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1 Introduction

It is well known that, for f € Ly(—1,1), the series

fa)= 3 ™, fu=g [ S 1)

n=—oo

= (f If(x)Fdw)l/z-

For practical purposes, approximations are obtained by using only a finite number of

is convergent by Ly-norm

Fourier coefficients {f,,}, |n| < N < oco. As is also well known [32], when we approximate
f by truncated Fourier series (partial sums)

N

Su(f)i= 3 fuem (2)

n=—N
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or by trigonometric interpolation

N N
T imnx n 1 —imnT Qk
Iv(f) = D0 Tne™ o= gnrg D0 e ™ m= e (3)
k=—N

n=—N

the resulting error is strongly dependent on the smoothness of f. Approximating a 2-
periodic f € C*(R) function by Sy or Iy (N >> 1) is highly effective. When the
approximated function has a point of discontinuity, the above mentioned approximations
lead to the Gibbs phenomenon. The "oscillations” caused by this phenomenon are typ-
ically propagated into regions away from the singularity and degrade the quality of the
approximations.

Different ways of treating this deficiency have been suggested in the literature (see,
for example, [14-17]). The idea of increasing the convergence rate of Fourier series by
subtracting a polynomial that represents the discontinuities in the function and some of
its first derivatives was suggested by A.Krylov in 1906 [19] and later, in 1964, by Lanczos
20, 21] (see also [2, 23] and [18, with references]). The key problem lies in determining
the singularity amplitudes. As formulated by Gottlieb [12], these amplitudes could be
found from the first N Fourier coefficients. This idea has been realized by Eckhoff in a
series of papers [5-8] where the values of the "jumps” are solutions of the corresponding
system of linear equations. Let us refer to this approach as the Krylov-Gottlieb-Eckhoff
(KGE) method (see also [3, 11, 13, 22| and, for the multidimensional case, [25, 28]).

Application of Pade approximants [1] to Fourier series has been studied by several
investigators. The general form of Fourier-Pade representation has been suggested by
Cheney [4], but he does not discuss algorithms for computing coefficients, rates of con-
vergence, and so forth. Geer [10] introduced and studied a class of approximations to a
periodic function f that uses the ideas of Pade (rational approximations). While these
approximations do not "eliminate” the Gibbs phenomenon, they do mitigate its effect.
For eliminating the Gibbs phenomenon, algorithms based on Pade-type approximations
were described and studied in [9, 26, 29, 30].

In [24], Pade approximants are applied to the asymptotic expansion of coefficients of
Fourier series for piecewise smooth functions, leading to a new kind of approximation.
In [27], the corresponding asymptotic estimates of errors of these approximations are
investigated. Here, we extend the method to trigonometric interpolations.

The proposed approximations are exact for a system of quasipolynomials while the
KGE-method is exact for a subsystem of polynomials. Thus, we obtain a generaliza-
tion of the latter. The quasipolynomial approach is nonlinear while the KGE-method is
(given the exact jumps) linear. If the jumps and Fourier coefficients of the approximated
function are known, then the KGE-method can be constructed without any additional
calculations. However, for the quasipolynomial method, we also need the values of some
parameters that can be determined from a nonlinear system of equations with jumps
in the coefficients. This additional complexity in calculation yields round off errors of
the approximations that are more precise and more stable. Theorems and numerical
examples are presented. Moreover, comparisons between the quasipolynomial and the
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KGE-method are made.

We expect that the proposed approximations, especially insofar as they are derived
by a tool as flexible as the system of quasipolynomials, should result in new algorithms
of increased precision and robustness.

2 KGE-method
We say that f € C[—1,1], ¢ > 0 if f@ is continuous in [~1,1]. Denote

A(f) = fPQ) = fP (1), k=0, q.

The idea of the KGE-method is to split the given function f € C?—1,1] into two
parts

F@) = Fo) + 3 A(F)Bula), ()

where F' is a relatively smooth function and By (x) are 2-periodic Bernoulli polynomials
with Fourier coefficients

B 0, n=>0 5)
kn — "
O = 41,42, ...

