrar
N2 |||

then after a simple integration we get

1212 S <3 (3.17)
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Choosing § = N~4, for every x € B(0,1) we can write
I(x / Fx—t) — F(0)|H (t) dt
- / Fx— t) — FGH () dt + / Fx — t) — FO)(8) dt
B(0,5) B(4,00)

= Ill(x) + Ilg(X).

From (3.4) and (3.9) it follows that
1/2
1l < ( [ [ re-o- f<x>|2dxdt)
B(0,5) R2
<w(8, ) < NVG < % (3.18)

Applying (3.11) and the bound ||f|.c < N?, the second integral can again be
roughly estimated as follows:

ha()| <2Vl [ BN ae

B(6,00)
1 1
< N39/ —dt < —
~ B(s,0c) (N1P[E])P0 0~ N2
and so )
1121012 S N (3.19)

From (3.17)—(3.19) we obtain (3.14). Finally, having (3.14), (3.2) and (4.1), we get
1T (g)ll2 = 1T ()l — ||T*(9 = Dll2

> ||T(f ||2—Z||Tr9k (9= Dlly = 1T (N2 — e 2 log Nllg|l2-

This completes the proof of the lemma.

§ 4. A basic sequence of orthogonal functions

In the sequel we always suppose N to be a large enough integer. For the functions
f and ¢ introduced in the previous sections we will often use the relation

lglle ~ [ fll2 ~ v/log N, (4.1)

which easily follows from (3.3) and (3.14).

Lemma 4.1. Let f € L3(R) and supp f C B(0,8). Then for any direction 0 and
number A > 26 the inequality

1)
1T, (f)1ac0)ll2 S \/;|f||2 (4.2)

holds.
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Proof. In light of (3.1) and the conditions of the lemma we have

1
1Ty (f)1B(A00)ll2 = §||H9(f)1B(A,oo)|l27

so it is enough to prove (4.2) for Hy instead of the operator Tr,. Without loss of
generality we can suppose that § = 0. So we have

Hyf(x /fxl_””2 a= L[ Ites) g

Y t—l‘l

Observe that
Hg f(x) =0, 22| > 0,

and

1 6
‘Hgf(x)‘ S —_— |f(t,.%’2)| dt, |$2| < 5, |$1| > 1.66.
1| J s

Thus, using A > 20 and a simple geometric argument, we obtain

2
[ Ho(f)1p(a, oo)H2 = / / 5 </ |f(t, x2)] dt) dzi dxs
0,84 |9U1|

2
<i
<2 ([ wana) a s Sun,

and so (4.2) holds.
Lemma 4.1 is proved.

Denote
S(a,B) =T \To ={x€R*: 21co8 3+ 2803 >0, 71 cosa + zasina < 0},

which is a sectorial region.

Lemma 4.2. Let 0 < § < 1/16, f € L3(R) and supp f C B(0,8). Then for any
directions a and [ the inequality

1 Ts(08)(F)1B(1/2.00)ll2 S V3 fll2
holds.

Proof. Observe that
Ts(a,p) = Try o It

mta”

Consider the functions
fi= Ir,.,. (f)lB(O,\/g) and fo = Tr, o (f)lB(\/S,oo)'

Applying Lemma 4.1 for A = v/, we obtain

1falls = ITre o ()L sy l2 S ,/jgnfz = 311, (4.3)
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and so
I T, (f2)ll2 < [l f2ll2 < VIl £ll2-

Once again applying Lemma 4.1 for A =1/2 we get

I Tr, (F)1Ba /2,002 S VOl filla < V3| £1]a- (4.4)
Finally, combining (4.3) and (4.4) we obtain

1 Ts(a,8) (F)1B(1/2,00) 12 = 1T 5 (T (rt0) () 1B(1/2,00) ll2
< Tr, (f1) 1B 2,00 2 + 15, (f2)ll2 S V6| £]2-
The lemma is proved.
Denote
S]:_ = S0k, 0k_1), Sk_ =S(9k_1,9k) and SkZS;_USk_,

and consider the functions

gk:TS:(g)_TS;(g)a k:17277N7 (45)
where g is (3.12).

Lemma 4.3. The sequence of functions (4.5) satisfies the bound

m N
| Dnax ng > log N ng = log N||g|2- (4.6)
k=1 2 k=1 2
Proof. One can check that
Tt (9) = Try(9) + ng, = llgll2-
So from (3.15) we obtain
| Inax ;gk > ||, max |Tr, (g) + ;gk |~ 1T @)l
= || max, 170, @], = 1750 @) l2 > 17" (@)ll2 ~ llgll2 g N lg]l2
Lemma 4.3 is proved.
Now denote
1
+ _ 4 arl5
Dk—B(E)N,N )ﬂS(Gk N479k 1+N>

_ 1 1
D; = B(5N*, N15)05(0k 1+ o O —N4>

and
Dy = D,J{ uD,
and consider the functions

fk:TD;:(g)iTD_(g)a k:]-v?va (47)

k
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Lemma 4.4. We have the inequality

I fe —grll2 S ”]%”22, k=1,2,...,N. (4.8)

Proof. First observe that, since g and so g are spherical functions, we have

Bl a—p
iz ="""lgiz. )
7T

o —
2

In view of (3.13), (4.5) and (4.7) it follows that

1Ts(a,8)(9)3 = 19 Ls(a,) I3 =

4
supp(fi — gr) € B(0,5N*) U (U Uj>,

j=1

where
Uy=80;-N"%0;), Us=80;-1+N"*0;_1),
Us=S(0;,0, —N~%),  Us=S(0;-1,0,_1+N?).

In addition, according to (3.16) we have

[7llse < Iflsell K lloo S I flloe < NLflL S NT2 (4.10)
Thus, using (4.9) and (4.1) we get

4

I fx = gkllz = 1fk = Grll2 < G 1Bosnollz + D 1510, (9)]2
k=1

SgleeN* + N2llgllz £ N7*+ N72|lgll2 £ N72lgll2-

The lemma is proved.

