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Abstract. Convergence acceleration of the classical trigonometric interpolation by the
Eckhoff method is considered, where the exact values of the “jumps" are approximated
by solution of a system of linear equations. The accuracy of the “jump" approximation
is explored and the corresponding asymptotic error of interpolation is derived. Numerical
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1 Introduction

The problem of a function reconstruction by its finite number of Fourier coefficients
1! ;
foimy [ f@e ™ I <NN 21
~1

or discrete Fourier coefficients

y | 2k

Jn: Y fla)e ™ x:
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is considered.
It is well known that approximation of a 2-periodic and smooth function on the real line by

truncated Fourier series

N
SN(f) = Z fnemnx
n=—N
or trigonometric interpolation

N v -
IN(f) = Z fnezrmx

n=—N

is highly effective. When the approximated function has a point of discontinuity, the approxi-
mation by Sy (f) or Iy(f) leads to the Gibbs phenomenon which degrades the quality of approx-
imations.

An efficient approach of convergence acceleration of Sy(f) and Iy (f) by subtracting a poly-
nomial representing the discontinuities (“jumps") in the function and some of its first derivatives
was suggested by Krylov[lo] in 1906 and later in 1964 by Lanczos! 111121 The latter was devel-
oped for applications by Eckhoff in a series of papers [5]-[7], where the approximate values of
the “jumps" were determined by solution of a system of linear equations. The Eckhoff method
was developed and generalized by a number of authors, see [1], [2], [4], [13]-[18] with refer-
ences therein.

In [2] the theoretical background of the Eckhoff method was investigated, where the recon-
struction of function by its finite number of Fourier coefficients was considered. Therein, the
asymptotic behavior of the approximate “jumps” was studied and the asymptotic L, constant of
the rate of convergence was computed.

In this paper we continue investigations started in [2] and consider the Eckhoff method for
function reconstruction by discrete Fourier coefficients. Section 2 describes the Krylov-Lanczos
and the Eckhoff approximations. Asymptotic estimates of the “jumps" approximation and func-
tion reconstruction are presented. The main results are coming from [2]. Section 3 investigates
the Krylov-Lanczos interpolation and the corresponding asymptotic error. The main results are
coming from [18]. Also a closed form of the discrete Fourier coefficients of the Bernoulli poly-
nomials is derived. In Section 4 the Eckhoff interpolation is considered. Following Eckhoff we
explore a system of linear equations for the “jumps" approximation. In particular, we calculate
the determinant of the corresponding system and obtain the conditions providing the system with
unique solution. Moreover, we modify the system to the equivalent one with the upper triangular

matrix. This modification is important for applications as it reduces the complexity and leads
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to more robust procedure. Section 5 studies the precision of the “jumps" approximation and the
corresponding asymptotic error of interpolation. Numerical results in Section 6 accomplishes

theoretical investigations.

2 The Krylov-Lanczos and the Eckhoff Approximations

Throughout the paper we limit our discussion to the smooth function f on [—1,1]. Suppose

f € C9—1,1] and denote by A (f) the exact value of the “jump" in the k-th derivative of f

The following lemma is crucial for the Krylov-Lanczos approach.
Lemma2.1. Let f € CT'[—1,1]. Assume that d f'9~") is absolutely continuous on [—1,1]
for some g > 1. Then the following expansion is valid
(_1)n+1 (= Ak(f) 1 /1 (q) —innx
= dx 0.
Proof. The proof is trivial due to integration by parts.

Lemma 2.1 implies the representation

q—1
f(x) =) Au(f)Bi(x) + F (), (2.1)
k=0
where By, are 2-periodic Bernoulli-like polynomials with the Fourier coefficients

0, n=0,
Bk,n = (22)

(71)n+l n # O

2(izn)k 1

and F is a 2-periodic and relatively smooth function on the real line (F € C¢~!(R)) with the

Fourier coefficients

g—1
Fy=fo— ZAk(f)Bk,n' (23)
k=0

Approximation of F by the truncated Fourier series leads to the Krylov-Lanczos (KL-) approxi-

mation
N q— —1

1
Sng(f) =) (fn - Ak(f)Bk,n> e +[IZ A (f)B ().
i=0 i

n=—N = =0
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Denote by || - || the standard norm in the space f € Ly(—1,1)
! 2
Isil= ([ ropa)

Ry 4(f) = f(x) = Sng(f)

1/2
We put

and below present an asymptotic behavior of the KL-approximation.
Theorem 2.2, Let f € CI[—1,1]. Assume that f\9 is absolutely continuous on [—1,1].
Then the following estimate holds

20+

. q+1 =
im 2N+ DT R =14 1 g 41

In [5]-[7] Eckhoff suggested to compute approximate “jump" values A{(f,N) for Ax(f)
directly from the Fourier coefficients f,. As the Fourier coefficients F, asymptotically (n —
o) decay faster than the coefficients f,, and can therefore be discarded for large |n|. Hence,
from (2.3) we derive the following system of linear equations for determining the approximate