2(i7rn)1"+1 )

Approximating the function F' by truncated Fourier series leads to the KGE-approximation

Svalf) = 3 Fue™ 1+ 3" A(f) By(a) (©)

where the coefficients F,, can be expressed by f,, and By, from (1), (4), and (5).
Similarly, approximating the function F' by trigonometric interpolation leads to KGE-
interpolation (see (3))

Ing(f) = Y Fae™+ 3" Ap(f)Bi(x), (7)
n=—N k=0

where the discrete coefficients F), can be expressed by f, and (E\k)n from (4).

Theorem 2.1. Suppose f € CU[—1,1], ¢ > 1, f@V € L;(—1,1). Then

(-1

Smr® o), N —oo (8)

Ryo(f) = f(z) = Sna(f) = A() Y

In|>N
Proof. By ¢-fold integration by parts in (1), we have that

Ak:(f) 1 ! (¢) x efiﬂ'na: T
()1 * 3imny / e e ®)

(=) §

2

k=0
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Therefore,
Rug(f) = Y Fae'™, (10)
[n|>N
where X
(=)™ Aq(f) 1 / (g+1) () i
F, = a+l) . 11
" 2> Gyt 2y T @eT e (11)

Note that, according to the well-known Riemann-Lebesgue theorem [32], the second term
is o(n"971) as n — oco. This concludes the proof. O

Similarly, we prove the following result:
Theorem 2.2. Suppose f € CU[—1,1], ¢ > 1, f@V € Li(—1,1). Then

rng(f) = f(2) = Ing(f) = Ag(f)x

n+1 zwnr n+s+1 ITNT

(Z ( an q+1 Z Z Z7T q+1 n+S(2N—|—1))Q+1>+O(N_q)’ N — oo. (12)

[n|>N = Ns

Proof. Just note that, from (11), we have at least F,, = O(n"?),n — o0, and so

= Z Foyseny)-

S=—00

3 Quasipolynomial (QP-) method

3.1

The essential features of quasipolynomial approximation [24] are both the application of
Pade approximants to the asymptotic expansion of f,, (see 9) and the solution of the
corresponding system of nonlinear equations (a system that arises in the theory of Pade
approximations).

Consider a finite sequence of complex numbers 6 := {6, };,, m > 1, and denote

AL(O) = An(f), An(0) = AL7HO) + 0: .71 (0), k> 1.

If n <0, we set A¥(6) = 0.
It is easy to verify that, for = # —1/6,,

0, 1
Ak = pa a7t A A )z 1
Z v $1+01$+1+91$;0( K+ 01 A1) (13)
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Note that, for §; = 0, the sum on the left side of (13) remains unchanged. Iterat-
ing this transformation up to m times yields the following formula (x # —1/6x; k =

1,"',?71; mﬁq_l)

in ' qi WAl 1 qiﬁm(‘)) ‘ (14)
Tt =x = xz".
= T (U 0g) T (L 0) 2 F

Suppose f € C?—1,1]. Applying transformation (14) to the first term of (9) with
(imn)~! instead of x, we derive

fn:Qn+Pna n;é(), (15)
where .
—1)" i)™ TS AT(0
g — U im " apo) o
2110 (imn + 0,) — (imn)k+
and o i
—1)t IN 0 A (0) (i
P"_Q(' )q+1z kkq 1.( o) +
(imn)att £ [T, (i + 60,)
—1
()" R~ ARE) 1 / @(f) ¢-imn
t)e "™dt. 17
i 2] Ts, (imn + 64) k;q:m (imn)k+1 * 2(imn)e J_, Jre (17)
Inasmuch as (15) holds, we can split the function f into two parts
fz) = Q(z) + P(x), (18)
where . .
Q(x) = > Que™, P(z)= Y P ™, PR = fo (19)
i A
Approximating P by the truncated Fourier series leads to
N
Snam(F) = Q@)+ D (fu = Qu)e™ (20)
n=—N
and approximating P by trigonometric interpolation leads to
N ~~ o .
Ingm(f) = Q@) + D (Fu = Qu)e™. (21)
n=—N
It is important to note that, for 6, = 0, = --- = 6, = 0, approximations Sy ,..(f) and

In4m(f) coincide with the KGE-approximation and the KGE- interpolation, respectively.

