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An exponential estimate for the cubic partial sums
of multiple Fourier series

G. A. Karagulyan and H. A. Mkoyan

Abstract. We prove an exponential integral estimate for the cubic partial
sums of multiple Fourier series on sets of large measure. This estimate
yields some new properties of Fourier series.
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8§ 1. Introduction

Put T = R/27 and let T¢ denote the d-dimensional torus. For every function
f € L*(T%) we consider the multiple Fourier series and its conjugate:

Z anein-x7 (1)

n=(ni,...,nq) €LY

> (ﬁ(—i - sign nk)) ane™>, (2)

n=(ni,...,nq)€L4 k=1

where
n——(nl,...,nd), X—_<ZC1,...,.’Ed), n-x——n1x1—|—~~~—|—ndxd,
1 —in-xX
Qan (2 )d o (x)e X

Denote the rectangular and cubic partial sums of the series (1) by

Saf(x)= Y ae™*,  nez’

—n; <ki<n,

Snf(x) = Z axe™ >, n €N,

—n<k;<n

and let Sy, and §n be their conjugates.

We shall consider the Orlicz class of functions corresponding to the logarithmic
function
Log,, (1) = |u| max{0,log" |u|}, E=1,2,.... (3)
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This is the Banach space of functions

Log, (L)(T4) = {f e /(1 [ Lom(f) < oo}

with the Luxemburg norm

HfHLng(L) = inf{/\: A >0, / Logk(§> < 1} < 00.
Td

It is well known that the rectangular partial sums of the d-dimensional Fourier
series of any function f € Log, ;(L)(T%) converge in measure (see [1], [2]), that is,

lim[(x €T [Snf(x) ~ F09] > 2} =0 @)

for every € > 0, where

min(n) = min n,.
1<i<d

On the other hand, Konyagin [3] and Getsadze [4] established that Log, (L) is
the largest Orlicz space whose elements satisfy (4).

The following problem was considered in [5], [6]. Find an exact estimate for
the growth of a function ®: Rt — R* with lim;_o ®(¢) = 0 such that for every
function f € Log,_;(L)(T?) and every number € > 0 one can find a set E;. C T,
|Et.c| > (2m)¢ — ¢, satisfying the condition

lim / ®(|Snf(x) — f(x)]) dx = 0. (5)
Ey.

min(n)—oo
The expected sharp bound for the growth of such functions is
) log ®(t
lim sup tl/d< ) < 0. (6)

t—o0

One can observe that (5) implies convergence in measure and, moreover, it gives
a quantitative characterization of the convergence rate.
This problem was considered in [6] in the one-dimensional case. The following

estimate for the conjugate function fwas proved there:

/T exp <01 ]\5;”533)) dz < ¢, (7)

where M f(x) is the Hardy—Littlewood maximal function. It then was used to derive
the following exponential estimate for the one-dimensional partial sums of Fourier
series, which in its turn yields (5) in the one-dimensional case.

Theorem A (see [6]). For every f € LY(T) we have

/Texp (q |S”f($]2|4}r<§”f(x>|> de <cy,  n=1,2..., (8)

where ¢1 and co are absolute constants.
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The sharpness of the exponent in (8) (and hencein (5)) was proved by Oskolkov [7].

The relation (5) in the two-dimensional case with a function ® satisfying (6)
was established in [5]. The case d > 3 of this problem remains open, and so is the
problem of the sharpness of (6) in the two-dimensional case.

Analogous estimates for the one-dimensional Walsh system and rearranged Haar
systems were established in [8]. In [9], a similar problem was considered for general
orthogonal L2-series.

In this paper we consider a similar problem for cubic partial sums. Our main
result is the following theorem.

Theorem 1. For every f € Log,_;(L)(TY) there is a measurable function F(x) >0
on T such that
[ Fo—

e T Flx) > 2} £ i, )
S f (x)] + | f ()] _
/Tdexp( Fx) )del, n=12.... (10)

Here and in what follows, the relation a < b stands for the inequality a < ¢ - b,
where ¢ is a constant depending only on the dimension d.