Lemma 4.5. The inequality

gll2
1 fk1B/2.00)l2 < HNH2 (4.11)

holds.
Proof. Letting

91 = TN+ 00)(9) and g2 = Tp(osn4)(9),
we write
g=92+91 =92+ 9g11po,nN-3)+ g1lp(N-8,00) =92+ U+ V.
Using (3.13) and the definitions of the domains D} and D, , one can write

TD; (9) — TD; (9) = TD; (1) — TD; (1) = TG; (1) — TG; (91)
= T (U) = Ty (U) + T (V) = T (V), (4.12)
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where

ngS(Gk 0r— 1+]$) and Gk—S(Gk 1+ ! 0 —1).

N NaTR T N

By (4.10) we have
3 < L < =
lgzllz = [l91p0snnll2 S Jsltosnyllz S 573

Combining supp f C B(0, N~8) with inequality (3.14) implies that

||TG;(V) —Tq: M2 < IVll2 = I(f = 91)1(v—2,00)l2
<\If=aillz SIf—gll2+ llg2ll2 SN2 (4.13)

Then, applying Lemma 4.2 with 6 = N8 and taking into account that suppU C
B(0, N~8) we obtain

1l lgl
|(Te (U) = T (U 1p 2002 S "35> < Tz

From (4.7), (4.12), (4.13), (4.14) and (4.1) we obtain

(4.14)

1fx1B01/2.00 2 = [(Tp+(9) = Tp-(9))1B(1/2,00)lI2
< ||(TG;(V) —Ta- (VD)1B1/2,00)12 + ||(Tck+(U) —Tq- (U)1Ba/2,00) 2 S

and so (4.11) follows.
The lemma is proved.

llgll2
N2

Lemma 4.6. There exists a sequence of functions r, € L*(R?), k = 1,2,...,N

)

such that
11 11
e e (1) (1) o
= llgll2
Tk 1r2\ Dy ll2 S e (4.16)
and
m N
1<m<NZ Z1og N||> ril| ~log Nlgle. (4.17)
=1 2 k=1 2
Proof. Set

Te(x) = fru(x)1B(0,1/2)(%)-
We immediately have (4.15). From (4.11) it follows that

loll
e — fille 5 122,

and in light of (4.8) we get ||rx — gkll2 < |lgll2/N?. Thus, taking (4.6) into account
we get (4.17). Since

Tk = [k — fxlB(1/2,00)5
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and supp fx C Dy, by (4.11) and (4.1) we get

I7k1r2\Dy 2 = [[fx1B(1/2,00) IR2\Dy 2 < | felp(1 2,00 ll2

I1£1l2
= Ifrlba 2,002 S Nz

and so (4.16) holds.
The lemma is proved.

§ 5. Double trigonometric polynomials
The following lemma is a version of Lemma 4.6 for double trigonometric sums.

Proposition 5.1. There exist two-dimensional nonoverlapping trigonometric poly-
nomials

2 2

pe(x) = D ane®™™, k=1,2,...,N, (5.1)
neGy
such that
Gr C B(0AN")NZ%
and
m N
lgn’rlr?éN ;pk 2 log N Zpk (5.2)

k=1
Proof. Let u be a fixed vector. In light of (4.15) the function

—2miu-x

re(u,x) =e ri(X) (5.3)

as a function of x can be continued periodically and considered as a function
in L?(T?) with the Fourier representation

re(u,x) = Z 7r(n + u)e?™ X,
nez?
For any n = (ny,ns) € Z? we denote A, = [n1,n1 + 1) X [ng,n2 + 1) and let
Upy={neZ* A,NDy#a}C B(0,2N").
From the definition of Dy, it follows that

Dy c |J AnC B(0,2N"). (5.4)
neUy

A simple geometric argument shows that dist(Dy, R? \ Si) > 2, which implies that
U AncSi=58fus;,
neUy

so the Uy are pairwise disjoint. Consider the functions

pr(u,x) = Z Pre(n + u)e?minx
neUy
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and

qr(u,x) = Z Pr(n + u)e?™mx,

HEZQ\Uk
For fixed u the polynomials py(u,x) are nonoverlapping since U, C Sj. Clearly,
re(u,x) = pr(u, x) + gr(u, x), (5.5)
and by (4.16) and (5.4) we obtain
du = V2 du = t)|? dt
[ igdn= [ mcwran= 3w
n€Z?\Uy, nezZ?\Uy

» _ llgll
2 ~ N4

< ||7k1r2\ p, ||

and so

Z [ Jast ST

This inequality produces u = ug such that

al lgll3
Z ||qk(u0a )H% Sx N32 5

and by Holder’s inequality we get

N - Y2 gl
§:nqk(uo,-)nzwzv(}j||qk<u07-)||%> S5 (5.6)
k=1 k=1

Finally, we can define the polynomials

. 15 15([
pr(x) = 22N TIANTE) ), (1, %), x = (21, 22),
with the nonoverlapping spectra
Gr = U + (2N'5,2N"®) Cc B(0.4AN")NZ3.

Combining (4.17), (5.3), (5.5) and (5.6) we get

m m
B e, = ] oo ]

m N

S S5

>, lax k_lrk(um ) ) kZIqu(um Iz
™ N

Z|| max ZTk _02@20110@\[ Z ”9”2

1<m<N| £~ ) N 2

(5.7)
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Likewise, using (4.1) one can show that
N N
DI

k=1

k=1
From (4.17), (5.7) and (5.8) one can easily get (5.2).
Proposition 5.1 is proved.

lgll2
<L LJ0e
S o (5.8)

2

§ 6. Equivalence of discrete trigonometric systems

Let {fx: k € A} and {gx: k € B} be families of measurable complex-valued
functions defined on measure spaces (X, p) and (Y,v), respectively. We say that
these sequences are equivalent if there is a one-to-one mapping o: A — B such that
the equality

/’L{faj eB]’j:1’27""m}:V{gU(QJ) EB]’]:1’2""’m}

holds for any choice of indices o; € A and open balls B; C R?, j = 1,2,...,m.
For an integer [ > 1 we denote N; = {1,2,...,1}. The discrete trigonometric system
of order [ on [0,1) is defined by

TO = { tW(z Zexp <2m ) 5(;)(33), n e Nl},

where 6,(:) = [(k—1)/l,k/l). The tensor product of the two one-dimensional systems
of orders p and ¢ is the collection of functions

T®) x 7@ = {(t®) x t{D)(x) = tP) (21)t!D (25), n € N, x N }.