Approximation properties of Sy 4, and I 4., are strongly connected with the smooth-
ness of the function P or, put another way, with the rate of convergence of P, to zero.
This condition leads to the following system of nonlinear equations (see the second term
in (17)) for the unknown vector 6:

AMO)=0, k=qg—m,--- ,q— 1. (22)
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Note that, if  is a solution of (22) and f € C9—1,1], f9*V) € L;(—1,1), then P, =

O(n~1'), n — oco. We call approximations (20) and (21), together with (2

2), QP-

approximation and QQP-interpolation, respectively. Actually, we apply the Pade approxi-

mation [q+m-1/m] to the sum on the left side of (14) [1].

3.2

We are interested in the asymptotic behavior of

By gm(f) = f(@) = Sngm(f) and ryom(f) = f(z) = Ingm(f)-

By (m),k =0,--- ,m we denote the coefficients of the polynomial

H 1+ 6ix) = Z v (m)z".
k=1 k=0

Note that
Am = + Z ’Vs Ak s

Hence, the system (22) can be written in the form

Z,}/S Ak s+q—m— 1(f) = _Ak+q—m—l(f)> k= 17 ,

Denote
Um = [Ak—sir(f)], by s=1,--+ ,m.

Theorem 3.1. [27] Suppose f € C1[-1,1], ¢ > 1, f@*V € [;[-1,1] and
detU]",, 1 # 0.

Then, with 6 from (22), the following holds:

detUm+1 (_ 1>n+1 elmne B
Ry, qm(f) = (=1)" detUr |Z Simn)il +o(N7%), N — oo.

Proof. From (18) and (20), we have

RN,q,m(f) = Z Pneiwmc7

|n|>N

where (see (17))

2(imn)at!

aziiﬁiﬁyﬁ+§:fﬁ w>>+dn“%nﬁm.

i e (U 355)

(23)

(24)

(26)
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It now follows that

Rygm(f) = A7(0) Y D™ ine o(N~9), N — oo. (27)

Here, we use the fact that

AT(0) = A;”’l(ﬁ) + QmAZ”:ll(Q) = A;”’Q(G) + Hm_lAf]”:lQ(@)%—
+Hm AT ( +ZekM 1 +ZekM 1
According to Cramer’s rule,

) = et

qg—m—1

where {M,} are the corresponding minors. Consequently,

A (0) = Ay(f) + Z%(m Ag-

aleszmJrl
= A § MA, o(f) = (-1)"—1"
o f) + detU,;nm = - (=1)" detUr,,

0

Theorem 3.2. Suppose [ € CI[—1,1], ¢ > 1, f9*V) ¢ L[-1,1], and detU",, , # 0.
Then, for 0 from (22), the following holds:

detUm!
() = (—1)mamm
rN.am(f) = (=17 detUrm ~
(—1)nttermme N o> )t gimna
N7 N .
%:N 2(imn)ii ZNSZOOQ“T o+ (n 1 s@n g Dyt | OO N e
s#0

(28)

Proof. Using the relation (at least P, = O(n™?),n — o)

E Pn+s 2N+1);

S§=—00

we obtain

rN,iLm(f) = Z Pneiﬂnx - Z e Z Pn+s 2N+1)-

[n|>N §=—00
s#0

Proceeding as in the proof of theorem 3.1, this concludes the proof. O
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3.3

For a practical realization of the QP-method, we need the explicit form of the function
Q(z).

Consider the case m +1 < ¢ < 2m and 0, # 0, 05 # 0, s,k =1,--- ;m. Given the
relation

(iﬂ'n)mfk*l i 1)mfk710m—k—1 By . .
m . ) =Yg —m — 1,
[T, (imn + 6y) s (imn+ 0;)[ - . (0s —6;) q
s J
we expand (),, into simple fractions
n m qg—m—1