“jumpS”
qg—1
fo= ZA;C’(f,N)Bkﬂ, n=ny,ny,...,ng. (2.4)
k=0

Thus, for any given N we assume to have chosen ¢ different integer indices
ni =ni(N), ny=mny(N),...,ng=ngy(N)

for evaluating the system (2.4).
By §N,q (f) the Eckhoff approximation is denoted where the approximate “jumps" Aj(f,N)
are used instead of the exact ones
N

~ g1 ' q-—1
Sng(f)i= Y (fn - AZ(f,N)Bk,n> e 4 ) AL(FN)Bi(x).
k=0 k=0

n=—N

Below we present some results from [2] that reveal the properties of the Eckhoff approxima-
tion.

Definition 2.3. By the multiplicity of some number x in a sequence xi,...,x,, we mean the
number of indices i for which x; = x.

The next theorem shows how well the values A{( f,N) approximate the exact “jumps" A(f).



240 A. Poghosyan : Asymptotic Behavior of the Eckhoff Interpolation

Theorem 2.42.  Suppose the indices ny = ng(N) are chosen such that

. n
59:0];:c3#0, s=1,....q.

Let o be the greatest multiplicity of a number in the sequence cy,cy,...,cq. Then for f €

C1t%1[—1,1] such that 9%V s absolutely continuous on [—1,1], the following estimate
holds
a AL Xj —q+j o S _
A](va)_A](f) Aq(f)(lﬁN)q_]+0(N )7N_> ’ .]_Oavq 17

where the constants ) ; are the coefficients of the polynomial

d 1 4 .
H <x— ) = szxb.
s=1 Cs s=0
We put
Ry g(f) = f(x) = Sy (f)-
The following result addresses the accuracy of the Eckhoff approximation.
Theorem 2.52. Suppose that the conditions of Theorem 2.4 are valid. Then the following
estimate holds

N . C 1/2
im (2 17 Rog (1) = W] 2 (/111(—1)2“*) '

’\/271‘1“ Pl Cs

Note that the rate of convergence in Theorem 2.2 is the same as in Theorem 2.5, i.e. approx-
imate calculation of the “jumps" does not degrade the rate of convergence.
In the next sections we present the analogs of Theorems 2.2, 2.4, and 2.5 when the discrete

Fourier coefficients are used for function reconstruction.

3 The Krylov-Lanczos Interpolation

Representation (2.1) allows to calculate the discrete Fourier coefficients of F as well

q—1
Fo=fu— Y Ac(f)Bia. (3.1)
k=0
Approximation of F by Iy(f) in (2.1), leads to the Krylov-Lanczos (KL-) interpolation
N . q—1 . i q—1
Ivg(f) =Y (/o= Y A(f)Bin | €™ + ) Ar(f)Bi(x).
n=—N k=0 k=0
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We set

vg(f) = () = Ing(f)

and investigate the asymptotic behavior of ry 4 (f) in the next theorem.
Theorem 3.11'8l,  Ler f € C9[—1,1]. Assume that f'9) is absolutely continuous on [—1,1].

Then

lim (2N + D92 {|ry o (N = [Ag(H)ai (),

where
1/2

1 22q+1
ai(q) = matl | 2g+1 2/

We conclude from (2.2) that

s+x ‘1+1

X

Bo(x) =, Br(x) = / Be_1 (x)dx, /_ 11 Bi(x)dx = 0.

Whence, the discrete Fourier coefficients ékﬂ can be calculated explicitly. For example, here are

three of them

B (=1)" £0, Boo=0
= ) n ) = )
0 2(2N + 1)sin , 0" 0,0
y (—=1)" cos 5t y 1
B — + s n 0, B - — 9
b 2(2N +1)2sin® , ™| 70 B0 =" pon 11y
. 1 n+1 - 3—|—COS 2nn .
BZ,n = ( ) ( 2NH ) s n 75 0, 3270 =0.

3
8(2N +1)3sin” , 7|

It is possible to get a closed form of By, for every k > 0. Theorem 3.4 does exactly that.
First we prove some auxiliary relations. The next lemma presents the particular case of the Faa
di Bruno formula [8], [21].

Lemma 3.2. Let f € CP[—1,1]. Then the following identity is valid
. P . .
FPE™) = (im)? Y S(p, k)N (™)™, p >0,
k=0

where S(p,k) is the Stirling number of the second kind [20].
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Proof. We fulfill the proof by mathematical induction. For p = 0 the formula is obvious as

S(0,0) = 1. Suppose it is true for p = n. For p =n+ 1 we have

d .
dxf(n)(emx)
_ (iﬂ)n+l Z kS(n,k)ei”kxf(k) (einx)
k=0
+ (l-n.)nJrl Z S(n,k)ei”(k+1)xf(k+l)(e””)
k=0

= (im)"*! Z (kS(n,k) + S(n, k — 1)) £10) (£1m)
k=1

+ (in)n+lei7r(n+1)xf(n+l)(eimc).

f(n+1) (ein:x)

Note that
kS(n,k) +S(n,k—1) =S(n+1,k),
and
S(n+1,0) =0,
we complete the proof.