Notice that

p q
niu naU
(t) x 40)(x Z Z Xp<2m( 1p1 L e 2))16@) (). (61)

q

We prove the following.

Proposition 6.1. If p and q are coprime integers, then the systems T®9 and
T® x TD are equivalent.

Lemma 6.1. For any coprime numbers p and q, there are two one-to-one mappings
¢ and v acting from N, x Ny to Npg such that

{nlpul_i_ngquz}:{@(n]);;(u)}, (6.2)

where {a} denotes the fractional part of a real number a.

Proof. According to the Chinese remainder theorem, for every pair (ni,ns) of inte-
gers n1 € Ny and ny € N one can find a unique [ € N, such that

l=ny modp and [=ny modgqg
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and this defines a one-to-one mapping 7 from N, XN, to N, such that 7(n1,ng) = [.
For our further convenience we extend 7 over the whole of Z2 periodically by
7(n1,m2) = 7(n1 + pk,na + qj) for any pair of positive integers k, j. Define

p(n) =7(n1,n2) and  P(u) = 7(u1, —u2)(g — p) mod”py,

where
n, m modn =0,

(6.3)

m mod*n =
{m modn, m modn # 0.

Clearly, ¢ and ¢ determine one-to-one mappings from N, x N, to N,,. Moreover,

{@(n;;p(u)} _ {T(nhnz)T(U;(;—uz)(q —p)}

_ {T(’nl,’ng)’r(uh —uz)  T(ni,n2)7T(ur, —u2) } _ {n1u1 4 T2tz }

p q p q

Proof of Proposition 6.1. Let ¢ and 1 be mappings taken from Lemma 6.1. Then
 produces a one-to-one correspondence

()  4(a) (ra)
6P x =ty

while 1 produces a one-to-one correspondence

5u’; ><6 ) 5 5 (u1 )
In light of (6.1) and (6.2) one can see that each function t(p ) x t%qz) takes the same
value on 6(p) X 5((1) as t(p(i) 1) OL1 6(701)1 )’
of the systems 7% and T®) x 7@

The proposition is proved.

This obviously implies the equivalence

§ 7. The main lemma

Lemma 7.1. If functions f,g € L?(T) satisfy the strong orthogonality condition

/f h—2x)dz =0 for any h € R, (7.1)

then they have nonoverlapping Fourier series.

Proof. Condition (7.1) implies that

~

(n)g(n) = (f xg)(n) = 0.
So for each n € Z either f(n) =0 or g(n) = 0. This completes the proof.

Now we are able to prove the main lemma.
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Lemma 7.2. There exists a sequence of one-dimensional trigonometric polynom-
tals
= E A, e, k=1,2,...,N,
neUy

with nonoverlapping spectra Uy, such that
Uy C[1,N™ (7.2)

and
N

> Qk

k=1

(7.3)

m
max Z Qx
1

1<mSN|£

2 log N
2

2

Proof. For the coprime numbers p = N3! and ¢ = N3! + 1 we consider the discrete
double trigonometric system TP x T(@_ Tt is easy to see that

|e2mmx — (1) x 19)(x)| < x€T? n=(n;,ny) € BOAN®)NZ,.

(7.4)

1
N16’
Consider the nonoverlapping double discrete trigonometric polynomials

Pix)= 3 an(t® x tD)(x),  k=12,...,N,
neGy

with the same coefficients as in (5.1), where Gj, C N, x Ny. According to Propo-
sition 6.1 the systems T(®%9 and T x T(9) are equivalent. So the sequence of
double polynomials P, generates a one-dimensional sequence of nonoverlapping
polynomials R, € T?9 k =1,2,...,N. Both sequences share the same logarith-
mic bound (5.2) for the py, since it follows from (7.4) that

1 1/2 1
-k sy (Z @) < Zpk

neGy

The disjointness of the spectra of Ry, as polynomials in 7% implies that
/ Ri(z)Rm(h—2)dr =0 forany heR, k,meN,, k#m.
T

Thus, according to Lemma 7.1, the functions Ry, € L?(T) have nonoverlapping spec-
tra of Fourier series. Moreover, they are step functions with intervals of constancy
having length (pg)~! ~ N=62. Let

Qr(z) = 2™ N"+D2G o (2, Ry,),
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where o, (z, f) denotes the nth-order (C,1)-mean of the function f. Clearly, we
have (7.2). Recall the approximation property of the (C,1)-means:

lon(f) = fll2 < (//K )f(z+t) — (x)|2dtdx>1/2
(/ Kl /If (z +1) )Zdzdt>1/2
i <~/6<|t<7r /|f z+t)— f(@) dxdt)1/2

/2
a6 )+ 1 [ ) g+ L2

Using this inequality for f = Ry, n = N% and § = N54, as well as the easily
checked bound ws (9, Ri) < ||Rkl||2/N, one can obtain
1Bk 2
~
The latter immediately yields the logarithmic bound (7.3), since we have the same

bound for Ry.
Lemma 7.2 is proved.

|Qr(x) — exp(2mi(N% + 1)2) Ry, (2) ||, <

§ 8. Proof of the main theorem and Corollary 1.1

Lemma 8.1. Let T be a sublinear operator satisfying

ITlz2sr2e < eVlogN, || T|pzsre <N

and clog N > 1. Then
ITl|r2—r2 < clog N.

Proof. For a given function f € L*(T), || f|l2 < 1, we have |T(f)|l~c < N. Denote
(A) = {z: |Tf(x)] > A}

Then we have
©(A) =0, A> N,

713 o~ _ ClogN
(P()\) < L;\;LQ < )\2 ’

A >0,

and so

IT(f)12 =2 / T eV dA =2

The lemma is proved.

Proof of Theorem 1.1. The upper bound in (1.7) follows from the Menshov-
Rademacher inequality. The lower bound

N N
Ap(A)dA <2+ 2 / Ao(\) dX < 2 log® N.
0 1

max | Ty Nl r2—r2 2 log N
o

easily follows from Lemma 7.2.
Theorem 1.1 is proved.
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Proof of Corollary 1.1. A combination of Lemma 8.1 and the lower bound in (1.7)
implies (1.8).