(iﬂ'n + QJ)Hnil (93 _ 9]) Z AZI(Q)(_l)m—kQ;n—k—l (29)

j=1 k=0
According to the representation
i n zwnm 1 o
= e 7
= i+ 0, shﬁj
from (29), for the case m + 1 < ¢ < 2m, we derive
m —0;z qg—m—1
— Am m kem k— 1 30
Q) =2 2 sh(6;) H 0, —0;) D AR (30)
J=1 S# k=0
If g = 2m, then
Am(f) & e—(’ﬂf - —
= o AT )RR 31
O = oTI 0 2 3ohd, T, 02— 0,) 2 (31)
ssﬁj

The explicit form of Q(z) in other cases can be calculated similarly. In general, we have
the following representation:

Lemma 3.3. [24]. Let {as},s=1,...,, 1 < < oo , be a finite set of complex numbers
and T C{as} a subset of integers. Then

— Dy (k)eimke imar
Z (=1)"'p(k)e — =7 > Res — p(2)e -
k=—0o0 Hs:l(k B as) ° r=1 F=ar S/Ln(ﬂ-z> HS:I(Z - as) s
kgY
where {Bs}, s =1,..., is a set of positive integers, p(z) is a polynomial of degree less than

Yooy Bs— 1, and a* = (z + 1) (mod2) — 1, =1 <zt < 1.

Now it follows that, in general, Q(z) is a quasipolynomial of the form

x) = E apzPre’rT
k
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where wy, € C and where {py} is a set of nonnegative integers.

We have calculated the explicit form of @Q(x) for specific cases. Calculations are
carried out using the MATHEMATICA software package [31]. For a given ¢ and m,
denote Qym(z) = Q(x). Some of them are

Ao Ao

—601x
Q2a(r) = 20,  2shé, ’
A Ap + Aty Ay .
Qs1() = =5+ 20, sho,
_ Aoel —012 A092 —O2z
@2l®) = =55 =0 s T2 skt
A0+ Ay(0? —6) A, o, Ay + A1, Ay,
— — — A — _ 1T
Qa1 () 1207 +5 7 +at = LR

A+ Ay . A+ Agby

S A+ Ag(61 + 02)

Q4 2< ) (91 92) sh 91 © B 2 (91 — 92) sh 926 261@2 ’
Agb? 0,z Aob? bz
r) = — e — e _
Qusl®) = =3 G =50, — ) sh 0, 2 (0> — 0,)(03 — 03) sh s
Ayb2 s

2 (93 — 91)(93 — 92) sh 93
Similar calculations can be carried out for multiple . For example, when 6; = 6 = 6,
q = 3,m = 2, we have

- AU —0x
Qs2(x) = 53k 6’(296th 6 —1+2z0)e
If0; =0,=03=0,q=4,m =3, we derive

Aoefex

Qua(r) = 4sh 6

(220(5 — 30cth ) — 320> — 66%cth® 6 4 30* 4+ 100cth 0 — 2).

For m = 1, system (22) can easily be solved symbolically. In particular, the explicit
forms of some of the quasipolynomials are derived to be

2
AO ::—(1):2 AO

Q2a() = 2sh " T oAy

Ay A2 A2 ag,
— _ A
Qs1(2) 2A2 ( 2 ) 2A2$hA2 !

A A (A AN (A +A§eﬁix
2 243 4 443)  2A3shiE

Quile)=—T5 ~gaz + 12A3
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4 Numerical results

For a given f, ¢, and m, we put

det( ;T4n71>

——ame 32
T det(UM)) (32)

agm(f) = ’A

The constant a,,,(f) describes the effectiveness of the QP-approximation (Theorem 3.1)
compared to the KGE-approximation (Theorem 2.1) as well as the effectiveness of the
QP-interpolation (Theorem 3.2) compared to the KGE-interpolation (Theorem 2.2) when
N >> 1. Let us consider two typical examples. All calculations are carried out using
MATHEMATICA software on a Pentium 4 computer.

First, consider the Bessel function

fz) = Jo(14z — 1). (33)

In Figure 1, the graphics of a,,,(f) for (33) are represented when ¢ = 8,9,10 and 1 <
m < g—1. We observe that the QP-method is more precise than the KGE-method almost
250 times for ¢ = 8;m = 4 and more than 300 times for ¢ = 10;m = 4,6. Figure 1 also
shows the optimal values of m when parameter ¢q is fixed.

ag,m ag,m a10,m
250 250 300
50 50 50
| m ! m m
1 4 7 1 4 5 8 1 5 9

Fig. 1 Graphics of a,,,(f) for (33) when ¢ =8,9,10 and 1 <m < ¢ — 1.