Lemma 3.3. The following identity holds

1 () 7k k )
= ITT(K— X
(Sil’l 7rx> B 2k(sin n'x)k-‘rl Z aksje / 5 k Z 0,
Jj=0
where

J k k—n n+1
o =Y (—1) n!(—l)"S(k,n)( >< >
/ ;) 20 0 2j—24
Proof. We have

1 21 . 1 1
sin Tx = ein’x _ efiﬂ,'x =t 1+ ein’x B 1— eiﬂ,'x .
In view of Lemma 3.2

() = s Eomswn (MO0 )

sin 7tx =
= (ei,ffif):e;:f;kﬂ ,gnls(k’n)(_l)n(l g 2imxykn
« ((1 Feimyr (] _e—inx)n+1)
- (e,ﬁ(lf)f:z o i WIS () (1) Y (k ; n>

=0 (=0

. ontl 1 )
X (—1)fe 2mt ) (n—; )(1 + (=1)")e ™",
s=0
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For even values of k, k = 2m, we derive
1 (2m) p2m p2immsx m
= S(2m,2n)(2n)!

2m—2n n
2m—2n 0 i 2n+1\ o
} : 1) imlx E : 2imsx
. /=0 ( ¢ >( ye —0 ( 2s >€
= §=
n.ZmeZin'mx m—1

- - ZbS(Zm,Zn—i—l)(Zn—i—l)!
n—=

22" (sin 7x)
2m—2n—1 n+1
2m—2n—1 - 2n+2 -
% 1 Ze—Zm'Zx < >e—217r‘sx
L (e g (%

2m ,2immx 2m
e Z o 2ijx
2m( 2mt1
22m (sin rx) > =,

J 2m=j 2m—2n\ [ 2n+1

X (=D Y (2n)!S(2m,2n) ( ) ( , >

Z;) n;) 4 2j—2¢
n.ZmeZiﬂ,'mx 2m

—2imjx
e
22m (sin 7tx) 2m+-1 Jg(r)

x i(—l)“zmzjﬁw1>!S<2m72”+1>(2m_5n_1)(22;—+226>

(=0 n=0
n.ZmeZiﬂ,'mx 2m

—2imjx
e
22m (sin 7tx) 2m+-1 Jg(r)

x Zio(—l)‘Z 4mni:lms(zm,n)(—l)” <2m£_ n> <2';J_r ;€>

n.ZmeZin'mx 2m piri

L —2imjx

22m (sin ;rx)2m+1 z‘;)o‘z"”e '
J:

The proof for odd values of k can be performed in a similar way.

Theorem 3.4. The following relations for k > 0 are true

. 1 (_l)r-H

B.o =
SO 2 (im(2N 4 1))k ;6 el
. (_ 1 )”+k+1 k n(k—2))
Bk. = ak, el N+ ,n ?é O’
T (2i@N + )RR (sin 7 )< J;o !

where oy ; are defined in Lemma 3.3.

Proof. The first relation immediately follows from the well-known formula (see [22])

ék,n = Z Bk,n+r(2N+1)

F=—o0
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and the equation (2.2).
For the second relation we write down
. oo -1 n+r+1
Bw = )1 2(m(n(+r()21v+ 1)))k+!
y—=—o0
_ 1)n+1 i (_l)r
k+1 k+1

2N+1)) (ans1 +7)

y—=—o0

_1)n+1 n
2(im2N + 1)1 P av 11 )

where

It is easy to verify that

Taking into account that

T
Po(x) = sin x
we get
B (—l)k © B (—l)k 1 (k)
o) =" 2@ =T G
and hence ®
. (—1)n+k+17l' 1
By = . 5 0. 3.2
S 2k1(im(2N 4 1))F+1 \ sinx =l n7 (32)

This completes the proof in view of Lemma 3.3.
For practical realization of the Krylov-Lanczos interpolation the discrete Fourier coefficients
Bk_n can be calculated by FFT algorithm but application of Theorem 3.4 provides the same with

less complexity and greater accuracy.

4 Computation of the “Jumps''. The Eckhoff Interpolation

In this section we investigate the problem of the “jump" approximation via discrete Fourier
coefficients. Following Eckhoff we consider the system of linear equations with unknowns

AL(f,N) that as we will show below approximate the exact values of the “jumps" A ()

g—1 .
fn: ZA;c(va)Bk,rh I’l:I’ll,l’lz,...7nq. (41)
k=0
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Approximation by Iy ,(f) where the exact values of the “jumps" are replaced by the approx-

imated ones, calculated from (4.1), we call the Eckhoff interpolation and denote by INNq( f)

N

Ivg(f):= Y (fn ZAk N Bk,n> e™ + Y A (f,N)By(x).
k=0

n=—N

The main contribution of this paper is a study of (4.1), calculation of its determinant, ob-
taining the conditions that provide existence and uniqueness of the solution (see Theorem 4.3).
As aresult the asymptotic errors of the “jumps" approximation (Theorems 5.2, 5.6) and the cor-
responding errors of the Eckhoff interpolation (Theorems 5.5, 5.9) are derived. Moreover, we
show that (4.1) is equivalent to a system with an upper triangular matrix and therefore A}c( fiN)

can be calculated by backward substitution (see the equation (4.9)).
First we prove some preliminary lemmas.