8§ 9. Proof of Corollary 1.2

The next lemma is based on (1.8). Denote by &y the family of one-dimensional
trigonometric polynomials of the form

N
E ak627mk7
k=1

where the a are complex numbers.

Lemma 9.1. For any N > Ny there exists a polynomial P € &2y and a rearrange-
ment o € X such that |Pll2 ~ 1 and

|{1:€']T Ty nN(z,P) > \/1ogN}’>1 (9.1
Proof. Let M = [\/N] + 1. According to (1.8) there is a polynomial Q € &), with

|Qll2 = 1 and a rearrangement 7 € ¥, such that
clog M
AG

|E| = [{z € T: Trm(z,Q) > \o}| =

for some Ag > 0. Since |T| = 1, we have A9 = y/clog M and from [|Q|2 = 1 it
follows that 0 < A\g < v M. Putting [ = [\2/clog M| we have

M M
1<I< < —= d |E
clog M o B>

b
I+1
for N > Np. Using a well-known argument (see [32], Ch. 13, Lemma 1.24) one can
find a sequence of points x, € T, k =0,1,...,] — 1, such that

-1

J(E+ax)

k=0

7| = >1-(1-|B)' >1-1-(0+1)7) 21

Then we consider the polynomial

ZQk . where Qi(z) = Q(z — xy)e2™FMe,

k()

Clearly, G € Py C Py since IM < N. Define a rearrangement ¢ € Xy by

o(n) =

T(n— Mk)+ Mk, Mk<n<Mk+1), k=0,1,...,1—1,
n, IM <n<N.

One can check that ||G|l2 = 1. Any partial sum of the o-rearrangement of the
polynomial Q/ V1 can be written as a difference of two partial sums of G. This
implies that

1
TO’,N(‘T)G) P TT,M(J: - xkaQ)) zeT.

/27\/2
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Thus, for any x € E 4 z;, we have

1
Trm(r— o5, Q) > —= = ———— 2 y/log N.

21
Hence T, n(2,G) 2 +/log N whenever x € F. Since |F| 2 1, a polynomial
P(z) = ¢G(z) with a suitable absolute constant ¢ may become our desired poly-

nomial.
The lemma is proved.

To’,N(m> G) 2

Proof of Corollary 1.2. Using (1.9) one can define integers Ny, > 1, k = 1,2,...,

such that
log Nk

k2
Applying Lemma 9.1, we find polynomials P, € &y, and rearrangements oy, € X,
such that ||Pgll2 ~ 1 and the sets

B, = {x eT: T, (z,P) > \/logNk}

satisfy |Ex| > ¢ > 0. It is well known that this condition provides a sequence t; € T

such that
) U (En+tn)

k>1n>k

Nk—i—l > 2Ny, w(QNk) <

k=1,2,....

=1

(see [32], Ch. 13, Lemma 1.24). Consider the trigonometric series

o0 oo

T — tk)SQﬂ'iNkz _ Z Cn627rinz' (92)

1
; k«/w(ZNk)Pk( el

We have

c- o~ [[Pll3
> lenPwln) <3075 < oo (9.3)
n=1 k=1

Define a permutation o of N as follows:

( ) ak(n—Nk)—i—Nk, N <n<2Ng, k=12...,
on) =
n, n & Ups1 (N, 2Nk ).

Ifx e ﬂk>1 Un>k(En +t,), then x € E}, +t, for infinitely many k. For x € Ej 4t
we have

m

‘ T, (z —ty, P Tog N
max Z Co(n) 6271'20'(71)30 > k(m k k) > Og IVk > 1.
Ni<m<2Ni| 4 k+/w(2Ny) k+/w(2Ny)

Thus we get that the series (9.2) is almost everywhere divergent. Combining this
with (9.3) we complete the proof.
The corollary is proved.
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§10. Proof of Corollary 1.3

Lemma 10.1. Let fx, k = 1,2,...,n, be a sequence of complex-valued functions
on an interval A. Then for any A > 0 we have the inequality

m )\
z € A: max <Re2afk(a:)) >H
’{ 1<m<n et \/5

1 m
> - :
> 4’{33 cA én"a}}én ;fk(x) > )\H
for some o = e™/2 | s =0,1,2,3.
Proof. One can check that
 ax 2 fu(@)| > A

yields at least one of the following four inequalities

m )\ ] m A
(R a) > Z5 i (Re3 i) <= 75

k=1
max | Im Em fre(x) | > A min | Im gm fe(x) ] < —i.
1<m<n \/57 1<m<n 2
k=1 k=1

This immediately gives the required inequality for some «.
The lemma is proved.

The spectrum of a trigonometric polynomial

n

U(m) _ Z ak€27rikx

k=m
will be denoted by spec(U) = {k: ax # 0}.

Lemma 10.2. Let A C T be an arbitrary interval and let the integer N > Ny

satisfy
1
— <Al 10.1
<Al (10.1)
Then for any positive integer | there exists a sequence of monoverlapping trigono-
metric polynomials U, n=1,2,..., N, such that

spec(Un) C (I,1+ N®J,

N
> U SVIAl
n=1 L2(T)
N 1
> |Un(2)] S Vv TET\A,

n=1
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and

1<m<N

Hm € A: max Re(z Un(x)> > \/logN}‘ 2 Al
n=1
Proof. Suppose A = [a,b]. In view of (10.1) we consider the polynomial

b—1/(4VN) [N?/3]

1 ,
R(x :RN xT :—/ Kinsa r—1)dt = E Ck627rzkx,
( ) ( ) T Ja+1/(4VN) w /3]( ) k=—[N3/3]

where K, is the Fejér kernel of order n. The standard properties of the Fejér kernel
imply that

1
1> R) > - meﬁ—{ﬁlb—l (10.3)
- -2 3VvN' ~ 3VN)]’ ’

and B
1> R(x) >0, x € A\ A,

where (10.3) holds for N large enough. Applying Lemma 9.1, we find a polynomial

N
— § bn627mnx
n=1

satisfying the conditions in that lemma. In light of (10.1), from (9.1) it easily
follows that

er &: max

I1<m<N

> \/logNH > Al (10.4)

Z bg(n) e27rio(n)N3w
n=1

where o is the permutation in (9.1). Consider the polynomials
3

pn(x) = 462””1R(x)ba(n)62””(")]\7 z n=12...,N,

whose spectra lie in (I, + N°] and are nonoverlapping. Using (10.2) and (10.3)
we conclude that

N
>_Pn
n=1

Using (10.2) and 32 |b,| < VN||P|l2 S VN we get

S IP(Nx)l|z2(a) + ﬁ S IPllaVIALS VIAL

L*(T)

1
len )| SVNIR@)| S 5 foralle e T\A.