Corollary 1. For every f € Log, ;(L)(T?) and every e > 0 there is a set E =
E¢. C T¢ such that

|E;c| > (27)% — ¢, (11)
/ exp(’ye‘snﬂx)’—’_‘snf(x)‘)dxg 1, n=12..., (12)
E¢ . Hf’|Logd,1(’]I‘d)

where v > 0 is a constant depending only on d.

Corollary 2. For every f € Log,_,(L)(T?) and every e >0 there is a set E¢ . C T¢
satisfying (11) and such that the relations

lim (exp(A|Snf(x) — f(x)]) —1)dx =0, (13)

,E

lim (exp(A|§nf(x) - f(x)|) —1)dx=0 (14)

€

hold for any A > 0, where f 1s the d-dimensional conjugate function of f.

Remark 1. The method used in our proof of Theorem 1 is also applicable to the
mixed partial sums of multiple Fourier series defined by the formula

Sufx)= > (H(—rsignns))akeik'x, nez,
—n;<ki<n; “s€B

where B C {1,2,...,d} (see [10], Ch.8). Namely, given any f € Log, ;(L)(T%),
one can find a function F'(x) > 0 satisfying (9) and

152 f(x)] B
/Tdexp<Tx))dX§17 n=12....
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To avoid technical difficulties in the proofs, we consider only the typical cases when
B=goor{1,2,...,d} (Theorem 1).

Remark 2. The counterexamples of Konyagin [3] and Getsadze [4] show that
Log,_;(L)(T9) is the largest Orlicz class where such properties hold.

Remark 3. We prove Theorem 1 by reducing it to the one-dimensional case. This
well-known approach was first used by Sj6lin [11] to prove a multidimensional ver-
sion of Carleson’s theorem.

The authors are grateful to the referee for valuable comments.

§ 2. Notation and lemmas

By Theorem 9.5 in Ch. 2 of [12], the Luxemburg norm satisfies the relations

1o ) <1 = / Log(f) < 11 los, (1) (15)

W loog oy >1 = / Logr(f) > | llos. (1. (16)

In fact, these inequalities hold not only for logarithmic but also for general Luxem-
burg norms. Using (15) and (16), one can easily check that

£l S 1+ [ Logy() (17)

for every f € Log,(T?). Clearly, if [ fllLog,(zy = 1, then we have both upper and
lower bounds

1+ [ To8() S Ifllogy = 1S 1+ [ Log(r), (15)

Td

The one-dimensional conjugate function of f € L!(T) is defined as

_ flz+1) flz+1t)
f@)=pv. = | ) 4 sl—>07r/6<|t|<7rm

It is well known that f(a:) is defined a.e. for every Lebesgue integrable function and
satisfies the inequality

[Los (D1 [Log(r). k=12 (20)
T T

dt. (19)

(see [13], Ch. 7). We shall need this inequality in the following form.
Lemma 1. If f € Log,(L)(T?%), k =0,1,..., then the function

fxl-l-txg—l-txg,...

.2d) gy
tan(t/2)

g(xl,l‘g,..., _pV
is defined a.e. on T? and satisfies the bound

[ tos a0 s 1+ [ Logu(1).

Td
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We define the d-dimensional conjugate of a function f € Log, ,(T%) as an
iterated integral:

~ d
fx) =p.v. /fx—i—t 1;[ tantk/Q

= p.v. %A((pv %/vrf(XH),ﬁmdtd)m)dth

where the variables of integration are taken in the reverse order tq,tq—1,...,t1.
Note that the d-dimensional conjugate f is defined a.e. for f € Log,; ;(T%). In
what follows we understand all integrals in the sense of the principal value and omit
the symbol p.v. before them. The two-dimensional case of the following lemma was
proved in [14]. This lemma enables us to use the modified partial sums

sinnty
t)dt
n ﬂd/WH2tan tk/2 X+ ) ’
cosnty — 1
t)dt
/TdHZtan tk/2 x+t)
in the proof of the theorem.