Lemma 4.1. The following identity is for k=0,--- ,q— 1 is valid

1 (k) G q-1 .
ind 1T _ in(g—1)x —2imjx
sin? wx (sin 7tx> (200! e ;)ﬁk,]e ,

where
B, ;_g(—l)ffgn!(—l)"S(k,n) (q_z_ 1) (2,;J_r;€>

Proof. Starting as in the proof of Lemma 3.3 we get

(k) itim)k & ,
sinqnx( ! > - ((”)q Y (—1)"S(k, n)nte ™

sin 7wx 2i)1 =,
% (eiﬂx_e—iﬂx)q—n—l((l+e znx)n+l_|_(1 mx)n—i-l)
l(m‘-)k qu 1) - G é —2im. g—n—1
= (—1)"S(k,n)n! e
(2i)e n;) ZZE) l
n+1 1 )
x (”* )(1+(—1)S)em.
s=0 S
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Suppose that k is even, k = 2m

sin? mx R = (im)™ M= i S(2m,2n)(2n)!
sin 7Tx (2i)a-1 = ' ’
T3 fg—om—1 oo (201
« Z (q gn >( 1)56—2177:& Z < nz—l_ >e—217csx
(=0 s=0
(i7r)2’" o m—1
—(2i)q_1e”(q »x n;)s(zm 2n+1)(2n+1)!
q—2n-2 n+1
q—2n—2 —2inlx 2n+2 —2iTmsx
% Z ( / >( I)Ke 2iml. Z< s eZn
(=0 s=0
2m in(g—1)x q—1
— (lTL') Z-eq,I Z e—2m'jx
(2i =0
J 7! 2n—1\ [ 2n+1
x Y(=1)" Y (2n)1S(2m,2n) (q " )( e >
o = 2j—20

0
(Zn)Zm in(g—1)x q—1

—j-
(2i)9-1 Ze_zmsz ng’ (2n+1)!

(=0

q—2n— 2n+2
2m,?2 1
xS(2m,2n+ )( ’ )(2] 2€>

(”.L.)Zm in(g—1)x qg—1

—2irmjx
B (2i)4~1 Ze Y
Jj 2g— 2] 1
qg—n—1 n+1
x Y (=1 n!S(zm,n)(—l)"< )( ,
[Zz) n;) l 2j—2¢

(”.L.)Zm in(g—1)x qg—1

- (2[)6[ 1 JgoﬁZm,]e

2iT jx

The case of odd k can be proved similarly.

1 : s q_j_l ]+1
Vi= (Vij)?,j:m Vij = Z(_l) < s > <2i—2s>'

The next lemma provides the LU-factorization of the matrix V.

Denote

Lemma 4.2. The matrix V has the following LU-factorization

where

)

(4.2)
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o= (50 o (3 ()

Proof. We have
q-1 =1 /. q-1 i
; J+1 q—s—1\[(j—k
Eis sj — —-1) —1)° .
Z u] ( )k_0(2k>s_0( )<q_l_1><s—k
. k .
(1)t J+1 Y s J—q+k+1
Z<2q 2— 2k>g‘( 1 (q—i—1>( k—s
k .
1)i+at! J+1 1) k—s J—q+k+1
Z (Zq 2—2k>§6( ) g—i—1 s '

According to the identity ([19])
n=p\ _x, [Nk (P
) =2 (0

we derive

J+1 g—1—j

jz‘;g""”“f - (_l)iwﬂg(_l)k(zq—z—zJ (k—q—l—l—i—i)
_ i(_l)k+i<jz+kl><q;_1;j>

k=0

B i(_l)k(zij;) (q_li_]) —

k=0
This ends the proof if we observe that L and U are lower and upper triangular matrices, respec-
tively.