Then we have

m

max E ()| =

1<m<N | =~
n—=

= max

Z bg( 27ru7(n ,
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and therefore, by (10.3) and (10.4) we get

Hx €A:  Jax, len(:c) > 2\/logN}‘
> ~: 27mio(n)N3x > )
> Hx €A 1<mn?éN ;bc,(n)e > /log N ¢ | 2 |A]

According to Lemma 10.1 the polynomials U, (z) = £e™**/?p,, (x) with an appropri-
ate choice of s = 0,1, 2,3 and the sign + can serve as the desired sequence. Clearly,
they satisfy the conditions of the lemma.

Lemma 10.2 is proved.

In the rest of the paper we consider the sequence
w=1, =2 k=12, (10.5)

Lemma 10.3. If an increasing sequence of numbers w(n) satisfies (1.4), then there
exists a set of integers G C N such that

w(V41) < 100w (vy), ke G, (10.6)
k
> 0T 0, (10.7)
it )

where vy, is the sequence (10.5).
Proof. First observe that it follows from (1.4) that

k

= 50
; ) = (10.8)

Let G be the set of integers k satisfying (10.6). If

50"
> < o0, (10.9)
keN\G w(yk)

then (10.7) immediately follows from (10.8) and the lemma is proved. So we can
suppose that the series in (10.9) is divergent. Clearly, G is infinite and the set N\ G
can be written in the form

N\GZU{m2j+1,m2j+2,...7m2j+1}

J

where mg; € G for any j =1,2,... . We have
w(uk+1) 2 100w(l/k) for all £ = may + 1,m2j + 2, ceey, M2541,
which implies that

T"i“ 50% _ 50™2i+1 (1 L1 ) _ 50™2i+1
k=ma;+1 ’UJ(Z/k) h w(szj-i-l) 2 22 = w(Vij).
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Thus we get

— 50™m2 1 50"
2

Z
W(Vmy,) ~ 50

S o
i w) o

The lemma is proved.
One can find the following lemma in [8], Ch. 9, in the proof of Theorem 6.

Lemma 10.4. If Ex C (0,1) are stochastically independent sets such that |Ex| >
¢ > 0 and the sequence by, > 0 satisfies Z;O:l b, = oo, then

Z brlg, () = 0o almost everywhere. (10.10)
k=1

Proof. Let 0 < ¢, < by, satisfy >, ¢, = 0o and ), ¢z < oo. Observe that ¢ (z) =
1p,(z) — |Ex| form a stochastically independent system of orthogonal functions.
It is well known that any series

o0
Z crpr(z)  with Z i < 00
k=1 k

in such a system is almost everywhere convergent (see [8], Ch. 2, Theorem 9).
Combining this with the relation Y- ¢x|Ex| = oo, we get the divergence of
> e cklp, (z) almost everywhere and so (10.10).

The lemma is proved.

Lemma 10.5. If P € &y is a polynomial of degree N and A C T is an interval,
then
0SCa(P) = sup |P(z) — P(y)| S N*/|A[|| P2

z,y€A

Proof. Suppose
N
P(z) = Z ape*™ike.
k=1

Applying Holder’s inequality, for z,y € A we get

N 1/2 , N _ _ 1/2
P(2) - P(y)| < (Z |ak|2> (Z ¢2mike _ |>
k=1 k=1
< NY2A[|P]a.

The lemma is proved.

Proof of Corollary 1.3. Applying Lemma 10.3 we find a set of indices G C N satisfy-
ing (10.6) and (10.7). For the sake of simplicity and without loss of generality we can
suppose that G = N. Indeed, considering the general case when G = {ry}, one just
needs to replace everywhere the sum 7,7, by 35, c o and 3777 bY 34 c kg 00):
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The integers r; will also appear in indices in some places. So we suppose that
G = N. Clearly there is a sequence of positive numbers g " co such that

k
50 -
arw(vy)

P

= qrw(vi)

1, (10.11)

and

k
> . (10.12)
— W\ Vg

Consider the intervals

Applying Lemma 10.2 with N = (14)? and A = Ay, k = ko, we find a sequence

of nonoverlapping polynomials Uy j ,(z), n =1,2,..., (v)?, such that
spec(Uk jn) C (F(vi)'%, (5 + 1) ()", (10.13)
(vr)? 1
D MUkl e S 1Ak ] = o (10.14)
n=1
Vk)2 1
Up.in(z)] < , T\ Ay, 10.15
Z | k.j, ~ (l/k)2 UAS \ k.j ( )
and
1
Hx €A, e Re(Z Uk jn(x ) > V/50k H > Al = o (10.16)
Observe that if
Api1iN {x € Apy: (o max  Re <Z Uk jn( ) > V/50k } (10.17)
then one can find an integer m = m(k + 1,5) such that 1 < m < (v)? and
k+1 z
V50k
( Z Uk jn( ) —5— forallw € Axpyy, (10.18)
since by (10.13) any sum Y -, Uy, j » is a polynomial of degree at most (v4)'° and,

using Lemma 10.5, its oscillation on Ayt ; can roughly be estimated by

Z Ukjn

Vk V2| Agy] < 1.
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This and (10.17) immediately imply (10.18). From (10.16) it follows that the
measure of the union of all the intervals Ay ; satisfying (10.17) has a lower bound
c|Ag |, where 0 < ¢ < 1 is an absolute constant. Thus one can determine a set
Ey j(C Ag,j) which is a union of some intervals A1 ; satisfying (10.17) and such
that

|Ek7j| = dk|Ak7j|, 0<c <dip <1,

where ¢ is another absolute constant, while the constant dj is common for all the
indices 7 = 1,2,...,v,. Thus, the sets