Lemma 2. If f € Log,_;(L)(T9), then

/d sup [Sn f(x) — Spf(x)|dx < (| fllLog,_, (£)(T4)5 (21)

Td n

/d sup [S,, f(x) — S f(x)] dx < 1 fllLog, , (z)(Td)- (22)
Td n

Proof. One can clearly assume that

1 flltog, ,()rey = 1. (23)

We shall only prove (21). (22) can be proved similarly. We have

1 d
5,109 = =5 [ T Daltn) s+ 01, 29
T R
where _
Dy () = sin(n + 1/2)x sin nx 1 L cosna (25)

2sin(x/2) T2 tan(a:/Z)

is the Dirichlet kernel. Substituting (25) into (24), we see that the difference
Snf(x) — S} f(x) is the sum of several integrals of the form

sin nty
tr) t)dt 26
G /Wntanw T contos) - £+ 0y (26)
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where A C {1,2,...,d} is a subset of integers. Applying the product formulae for
trigonometric functions, we split each integral (26) into a sum of integrals of the

form

2m)® Jpa 297 [[e tan(te/2)

where the function ¢ is either the sine or cosine. This reduces the proof of the
lemma to an estimation of the integrals (27). When A = @, the desired estimate is

(2710(1 /Td |f(x+t)]dt = |(|§7|T|)Ld SNl r0ge—1 -

When A # @, the integrals (27) are estimated in a similar way. Therefore we
estimate only the integral

F(x +t)dt, (27)

sinn(ty +to+ -+ +tq)
 [Tisyy tan(te/2)

which corresponds to A ={1,...,1}, [ > 1. After the change of variables

I f(x) = F(x+t)dt, (28)

uy =ty +to+ -+ g, U2:t2, ceey Ug =tq (29>
we obtain from (28) that

sin nuy
70 [Ty tan(u/2)

/ sin nuy ( y Gx,u) dupyy ... dud) duy ...dy
T a1 [Tpmyyq tan(ur/2)
</

T

|Inf(x)| = G(X7u) du

G(x,u)
ra-t Tl tan(ur/2)

duy . ..duy,

duH_l .o dud

where

G(x,u) = f(xy +up —ug — -+ —ug, o + U, ..., Tq + Ug). (30)
The inner integral may be regarded as a function of the variables zp, £k = 1,2,...,d,
and u;, j =1,2,...,l. Moreover, applying Lemma 1 (d — [) times, we have

/sup|In(x)|dx
Td n
</ ! G(x,u)
vovt| Joas T tan(ur/2)

<1 —l—/ Log,_; (|G(x,u1,...,u;,0,...,0)])duy ...du;dxy . ..dzg
']I‘d+l

dujsq ...dug|duy ...dujdxy ... dzg

= 1 + (27T)l \/Td Logd,l(f) S ’|fHLogd71(L)(Td) - 1’

which yields (21). Here we have used the inequality (18), which holds under the
condition (23). O



An exponential estimate for cubic partial sums 7

§ 3. Proofs of the main results

Proof of Theorem 1. We first prove the estimate (10) for the operators

d
1

Unt )= = [ TT onttrsoxe e (31)

k=1

where each ¢y is one of the four functions

sinnt cosnt

32
2tan(t/2)’ 2tan(t/2)’ (32)
sinnt, cosnt. (33)

We call them operators of type U. When all the ¢y, are of the form (33), the estimate
(10) for U, holds trivially. One can take F(x) = c - ||f]s with an appropriate
absolute constant ¢ > 0. It is also easy to prove (10) in the case when only one
function of the form (32) occurs in (31). Indeed, we can assume without loss of
generality that

1 sin ntg
Unf(x):7T /Tdmnsmntk f(x+t)dt (34)