In view of the identity (3.2) we rewrite the system (4.1) in the form

: (—1)x &) " .
AL(f,N in? T, =(—1)""sinfrwt
,;) e(fs 2U1(im(2N + 1))kt > S<sinn’x>x_r (=1 sin? A% o,

nS
Tb 2N+17S ) 7q

An application of Lemma 4.1 implies the following system of linear equations that is equivalent

to the system (4.1)
qg—1

stktk:ysvszla"'7Q7 (43)
k=0

where
= (20)1(—1)"* £, sin? wr,e” a1,
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T RN 4 R R
=l ac] -
My 1= Z Wy Z V jnSnk, wyj = e 2T, sk = n!(=1)"S(k,n),
j=0 n=0

and v;; is defined by the equation (4.2). The system (4.3) can be rewritten also in the matrix

form
MT =Y, (4.4)
where
T := (t(),"' ,l‘qfl)T, Y = (y1,~' ,yq)T,M = (mij) =WVS
with

S:= (Sij)a W .= (Wl])
An application of Lemma 4.2 yields the matrix factorization of M
M =WLUS. (4.5)

Note that W is a Vandermonde matrix and S is an upper triangular matrix.
Factorization (4.5) will help to calculate the determinant of M in the next theorem.
Theorem 4.3.  The system (4.3), and hence (4.1), has a unique solution, provided that the
values ny, ---, ny are distinct.

Proof. The factorization (4.5) implies
detM = detW -detL-detU -detS.

The matrices L, U and § are triangular. Whence

Ut 71 : q(q—1)
detl = [J¢i=T]10) =D >,

j=0 j=0

q—1 g—1 q—1 j+1
= Tu=T1(vE (3))

j=0 j=0 k=0

-1

= TI-ni=-2)™",
j=0

ezl
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Taking into account that W is a Vandermonde matrix, we get

detW = fl fl (e_Zim" — e_Zimf) .
j=lk=j+1
Finally
ala-1) _ala-—1) {L d —2inT _0inT: .
detM = (—1) > 2 2> JJ [T (7™ —e %) []s".
J=lk=j+1 $=0

This completes the proof.

We continue investigation of the matrix M. In the next two lemmas the inverses of the

matrices L and W are calculated.

Lemma 4.4. The following relation is true
L '=L

Proof. We will show that L> = I, where I is the identity matrix. We have

Jj=m g—n—1 g—Jj—1

= et B (o
= ot ()

_ _1\ntm q_m_l —
- ( 1) (q_n_1>60,nm 6n,m-

Denote by wk_j1 the elements of the matrix W ~!. The next lemma gives the explicit form of w,:jl.

Lemma 4.5. Suppose that the indices ny, s = 1,--- ,q are distinct. Then for the elements

w,?jl the following representation is true

_ 1 I i (s
ijl =, Z Yee 2imt;(s—k l)’
H (efzifrrj . e—Zim’,,,) s=k+1
i
ng .
T. = =1,---.q; k:()’...’ _]’
A 2N+17 .] ) 7q q

where the numbers s are the coefficients of the polynomial

q q
672i7rx _ 6721'7?6,, _ yv672i7mc.
1 )= L

n=1
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Proof. As in [2] we consider the following trigonometric polynomial
4 p—2imx _ ,—2iTT, q—1 -
o _ —2ZITT s
Qi) =TI aime, _ yims, = L Pe ™ =1,

n= : k=0

where by pj; we denote the coefficients of the polynomial Q;(x). From the equations
7 2intik
:ijke_ K :5ij7 la.]zlvaq
k=1

we see that the transpose of (p ) is the inverse of the Vandermonde matrix (e~ *7%). Following
[2], we write

1 k o
Z%e‘z’”’(“_k_l), k=0,---,g—1; j=1,---.q.
( —2imT; _ e—2i7t‘cm) s=0

Pjk = —

:5:_&

Sl

1
J
This ends the proof as WI?jl = Pjk-

Denoting P = U S, from (4.5) we get the factorization

M =WLP, (4.6)

where P is an upper triangular matrix. Applying Lemmas 4.4 and 4.5 we can rewrite the system

(4.4) in the equivalent form

PT=L"'Wly =1w™'y, (4.7)
or elementwise X
P
ijktk:yvjv jzov"'vq_lv (48)
k=0

where
- & vk
yj = Zgjkzwkr)’r—(Zl)qZ(_l)](q_j_1>
q
<y

"’“f e ™ Vhgind g, 4
r=1 H (e 217r‘ck_6721m',,,) s=r+1

=2inT (s—r—1

Z r}/s k( )
m=1
m#r

and p ji are the elements of the matrix P. Now A}(( f,N) can be derived by backward substitution

from (4.8)

. Kl(= 1% (2N + 1)k _
aryy = MEUCNEDTG
Pk _ 49)

o DR py .
- Z Al](f7N) . i—k J? k Ouaq_l

j=kt1 ]‘(2N+ I)J Pkk
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S Asymptotic Estimates
Hereafter we will suppose that the indices n; are distinct and
pN < |ns| <N, s=1,....,q, 0<p<I1. (5.1

In this section we derive asymptotic estimates of the “jumps" approximation and the corre-

sponding asymptotic errors of the Eckhoff interpolation.