U Ey ;, k = ko,

1<i<vk

are stochastically independent, and applying Lemma 10.4 we get

——1p (x) = o almost everywhere.
> (o)

Using this, one can choose an increasing sequence of integers kg < k1 < ko < -+

such that
e 2
zeT: Z ——1g, (x) > s}
k=ko+1 arw (Vi)

1
>1—--.
S

Hence, for almost every = € T the relation
ks
g (1

qrw(vk) 15,() > ¢ 019

k=k+1
holds for infinitely many s. Our desired trigonometric series is

o0

50k Vi Vk)
> —— PO Z > Ukjnla (10.20)

k=ko j=1 n=1

where each Uy j, is considered in its trigonometric form. Note that some of the
coeflicients of the above trigonometric series are zeros. Let us show that the coef-
ficients of this series satisfy condition (1.2). Indeed, in light of (10.6) and (10.13)
we have w(s) < 100w(vy) for any s € spec(Ug j,n) C (Vk, Vit+1]. Thus (1.2) may be
easily deduced from (10.14), (10.12) and the bound

> 2 Vi yk) i
Z(ﬁ) V’“ZZHUk]nIIQNZL<OO.

k=ko j=1 n=1 q ’U)(I/k)

We construct an appropriate rearrangement of the series (10.20) as follows. The
collections of trigonometric terms of our series (10.20) which are contained in the
groups

Uk;,j7n7 k‘s <k< k‘3+1, 1< j < Vg, 1<n< (Vk)Q, (10.21)
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are arranged in increasing order with respect to s. We just need to determine the
location of each polynomial Uy, ; , within the group. We do it using induction with
respect to the index k in (10.21). We leave the first group of polynomials

{Ukot15m: 1 <G < kg1, 1< < (h,41)%)

in its original order. Then suppose we have already rearranged all the poly-
nomials Uy ;, corresponding to indices k& = ks + 1,ks + 2,...,1 — 1, so that
the polynomials Uiy j,, n = 1,2,..., (v1-1)%, are arranged consecutively. We
describe the procedure of how to locate the polynomials in the next collection
{Uijn:1 <j<wm, 1 <n < (w)?}). Denote by A, 5 the unique (I — 1)st-order
interval containing the given interval A;; of order I. The following two cases are
possible.

)If Ay €A 5\ E_5 then we locate the polynomials U ;,, n =
1,2,...,(n)? immediately after U;_; 5, )2

2) If Ay j C E;_, 5, then by the definition of E;_, 7 and by (10.17) and (10.18)

for some m = m(l, j) we have

m(l,5) V501
50!—1
Re( > Ull’j’n(x)) > zEA (10.22)
n=1
In this case we locate the polynomials U jn, n = 1,2,..., ()% immediately

after U,_, Fom: This completes the induction procedure and so the construction
of the required rearrangement. It remains to prove the a.e. divergence of the
series (10.20) after the described rearrangement of the terms. For a given point
x € T there is a unique decreasing sequence of intervals Ay j, () containing .

Hence our series (10.20) can be split into two subseries

2
00 /50 (Vi) > \/50F (v1,)?
——— > Upju@n(@) + Uk jn(2)1m\a, , (2)-
k=ko qew(vi) nzz:l ) kgl;() qrw(vy) jz; nz:l anl Ve
(10.23)
From (10.11) and (10.15) it follows that
|Uk]n |1’]I‘\A;C ( ) < — < o0.
k=ko q’“w(y’“ —1 n=1 ! Kmho U F

Thus we conclude that the second series in (10.23) converges absolutely for any
xz € T. Our rearrangement of the basic series produces a rearrangement of the
first subseries in (10.23), and it remains to prove that for almost every x € T such
a rearranged series diverges. Denote

Ag(z) = {k eN: ks <k <ksyr,x € Ek,jk(r)}
and

BS({ZZ) = {k eN: ks <k < ks+17 €T € Aka(l') \Ek,jk(w)}
={ks+1,ks +2,... ksr1} \ As(2).
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According to the construction of the rearrangement, one can observe that there is
a ‘restricted’ partial sum (a sum of the form ZZ) of the rearranged first subseries
of (10.23) which contains completely all sums of the forms

V50F m(k+1,jk41(x))

S U, ke Aa), (10.24)
qrw (i) — k
and ]
V@)
i) 2 Ukanon(@) k€ Bu(o), (10.25)

n=1
and contains no other terms. If (10.19) holds, then according to (10.22), for the
sum of the elements (10.24) we obtain

V50F m(k+1,jr11())
Re( Yoo D Uk,mz),n(w))

) qrw (Vi) =
ksi1 k
1 50 S
> = 1g, (z) > =. 10.26
3,2 a0 7 2 )

As for the elements (10.25), they form an a.e. absolutely convergence series. Indeed,
we have a pointwise bound

= VA0F L = VAo |
Z ka(Vk Z Uk]k Z ( Z Uk]k(m n 1Ak]k( )( )
k=ko -l
L 2y -«
<D oo w(v Z > Ukgn(@)|1a,,(@) = D Ri(a), (10.27)
k=ko r k j=1'n=1 k—Fq

and then using (10.11), (10.14) and an orthogonality argument we obtain

Vi Vk)
kzg‘o |Rk|l2 = Z ka(Vk Zl nzl Ukjn(7)|1a, ;(2) ,
00 (vi)? 2\ 1/2
:Z < ZUkJ" 1Ak]()2)
k=ko

(vi)?

ZUkjn

< )1/2
k—Fo qrw(v.

S 2 ka( ) kE; mqkwm ,;; e

which implies the a.e. convergence of the series (10.27). Combining (10.26) with the
a.e. absolute convergence of the series consisting of the terms (10.25), we conclude
that the first subseries in (10.23) diverges for a.e. x € T. This completes the proof
of Corollary 1.3.




32 G. A. Karagulyan

Acknowledgements. I would like to thank Boris Kashin for discussions on the
subject, as well as the referees for careful reading and valuable remarks that
improved the quality of the paper.