Observe that

Unf(x) = l /T 5 tjz(?t(jd__xz;lzg)g(xl, ceyXg_1,tq) dtg,

where
9(1‘17 s 7xd717td)
d—1
/ Hsmntk f(.%’l +t1,.. , Ld— 1—|-td 1,td)dt1 dtd 1.
Td—1 1
Then we can write
cosnzg [ sinntqg-g(x1,...,24-1,tq)
U = dt
nf(x) - /T 2 tan((tq — 2)/2) d
sin nxg / cosnty - g(xy,...,T4-1,tq)
_ dtg.
T - 2tan((tq — z)/2)

Let Mg(x) be the maximal function of g(x) with respect to the variable z4. It
follows easily from (7) that

U f(x)]
—— | dx < ca.
for (o ) o<
Since the maximal functions satisfies the weak L! inequality, the operators (34) and
the function F'(x) = Mgg(x) satisfy (10) and (9), as required.
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To prove this for the general operators (31), we use induction on the dimension d.
According to the approach above, the required assertion holds when d = 1. To
make the induction step, we assume that the exponential estimate holds for all
operators (31) in dimension d — 1 > 1. Take a function f € Log, ;(T%) such that

1 fllog, ,z)rey = 1. (35)

According to the approach above, we can assume that at least two functions ¢ of
type (32) occur in (31). Hence there is no loss of generality in assuming that

sin(ntq—1)  sin(ntq)
Unf(x / Hm Stan(ty_/2) 2tan(ty/2) | X T Yt

Thus we obtain

cosn(tg—1 —t
Unf(x) / H On (b 4ta,n (tq (1;2) tan(lt)d/Q) SOt t)dt

cosn(tg—1 + tq)
T o /T H¢k Ttan(ty_1/2) tan(ty/2) | X T84t

=%W®—%%k»

We estimate only the first integral Uél) f(x). The second can be estimated in
a similar way. By making the change of variables

uy =ty, wug=ty, ..., Ug_2=1g 2, U1 =141 —1lqg, Ug=1tq

in the expression for US" f ( ), we obtain

(1) COSNUg—1
Un”f(x) 27rd/ H drlu 4tan ((ug—1 + ug/2)) tan(uq/2) Glx, u)du,

where
G(x,u) = f(x1 +ut,...,Ta—2 + Ug—2, Ta—1 + Ud—1 + Ua, Tq + uq).  (36)

Using the identity

1 1 1
- - 1
tan(u +v)tanv  tanwutanv  tanwtan(u + v) ’

we obtain that

1
U(l) / COSNUJ_1 G J
Jo) =53 H‘” H) S tan(ug_1/2) Ztan(ug/2) C oW du

1 cosnuqg—1 1
_ —/]l‘dklil(bk( )Qtan(ud 1/2) 2tan((ug—1 + uq)/2) G(x,u)du

/ H¢k ug) cos nug—1 G(x,u) du

:wvww—mwﬂw—wwﬂn
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For each i = 1,2,3 we shall find a function F(¥)(x) > 0 such that

I fllog,_, (Te)

HxeT: FO(x) >\ < . , (37)
U F ()]
———" )dx < 1. 38
[ e (Pt ax< (35)
Case © = 1. Consider the operator
COS NUG_1
U’ _
ng<$1; ,.'Ed 7Td 1Ad 1]J¢k: Ztan 'U/d 1/2)
X g(ry +ut,...,Tag—1 + Ug—1,%q) duq ...dug_1
acting on the function
1 flxy, ..., x4—2,4-1 +t,xq+1)
. = — dt. 39
9(@1,-- - 2a) / 2 tan(t/2) (39)
In view of (36), we get
U(l 1) / COS NUG—1
f 27Td 1 Td— 1H¢k 2tan ud 1/2)
« (! / L Gixu)dug) dus ... d
— | ——G(x,u)du u ... dug_
7 Jr 2tan(ug/2) ’ ¢ ! -t
COS NUG_1
~ 2pd- 1/ H(bk 2ta11 (ug—1/2)
X g(xy +uy, ..., xqg-1+ug—1,2q)duy ...dug_1
=U,9(21,. .., a1, %a). (40)