Denote
q e—Ziﬂ,'m’L'S
(Dr,m = Z q ) rz q, m > 07 (5 2)
s=1(1— e—Zimi; r—q+1 e—Zim'S _ e—Zim,1
( o T )
n#s
where T, :=n,/(2N + 1), 7; # 7, i # j. Evidently
1 7"
Oy = . . dg, 53
rm 2T /F (1 _Z)r—q+1HZ:1(Z_672m‘c,,) ( )
where I"is a closed curve containing the points z = e 2#%, s=1,--- g, N > 1 but not containing

the point z = 1. In particular, we put

I'=TuUlLUl3UTly,

1
Li:z=Re? ap<¢< in(6—p),R> 1,

1
3

5
I3:z=te's™ r<t<R,

Dyiz=re?, mp << m(6-p),r<l, (5.4)

Ty:z=te 6™ r<t<R.
Lemma 5.1.  Suppose that the indices ng = ny(N) are distinct and (5.1) is true. Then
O = O(1), N — co.
Proof. The proof follows from (5.1) as
2
3P <2m|t| < 7.

The next theorem explores the accuracy of the “jumps" approximation.
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Theorem 5.2. Suppose that the indices ns, s = 1,--- ,q are distinct and

. n .
Am e SAm T =6A0, s=1 g

Let € (¢ > 1) be the greatest multiplicity of a number in the sequence {e ?"} s=1,...,q
Then, for f € CTT¢~1—1,1] such that fl9+¢=1) is absolutely continuous on [—1,1], the following

estimate as N — o holds

i (_l)jj!vj —q+j i

where the numbers V; are defined by the recurrence relation

—1
u A D jk .
VJ_ ]_kaj7 ]:07 7q_1
Pjj k=j+1 Pii
and
1)1 % 1
ZESJZO‘qm Z Vk q,m—+k—j—1-

k=j+1
The numbers ®;,, are defined by the formula (see (5.4))

), = ! / & d
rm T 27i Jr (1 _Z)r7q+1 HZ:l(Z_ 872i7rc,1) <

and 7y are the coefficients of the polynomial

7217tx 721'71'(:,, Z * 7217rsx

:Q

n:I
Proof. In view of Lemma 2.1, we have the representation
g+e—1

fx)=F(x)+ /;) A (f)Bi(x)

where F is a 2-periodic and smooth function F € C4+¢~!(R). This representation implies

. . g+e—1 .
fn :Fn+ Z Ak(f)Bk,n-
k=0

Taking into account that
F,= Z Fn—&-s(ZN—i—l)
§—=—o0

we get

v

F,=o0(n77°%), n—oo, |n|<N
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and therefore
g+e—1

Y, A(f)Bento(n ), n—oo,  |n[<N.
=0

Using this in (4.1), we derive

-1 q+e—1
Z(A;c(va)_ BknY = Z Ak Bk7ns—|—0(n;q78)’ s=1,---,q.
k=0

An application of Theorem 3.4 and the factorization (4.6) implies
q—1 g+e—1 (_ 1 )r 1
];)(WLP)S]‘Z’C = Z A 2N—|— 1)r+1 (1 _ e—Zim;)r—i—l—q

X Z ar’me—Zzn'l’l’l’Cv _1_0(’,1;61—8)’ § = 1’ <o, N — oo,

m=0
where
w= O AN - Ad) (55)
" k(2N + 1)"“rl ’ ) '
Applying Lemma 4.5 we write down
g—1 g+e—1 (—1)
(LP)jpzx = Ar(f) o %o I
k:z() J r;q r r‘(ZN—l—l r+1 Z rmt;-] t Wrm+t—j—
I JIE 5.6
+ . 0(”3‘ ) , J:O,,q_l’N—>°° ( )
s=1 H (e—Ziﬂ"L'S _ e—2iﬂr,,,)

I3
Sl
Lagen

For the last term we note that

q .
(8_2’7”'3 — —2177:‘L'm H 20 sm7t - Ts) = O(N_£+1)7 N — oo,
m m=1

m#s m#s

Hence the last term in (5.6) is o(N 97 ') as N — oo. By Lemma 5.2 the terms with r > g are also
o(N~% ") as % = O(1) and we need to consider only the term r = ¢. Taking into account that

%= +o(l)and Oy mir—j1 =0, , ; +o(l)as N — oo, we get

i (_l)q q—
Y (1P =Adl1), (2N+1)q+12 qu%w k1 TO(N 4.

Lemma 4.4 implies

qg—1
s —g—
ZpSka :Aq(f) (2N_|_1)q+1 +0(N 1 1)7 N — oo.
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From here we derive

Vi

2N+1)q+1+0(1\/—‘1—1), N—oo, k=0,---,qg—1.

Tk :Aq(f)(

This finalizes the proof.
This theorem allows to estimate the accuracy of the Eckhoff interpolation.

We put
g—1 .
Gn:=fu— Y, Ai(f.N)Bin, (5.7)
k=0
q—1
Gn = fn_ ZA;c(faN)Bk,n' (58)
k=0

In the next two lemmas we explore the asymptotic behavior of G, and G,,.