Bibliography

[1] S.V. Botkarev (Bochkarev), “Rearrangements of Fourier-Walsh series”; Izv. Akad.
Nauk SSSR Ser. Mat. 43:5 (1979), 1025-1041; English transl. in Math. USSR-Izv.
15:2 (1980), 259-275.

[2] S.V. Botkarev (Bochkarev), “On a majorant of the partial sums for a rearranged
Walsh system”, Dokl. Akad. Nauk SSSR 239:3 (1978), 509-510; English transl. in
Soviet Math. Dokl. 19:2 (1978), 341-342.

[3] C. Demeter, “Singular integrals along N directions in R*”, Proc. Amer. Math. Soc.
138:12 (2010), 4433-4442.

[4] G.G. Gevorkyan, “Weyl multipliers for the unconditional convergence of series in
a Franklin system”, Mat. Zametki 41:6 (1987), 789-797; English transl. in Math.
Notes 41:6 (1987), 446-451.

[5] S.Sh. Galstyan, “On convergence and unconditional convergence of Fourier series”,
Dokl. Akad. Nauk 323:2 (1992), 216-218; English transl. in Dokl. Math. 45:2
(1992), 286-289.

[6] G.A. Karagulyan, “On systems of non-overlapping Haar polynomials”, Ark. Mat.
58:1 (2020), 121-131.

[7] S. Kaczmarz and H. Steinhaus, Theorie der Orthogonalreihen, Monogr. Mat., vol. 6,
Subwencji funduszu kultury narodowej, Warszawa—Lwow 1935, vi+298 pp.

[8] B.S. Kashin and A. A. Saakyan, Orthogonal series, 2nd ed., Izdatel’stvo Nauchno-
Issledovatel’skogo Aktuarno-Finansovogo Tsentra, Moscow 1999, x+550 pp.;
English transl. of 1st ed. in Transl. Math. Monogr., vol. 75, Amer. Math. Soc.,
Providence, RI 1989, xii-+451 pp.

[9] A. Kolmogoroff (Kolmogorov) and D. Menchoff (Menshov), “Sur la convergence des
séries de fonctions orthogonales”’, Math. Z. 26:1 (1927), 432-441.

[10] D.E. Menchoff (Menshov), “Sur les séries de fonctions orthogonales. I”, Fund.
Math. 4 (1923), 82-105.

[11] F. Mdricz, “On the convergence of Fourier series in every arrangement of the
terms”, Acta Sci. Math. (Szeged) 31 (1970), 33-41.

[12] S. Nakata, “On the divergence of rearranged Fourier series of square integrable
functions”, Acta Sci. Math. (Szeged) 32 (1971), 59-70.

[13] S. Nakata, “On the divergence of rearranged trigonometric series”, Tohoku
Math. J. (2) 27:2 (1975), 241-246.

[14] S. Nakata, “On the unconditional convergence of Walsh series”, Anal. Math. 5:3
(1979), 201-205.

[15] S. Nakata, “On the divergence of rearranged Walsh series”, Tohoku Math. J. (2)
24:2 (1972), 275-280.

[16] A.M. Olevskii, “Divergent Fourier series”, Izv. Akad. Nauk SSSR Ser. Mat. 27:2
(1963), 343-366.

[17] W. Orlicz, “Zur Theorie der Orthogonalreihen”, Bull. Intern. Acad. Sci. Polon.
Cracovie, 1927, 81-115.

[18] S.N. Poles¢uk (Poleshchuk), “On the unconditional convergence of orthogonal
series”, Anal. Math. 7:4 (1981), 265-275.

[19] H. Rademacher, “Einige Sétze {iber Reihen von allgemeinen Orthogonalfunktionen”,
Math. Ann. 87:1-2 (1922), 112-138.


http://mi.mathnet.ru/eng/im1746
http://mi.mathnet.ru/eng/im1746
https://doi.org/10.1070/IM1980v015n02ABEH001226
https://doi.org/10.1070/IM1980v015n02ABEH001226
http://mi.mathnet.ru/eng/dan41597
http://mi.mathnet.ru/eng/dan41597
https://zbmath.org/?q=an:0394.42006
https://zbmath.org/?q=an:0394.42006
https://doi.org/10.1090/S0002-9939-2010-10442-2
https://doi.org/10.1090/S0002-9939-2010-10442-2
http://mi.mathnet.ru/eng/mzm4920
http://mi.mathnet.ru/eng/mzm4920
https://doi.org/10.1007/BF01158385
https://doi.org/10.1007/BF01158385
http://mi.mathnet.ru/eng/dan5601
http://mi.mathnet.ru/eng/dan5601
https://zbmath.org/?q=an:0796.42004
https://zbmath.org/?q=an:0796.42004
https://doi.org/10.4310/ARKIV.2020.v58.n1.a8
https://doi.org/10.4310/ARKIV.2020.v58.n1.a8
https://zbmath.org/?q=an:0013.00902|61.1119.05
https://zbmath.org/?q=an:0013.00902|61.1119.05
https://zbmath.org/?q=an:1188.42010
https://zbmath.org/?q=an:1188.42010
https://doi.org/10.1090/mmono/075
https://doi.org/10.1090/mmono/075
https://doi.org/10.1090/mmono/075
https://doi.org/10.1007/BF01475463
https://doi.org/10.1007/BF01475463
https://doi.org/10.4064/fm-4-1-82-105
https://doi.org/10.4064/fm-4-1-82-105
https://zbmath.org/?q=an:0195.07501
https://zbmath.org/?q=an:0195.07501
https://zbmath.org/?q=an:0218.42004
https://zbmath.org/?q=an:0218.42004
https://doi.org/10.2748/tmj/1178240990
https://doi.org/10.2748/tmj/1178240990
https://doi.org/10.1007/BF01908903
https://doi.org/10.1007/BF01908903
https://doi.org/10.2748/tmj/1178241538
https://doi.org/10.2748/tmj/1178241538
http://mi.mathnet.ru/eng/im3114
http://mi.mathnet.ru/eng/im3114
https://zbmath.org/?q=an:53.0265.05
https://zbmath.org/?q=an:53.0265.05
https://doi.org/10.1007/BF01908218
https://doi.org/10.1007/BF01908218
https://doi.org/10.1007/BF01458040
https://doi.org/10.1007/BF01458040

[20]

[21]
22]
23]

[24]

[25]

[26]

[27]

(28]

[29]

[30]

31]

32]

On Weyl multipliers of the rearranged trigonometric system 33

B. Sendov, B. Boyanov, D. Vacov, R. Maleev, S. Markov and T. Boyanov (eds.),
Constructive function theory’81 (Varna 1981), Publ. House Bulgar. Acad. Sci., Sofia
1983, 598 pp.