For every fixed x4 we may regard U], as a (d — 1)-dimensional operator (31) of
type U. Thus, by the induction hypothesis, for every x4 € T there is a function
Fo(x1,...,2q-1) = FM(xq,...,14) such that

“gxd HLogd_g(Td*l)

H(zy,...,xq 1) €T Fy (21, .. 2qg-1) > A} S 3 , o (41)
U} guy (1, 2a—1)|
=z — dry...drg-1 S1 =1,2,.... 42
\/’]I‘d—l eXp( de(xl,...,xd_l) 1 Td—1.5 5 " T ( )
Here g,, is the function g(z1,...,24) regarded as a function of the variables
T1,...,Z4—1. On the other hand, it follows from Lemma 1 that
[ Logas(@) S 1+ | LoBa a9 S W luon, v = 1. (13)
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Applying (17), (18), (43) and (41), we obtain

1
|{X c T . F(l)(x) > /\}| < X /]r ||gmd||L0gd_2(Td—1) dxg

1
< 1 /T(l + /le Log,_5(g) dz . ..d:cd_l) dxg
1
SEY (1 + /w Logd_2(9)>
1
S "\ (1 + /Td Logd—l(f))

1o,y
~ )\ °

Using (40) and integrating the inequality (42) with respect to x4, we get

(1,1)
c|Un 7 f(x)] -
/Td exp( (%) dx S 1.

This yields (37) and (38) when i = 1.

Case i = 2. The estimate for Uém) f(x) can be proved in a similar way. We have

U(l 2) / COS NUG—1
Jx 27rd 1 H¢k 2tan (ug—1/2)

" (% / 2tan<<fd(j e d“d> i

The change of the variable t = ug + ug_1 in the inner integral yields that
1 G
1 / (x,u) du,
Qtan ud 1 —I—Ud)/Q)

/ flxy +ur, ..., 2q9-2 +ug_2,x4-1 +t, x4 — ug—1 +1)
2tan(t/2)

dt

=g(z1+ut,...,Tg—2 + Ug—2,T4—1,Tq — Ug—1),

where ¢ is again the function (39). Thus we obtain

U f(x) = Ulgar, .. / f) o5 M1
n (%) n (T, Ta1,Tq) R 1;[% S tan(ug_1/2)
X g(x1 +ut,. .., Tg—2 + Ug—2,Ta—1,Tq — Uq—1) duy ... dug_.

For every fixed x4_1, we may regard this as a (d — 1)-dimensional operator of
type U acting on the function g of the remaining variables x1,...,x4_2,x4. By the



An exponential estimate for cubic partial sums 11

induction hypothesis, as in the case when i = 1, we obtain a function F(?)(x)
satisfying (37) and (38) when ¢ = 2.

Case i = 3. Observe that US"® is also a (d — 1)-dimensional operator of type U
acting on the function (36). As in the previous cases, we can then easily obtain
(37) and (38) when ¢ = 3.

Thus we have established the desired estimate for U,.

Since S} is an operator of type U, we can find a function Fj(x) such that

1/ log, _, (Ta)

Hx e T?: Fi(x) > A} < 5 (44)
IS*f(X)I)
exp| —=——+~ | dx <1, n=12,.... 45
[ e (B i< (15)
As to gfl, we have the bound
1S5 F ()] < |Unf(x)] + G(x),
where
cos nitg
U, f t) dt,
Wd/EdHQtan tk/2 X+ )
1
G(x) = —|p.v. 7 flx+t) dt|.
@ Te [[_; 2tan(ty/2)
It is well known that G(x) satisfies
f o d
(G0 > 2} 5 D omas®), (16)
Since U, is an operator of type U, there is a function F3(x) such that
d HfHLogd_l(Td)
H{x € T: Fy(x) > A} < — (47)
\Unf(X)!)
exp| ———— | dx <1, n=1,2,.... 48
[ (G5 o )