Lemma 5.3. Suppose that the conditions of Theorem 5.2 are valid. Then the following

asymptotic estimate as N — oo, |n| > N is true
—)" & R(=Dfve o(NTI(=1)"
G”:AQ(f)2(2I(V—|—)1)q+1 ( n ) k+1 ( I’)l( ) )
=0 (in 5y )

where the numbers Vi, k =0,--- ,q— 1 are defined in Theorem 5.2 and v, = (—1)4"! /q!.

Proof. Lemma 2.1 implies

q—1
o= Z Ak(f)Bk,n +Aq(f)Bq,n _|_O(n—q—l)’ n—oo.
k=0

From here and (5.8) we obtain
q-1 ,
Gn = Z (Ak(f) _A;c(va)) Bk,n +Aq(f)Bq,n + O(nﬂIil)v n— oo. (59)
k=0

Theorem 5.2 yields

(=)' KD

G, = Aq(f) +1 k+1 +Aq(f)Bq,n
2N+ 1) 5 (7o)
q—1 1
oo Y £ o(NITy (1) -
i=o (iny)

This completes the proof.

Lemma 5.4. Suppose that the conditions of Theorem 5.2 are valid. Then the following

asymptotic estimate as N — oo, |n| < N is true

. (1) 4k (—1)kv

1)
Gn_Gn:Aq(f)2(2N+1)q+l = (i) Z (=1) -|-0(N—q—1)’

570 (zzver ‘H)kH
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where the numbers Vi, k =0,--- ,q — 1 are defined in Theorem 5.2 and v, = (—1)4"! /q!.

Proof. The proof follows from the formula

v

Gn — - Z G"""S (2N+1) — G = Z Gn+s(2N+1) (510)
§=—0e 570

in view of Lemma 5.3.

Denote

ng(f) = F(x) = Ing(f).

The next theorem reveals the asymptotic behavior of the Eckhoff interpolation.

Theorem 5.5. Suppose that the conditions of Theorem 5.2 are valid. Then

Jlim (2N + 1) [7y o (1) * = a2(9)|Aq ()],

121G k(=) —1)
a(q) := <2/1/2 ; (=1)"wk Z{)(x(+s))k+1

= (im)kt

2%
)

where the numbers Vi, k =0,--- ,q — 1 are defined in Theorem 5.2 and v, = (—1)4"! /q!.

q

3

[x[>1/2 |

Proof. The proof follows from the formula

FvaE=2 ¥ G- G2 X G (5.1
n=—N |n|>N
and Lemmas 5.3, 5.4.

Omitting any condition on the indices n; besides (5.1) we are still able to calculate the
convergence rate of A; and the corresponding interpolation. The coming theorems of this section
illustrate these facts.

Theorem 5.6. Suppose that f € C*~'[—1,1] and f(zq_l) is absolutely continuous on
[—1,1] for some q > 1. Then, if the indices ny are distinct and (5.1) is valid, the following

estimate holds

A;(va):Aj(f)+Aq(f)0(N7q+j)7 J=0,...,9—1, N — co.
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Proof. The proof mimics that of Theorem 5.2. Starting as there, replacing € by ¢, we get

)y o L ¥
(LP) ikik = Ar(f) r ar,m thr,m—i-t—j—l
k=0 ! r=q r!(2N—|— 1) ! m=0 r=j+1
q o(ny *) (5.12)
+) | R
s=1 H (6—2177:‘55 _ 6’_2’7””)

1
1

]
& —

For the last term we observe that

q
(e—Ziﬂrs _ e—2i7‘C’L',1) — O(N—q—i-l)’ N —s oo,
s
Hence the last term in (5.12) is o(N~97!) as N — . In view of Lemma 5.2 we get

g—1
Y (LP)jzr = Ag(f)ONTIT!), N —eo,
k=0

where z; is defined by (5.5). Lemma 4.4 implies

g—1
Y Pz =Ag(HONTTY), N — oo,
k=s

From here we derive
% =A,f)ON"), N—o, k=0,--,q—1.

This finishes the proof.

Now, we will estimate the accuracy of the Eckhoff interpolation similarly. First we given
some auxiliary lemmas.

Lemma 5.7. Suppose that the conditions of Theorem 5.6 are valid. Then the following
estimate holds

G =y o ae s
Proof. The proof immediately follows from the equation (5.9) and Theorem 5.6.

Lemma 5.8. Suppose that the conditions of Theorem 5.6 are valid. Then
én_Gn:Aq(f)O(N_q_])a N — oo, [n| <N.
Proof. The proof follows from (5.10) and Lemma 5.7.

Finally we get the required estimate.