K. Tandori, “Uber die orthogonalen Funktionen. X. (Unbedingte Konvergenz.)”,
Acta Sci. Math. (Szeged) 23 (1962), 185-221.

K. Tandori, “Uber die Divergenz der Walshschen Reihen”, Acta Sci. Math. (Szeged)
27 (1966), 261-263.

P.L. Ul’yanov, “Divergent Fourier series”, Uspekhi Mat. Nauk 16:3(99) (1961),
61-142; English transl. in Russian Math. Surveys 16:3 (1961), 1-75.

P. L. Ul'yanov, “Divergent Fourier series of class L? (p > 2)”, Dokl. Akad. Nauk
SSSR 137:4 (1961), 786-789; English transl. in Soviet Math. Dokl. 2 (1961),
350-354.

P.L. Ulyanov, “Weyl factors for unconditional convergence”, Mat. Sb. (N.S.)
60(102):1 (1963), 39-62.

P. L. Ul’'yanov, “On Weyl multipliers for unconditional convergence of orthogonal
series”, Dokl. Akad. Nauk SSSR 235:5 (1977), 1038-1041; English transl. in Soviet
Math. Dokl. 18 (1977), 1110-1113.

P. L. Ul'yanov, “Exact Weil convergence factors for unconditional convergence”,
Dokl. Akad. Nauk SSSR 141:5 (1961), 1048-1049; English transl. in Soviet Math.
Dokl. 2 (1961), 1621-1622.

P. L. Ul'yanov, “Solved and unsolved problems in the theory of trigonometric and
orthogonal series”, Uspekhi Mat. Nauk 19:1(115) (1964), 3-69; English transl. in
Russian Math. Surveys 19:1 (1964), 1-62.

P. L. Ul’yanov, “Kolmogorov and divergent Fourier series”, Uspekhi Mat. Nauk
38:4(232) (1983), 51-90; English transl. in Russian Math. Surveys 38:4 (1983),
57-100.

P. L. Ul'yanov, “Works of D. E. Men’shov on the theory of orthogonal series and
their further development”, Vestnik Moskov. Univ. Ser. 1. Mat. Mekh., 1992, no. 4,
8-24; English transl. in Moscow Univ. Math. Bull. 47:4 (1992), 8-20.

7. Zahorski, “Une série de Fourier permutée d’une fonction de classe L? divergente
presque partout”’, C. R. Acad. Sci. Paris 251 (1960), 501-503.

A. Zygmund, Trigonometric series, vol. II, 2nd ed., reprinted with corr. and some
additions, Cambridge Univ. Press, London-New York 1968, vii+364 pp.

Grigori A. Karagulyan Received 2/APR/20 and 22/SEP /20
Faculty of Mathematics and Mechanics,

Yerevan State University,

Yerevan, Republic of Armenia;

Institute of Mathematics

of National Academy of Sciences of RA,

Yerevan, Republic of Armenia

E-mail: g.karagulyan@ysu.am


https://zbmath.org/?q=an:0563.42002
https://zbmath.org/?q=an:0563.42002
https://zbmath.org/?q=an:0563.42002
https://zbmath.org/?q=an:0144.32103
https://zbmath.org/?q=an:0144.32103
https://zbmath.org/?q=an:0154.06303
https://zbmath.org/?q=an:0154.06303
http://mi.mathnet.ru/eng/rm6620
http://mi.mathnet.ru/eng/rm6620
https://doi.org/10.1070/RM1961v016n03ABEH001119
http://mi.mathnet.ru/eng/dan24802
http://mi.mathnet.ru/eng/dan24802
https://zbmath.org/?q=an:0101.04902
https://zbmath.org/?q=an:0101.04902
http://mi.mathnet.ru/eng/sm4535
http://mi.mathnet.ru/eng/sm4535
http://mi.mathnet.ru/eng/dan41170
http://mi.mathnet.ru/eng/dan41170
https://zbmath.org/?q=an:0383.42008
https://zbmath.org/?q=an:0383.42008
http://mi.mathnet.ru/eng/dan25883
http://mi.mathnet.ru/eng/dan25883
https://zbmath.org/?q=an:0109.04701
https://zbmath.org/?q=an:0109.04701
http://mi.mathnet.ru/eng/rm6161
http://mi.mathnet.ru/eng/rm6161
https://doi.org/10.1070/RM1964v019n01ABEH004136
https://doi.org/10.1070/RM1964v019n01ABEH004136
http://mi.mathnet.ru/eng/rm2943
http://mi.mathnet.ru/eng/rm2943
https://doi.org/10.1070/RM1983v038n04ABEH004205
https://doi.org/10.1070/RM1983v038n04ABEH004205
http://mi.mathnet.ru/eng/vmumm2484
http://mi.mathnet.ru/eng/vmumm2484
http://mi.mathnet.ru/eng/vmumm2484
https://zbmath.org/?q=an:0770.01006|0784.01012
https://zbmath.org/?q=an:0096.04601
https://zbmath.org/?q=an:0096.04601
http://zbmath.org/?q=an:0367.42001
http://zbmath.org/?q=an:0367.42001
mailto:g.karagulyan@ysu.am

	§1 Introduction
	§2 Directional Hilbert transform and Demeter's example
	§3 Smooth modification of the function $f$
	§4 A basic sequence of orthogonal functions
	§5 Double trigonometric polynomials
	§6 Equivalence of discrete trigonometric systems
	§7 The main lemma
	§8 Proof of the main theorem and Corollary 1.1
	§9 Proof of Corollary 1.2
	§10 Proof of Corollary 1.3
	Bibliography