Finally, by Lemma 2 we have
S5 (x)] + 1S5 £ ()] + Fs(x)
S0 f ()| + [Unf ()] + G(x) + F5(x),

1S f(%)] + |Sn f ()]

NN

where the function F3(x) > 0 satisfies

IE5] L1 vy S I fllLog,_, (L)(rd)- (49)
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We claim that all the conclusions of Theorem 1 hold for F' = 4(F; + F» + F5 4+ G).
Indeed, (9) follows immediately from (44), (46), (47) and (49) (using Chebyshev’s
inequality for F3). To prove (10), observe that

1S, F ()] + S f(%)] 152 ()] + [Un f(3)] + G(x) + Fy(x)
‘”‘p( F(x) ) Xp( F(x) )

4|57 f(x)] 44U f(x)| G(x) F5(x)
< ZnJ A1
< exp( F(x) + exp al x) + exp 4 F(x) +exp| 4 (%)
|5?Zf(X)|) (|Unf(x)|)
<exp| ——=— | + exp| ——~— | + 2e.
Xp( A )T RG)
Combining this with (45) and (48), we complete the proof of the theorem. [J

Proof of Corollary 1. Suppose that f € Log, ;(L)(T¢) and let F(x) be the function
provided by Theorem 1. We define

N
@

Ejpe = {x eT: F(x) < I oy cxe) }
e

where v is a constant. By (9), there is a constant v (depending only on d) such
that |(Ef.)¢| <e. This yields (11). Moreover, it follows from (10) that

|Snf<x)|+|§nf<x)|) (|snf<x)|+|§nf<x)|) -
/Ef,pr(”E [ lom, .t d"g/ﬂrde’(p Fx) Bt

so that (12) holds. OJ

Proof of Corollary 2. Suppose that f € Log,_;(L)(T%). It is well known that the
(C,1)-means oy, f of the Fourier series (1) of f and its conjugate (2) converge almost

everywhere to f and f respectively. There is also the convergence in norm

min%inr)nﬁoo HO'nf o fHLogdfl(Td) =0.

Using this, one can find a set G C T? and a d-dimensional trigonometric polynomial
Py such that

Gl > (2m)! - = (50)

1
Pyl 1
1f = Prll=e) < 51 (51)

1
Pyl 2
If = Pillz(e) < o= TR (52)

YEE
1f = PrllLog, ,(Tay < o7 T (53)
Applying Corollary 1 with e = ¢/2F+1, we find sets Ej C T¢ with
|Ex| > (2m)% —ep, k=1,2,..., (54)
Sn(f — P Sn(f— P
B 1f = Pkllrog, (1)
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Define
Efe =GN (ﬂ Ek>
k

Then (11) follows from (50) and (54). Put ¢(f) = expt — 1. We easily see that
¢(ab) < ap(b) for 0 < a <1 and b > 0. Thus, using (51), (53) and (55), we get

lim [ (exp(AlS,f — f]) — 1)

n—od Ef
€

= lim (exp(AlSn(f — Pe) = (f = Pe)l) — 1)

,E

< %sup/Eﬁa (exp (k(1Sn(f — Po)| +|f — Pxl)))

n

<2 (sgp /|  exp(2hIS, (7 = PO + /

Ey .

A( Yer|Sn(f — Py A
< — sup/ exp( +/ exp(2k|f — Px|) | S -
kX n JE. If = Prllog,_, (1) E;. k

Since the last quantity can be arbitrarily small, we obtain (13). In a similar way,
we arrive at the inequalities

exp(2k|f — Pk\))

lim (exp(A\gnf —f) - 1)

,E

A S (f—P SO
< —(sup / exp( DerlSnlf = Pi) )+ / exp(%\f—Pk\)) <
k n Ey . Hf_Pk’|Logd,1(Td) Ey .

and, therefore, at (14). O

Eal I
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