Results in Figure 1 are asymptotic (N > 1). It is interesting to see the numerical
behavior of the QP-method for both small and moderate values of N. We illustrate
the results for just the QP-interpolation because our experiments show that, in general,
the behavior of the QP-approximation (see [24] and [27] for details) is very similar to
that of the QP-interpolation. The actual effectiveness (in a uniform metric) of the QP-
interpolation compared to the KGE-interpolation can be represented by the ratio

maxX|z|<1 |7"N,q(f)|

maxX|y|<1 |7’N,q,m(f)’.

aN,q,m(f) =

(34)

In Table 1, approximate values of ay g4 are shown for (33). Calculations are carried
out with 64 digits of precision.

Comparison with the theoretical value agy4 = 271.1 shows that experimental and
theoretical estimates are rather close for N > 32. In Figure 2, the uniform errors are
scaled logarithmically. Here, we compare the QP- and the KGE-interpolations for ¢ = 8
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Table 1 Approximate values of ayg4 for different N while interpolating the function
(33).

N 8§ 16 32 64 128 256 512

anga4 | 97 206 250 264 269 270 271

20 14 jo==s==coscm=e====
~~ — ,
H 17.5 12l 4
o 15 (o] ]
g “ 10| !
o 12-5 ;5. ':
~ 10 - 80
o)) o 1 — KGE
|—| 7.5 |—| 6 [] . QP
| 5 I

4
0 100 200 300 400 500 0 100 200 300 400 500
N N

Fig. 2 Uniform errors in log scale, f defined by (33), ¢ =8, m =4, N < 512. Left: with
64 digits of precision, Right: with standard precision.

and m = 4. The left figure corresponds to calculations with 64 digits of precision; the
right figure we obtain from standard MATHEMATICA precision calculations.

We see that, even in standard machine precision, the QP-interpolation is much more
precise than the KGE-interpolation. For N' > 100, the QP-method is nearly 10® (compare
this with the theoretically-predicted value of 271) times more precise than the KGE-
method. Furthermore, the QP-method is less sensitive to round-off errors.

Now consider the second example

f@) = o (3)

This function has the greatest increase of A, jumps within the class of analytic functions in
the neighborhood of the interval [—1, 1]. In Figure 3, the graphics of a,,, are represented.

Approximate values of ay g4 are displayed in Table 2.
For this example, when N > 256, experimental results ay g 4 are close to the theoretical

estimate ag 4 = 72.9.

Table 2 Approximate values of ayga4 for different N while interpolating the function
(35).

N 8 16 32 64 128 256 512 1024

anga | 3414 433 237 62 44 62 68 71

In Figure 4, the logarithms of the uniform errors are represented. The left figure cor-
responds to calculations with 64 digits of precision; the right figure is obtained from stan-
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asg,m ag,m aio,m
70 120 250
50
20 50
m m m
1 4 7 1 4 5 8 1 5 9

Fig. 3 The graphs of a,,, for fixed values of q (¢ = 8,9,10) and 1 < m < g when (35) is
approximated.

-~ = 12 soTTTTTTTT
4 12.5

H H 10

N’ -

o - o ¢ — KGE

—~ 2.5 - 2 --- QP

! 0 b

0 100 200 300 400 500
N

Fig. 4 Uniform errors in log scale, f defined by (35), ¢ = 8,m =4, N < 512. Left: with
64 digits of precision, Right: with standard precision.

dard precision calculations. With standard precision and N > 200 the QP-interpolation
is 10° times more precise than the KGE-interpolation.

For practical application of the QP-method, the numerical values of jumps Ax(f) are
also needed. These values can be recovered from Fourier coefficients or from discrete
Fourier coefficients as shown in [5-8]. Numerical experiments show [24] that the appli-
cation of this procedure to the QP-method is acceptable and, in general, maintains all
characteristic features.
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