Theorem 5.9. Suppose that the conditions of Theorem 5.6 are valid. Then

g ()l = [Ag(DION472), N — oo

Proof. The equation (5.11) completes the proof, due to Lemmas 5.7 and 5.8.
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6 Numerical Results

Hereafter we consider a special choice of the indices n;. If ¢ is an even number g = 2m,

m=1,2,---, then we put

ng=N—s+1, s=1,---,m,

(6.1)
ng=—(N—s+m+1), s=m+1,--- 2m.
Ifgisodd, g=2m—+1,m=0,1,--- then we put
ng=N-—s+1, s=1,---.m+1,
(6.2)

ng=—N—-s+m+2), s=m+2,--- 2m+1.

In Table 1 we show the numerical values of the constants a; (), a»(q), and the ratio a(g) /a1 (q)
for different values of g. The indices n; are chosen as in (6.1) and (6.2) and the constants a;(q)
and a;(q) are calculated according to Theorems 3.1 and 5.5. The ratio ax(g)/a;(g) shows the
deficiency of the Eckhoff interpolation compared to the Krylov-Lanczos interpolation.

Table 1. The numerical values of a;(g), a2(gq), and the ratio ax(q)/a;(g) for different

values of ¢ for the above choices of n;.

q 1 2 3 4 5 6 7 8 9 10

ap 0.237 0.107 0.063 0.035 0.020 0.012 0.007 0.004 0.003 0.002
ap 0.237 0.173  0.141 0.122 0.108 0.098 0.090 0.084 0.078 0.074
ayfa; 1 1.6 2.3 3.5 5.4 8.3 12.9 20.1 312 48.6

By ||T ||~ and x(7") denote the norm and the condition number of a matrix T respectively
2 1
1Tl := gg}; ltijl, K(T) = ([T [l [T [l

where 7! is the inverse of 7 and f; ; are the elements of 7.

In Table 2 the condition numbers of the matrix By, are presented for the above choices of the
indices n and for different values of N and g. We see that this matrix is ill-conditioned. There-
fore, the factorization (4.6) will help for solving the system (4.1) effectively. More concrete by
taking into account that W is a Vandermonde matrix, a practical solution can be achieved using

the well-known Bjork-Pereyra algorithm, [3]. This O(g?) algorithm has a number of beneficial



258 A. Poghosyan : Asymptotic Behavior of the Eckhoff Interpolation

properties. In particular, under certain mild hypotheses the magnitude of the numerical errors

depends only on the machine precision used, and is independent of the condition number of the

matrix, [9].
Table 2. The condition numbers of the matrix ék,n“ k=0,---,q— 1 for different values of

g and N
q 2 3 4 5 6 7
N=32 2690 4%x10°  3x10° 2x102 1x105 5x107
N =64 10594  6x107  2x10" 5x10M 1x1088 2x10%
N=128 42048 9x10% 1x10" 1x10"7 1x10* 8x10%*
N=256 167539 1x10'0 8x10" 3x10"° 1x10** 3x10%8
N=512 668849 2x10"" 5x10'¢ 8x10*1 1x10*7 1x10%2
N=1024 3x10° 4x102 3x1018 2x10% 1x103° 5x10%
N=2048 1x107 6x10% 2x102° 5x10% 1x103 2x10%
N=4096 4x107 9x10"% 1x1022 1x10® 1x10% 9x10*

Consider the following simple function

and put

oyN(f) =

f(x) =sin(x—1)

14 ; 2
J Y |A(f) —AL(f,N)|

-1

k=0

In Table 3 the values of o, y(f) are calculated for different choices of ¢ and N.

Table 3. Nmerical values of o, y(f) for different values of ¢ and N when is interpolated

N=32

N =064

N =128
N =256
N =512
N =1024
N =2048
N = 4096

2

0.0002
0.00005
0.00001
3%107°
9x1077
2x 1077
5x10°8
1x1078

3

0.0009
0.0002
0.00006
0.00001
4x%10°°
9% 1077
2% 1077
6x1078

4

0.0003
0.00007
0.00002
5%10°°
1107
3x1077
7% 1078
2x 1078

5

0.001
0.0003
0.00008
0.00001
5%107°
1x107°
3x 1077
8x 1078

6

0.0003

0.00008
0.00002
5%10°°
1107
3x1077
9x 1078
2x 1078

7

0.001
0.0004

0.00009
0.00002
6x107°
1x107°
4x1077
9x 1078
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For the function (6.3) denote

(2N +1)4%2 (2N + 1)7+2
[Aq(f)] [Aq(f)]

Table 4 shows the numerical values of the constants a; , y(f) and a4 n(f) for N =32 and

argn(f) = lrgn (Nl a2qn(f) = [Fgn (F)]I-

different values of g. A comparison with Table 1 shows that the theoretical estimates coincide
with experimental results even for moderate values of N.
Table 4. Numerical values of a; 4 n(f) and as 4 n(f) for different values of g and N = 32

when () is interpolated.

q 1 2 3 4 5 6
aig.nN 0.2372  0.1074  0.0626  0.0344  0.0201 0.0117
azg.N 0.2375 0.1737 0.1422  0.1228 0.1099  0.1004

agn/argy 1001 1.62 227 3564 548 858
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