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Abstract—The paper considers a problem of approximation of functions by means of their finite
number of Fourier coefficients. Convergence acceleration of approximations by the truncated Fourier
series is achieved by application of polynomial and rational correction functions. Rational corrections
include unknown parameters whose determination is a crucial problem. We consider an approach
connected with the roots of the Laguerre polynomials and study the rates of convergence of such
approximations.
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1. INTRODUCTION

We consider the problem of approximation of a function f by means of its Fourier coefficients

1
fo= ; /_1 f(z) exp{—imnz}dz, |n|<N.

A natural way is reconstruction of function f by the truncated Fourier series

N
SN(f,IL’) — Z fneiwnm.
n=—N

Different methods of convergence acceleration of the truncated Fourier series have been suggested in
the literature in the last few decades (see, e.g.,[1], [5], [6], and references therein). An approach, which
involves a polynomial, representing the discontinuities (jumps) of the underlying function and some of its
first derivatives, was suggested in 1906 by Krylov [10](see also [17], [19]). Later Lanczos [11] developed
the same approach in more formalized setting (see also [3], [9], [13]). This approach we will refer as
Krylov-Lanczos (KL)-approximation.

In this paper we consider the KL-approximation with additional acceleration of convergence by
sequential application of rational (by €'™) correction functions along the ideas of the Fourier-Pade
approximations (see [2]). The general form of the Fourier-Pade representation has been suggested by
Cheney [7]. Similar approximations were studied by Geer [8]. The rational corrections in our approach
contain unknown parameters, and different approaches are known for their determination (see[12], [14],
[15]). We consider an approach connected with the roots of the Laguerre polynomials and analyze its
convergence properties.
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340 POGHOSYAN
2. KRYLOV-LANCZOS APPROXIMATION

Let f € C9-1,1]. By Ax(f) we denote the exact value of the jump in the k-th derivative of f on
interval [—1,1]:

Ar(f) = fPQ) - fP(-1), k=0,1..q.

In this paper we restrict our discussion to the class of functions that are smooth on [—1, 1], and assume
that the exact values of the jumps are known. Denote by AC[—1,1] the set of absolutely continuous

functions on [—1,1]. Let f@=1) € AC[-1,1] for some ¢ > 1. The following expansion of the Fourier
coefficients is crucial for Krylov-Lanczos approach

1

; (_1)n+1 q9— Ak(f) 1 1 @ Cirm
B 2 e ¥ Gy [ $ 0@, 0, (2.1)

which leads to the representation of Lanczos [9]:

qg—1
f@) =" A(f)Br(z) + F(x).
k=0
Here, Bx, (k= 0,...,q — 1) are 2-periodic Bernoulli polynomials
1
Bow) = 3 Bulo)= [ Ba@is, [ Blwde=0. e l-L1]
-1
with the Fourier coefficients

(_1)n+1

B., =
BT 9 i) kL

n 7& 07 Bk70 = 07

and F is a 2-periodic and smooth function defined on the real line (F € C?71(R)) with the Fourier
coefficients

An approximation of F' by the truncated Fourier series leads to the Krylov-Lanczos (KL) — approxima-
tion

N q—1
Sng(frx) =D Fue™ + Y Au(f)Bi(x)
n=—N k=0

with the approximation error

RN#Z(f? ‘T) = f(x) - SN,q(f7 :1:)
The next theorem describes the asymptotic behavior of Ry 4(f, z) in the interval (—1,1).

Theorem 2.1. [13]. Let fl4t1) € AC[—1,1] for some q > 0. Then the following holds for |z| < 1

(-1)N  sin 5(x(2N +1) —q)

—g—1
9t Nat1 cos ™ Fo(NTIT), N — o0

RN,q(fax) = Aq(f)
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3. APPROXIMATION BY RATIONAL FUNCTIONS
Additional convergence acceleration of the KL-approximation can be achieved by application of
rational functions (by €™®) as corrections of the error. Consider a finite sequence of complex numbers
0= {Qk}fk\:p p > 1. We denote F' = {F,}, and define the generalized finite differences, denoted by
Ak (0, F), by formula:

AN, F) = Foy ARO,F) = AFT 0, F) + Ok agn(m) Al n 1ysqn(ey (05 F)s - k> 1,

where sign(n) =1 if n >0 and sgn(n) = —1 if n <0. By A¥(F) we denote the classical finite
differences that correspond to the generalized differences A (6, F) for the choice 8 = 1. We have
RN,Q(fax) = R]—’\}(F,IE) + R;/'(Fax)v

where
~N-1
RE(F,x) Z Fre'™, Ry(Fa)= Y Fpe™.
n=N+1 n=—o00
An application of the Abel transformation implies
91FN et (N+1)z 1

o
Ny
Lt reime 14 greine > ALG, F)e™

n=N-+1

R]J(,(F,m) = —

[terating p times we get

p k—1 N

Ry (F,z) = —¢mWV+he ™ 0, AN (0, F) . .
H];ZI(l + 9862'7“) 2:1(1 + lezwx)

k=1
where the first term can be viewed as a correction of the error, while the last term is the actual error. A
similar expansion for R (F, ) leads to the rational-trigonometric-polynomial (RTP)-approximation

i Aﬁ(e, F)eiwnw’

n=N-+1

N
Squ f, ZAk )+ Z Fneiwn:c
p nk’:—_lN - p 0 Ak—l 0 F (31)
_ eiW(N+1)m Z ekAN (97F) _ e—iw(N+1)mZ —k —N( ’ )
= T (1 + Ogeim) =TI (L 0 gemime)
with the error
Rygp(f z) = f(2) = Sngp(f,2) = qu(f x) + Ry, ,(f,2),
where
qu(f ) = o Z AL, F)eEimne, (3.2)

1 :I:z7rz
k::l( + eike N1

Note that the approximation (3.1) will be completely determmed if the values of parameters 6 are
specified. Different methods are known for determination of these parameters (see, [12], [14] —[16]).
In this paper we will focus to the approach discussed in[12], [15] and [16], where the following setting
is considered:
Tk
Op=0_ =1 N
By vk (7) we denote the coefficients of the polynomial

P
[T+ 7)) = ka . (3.4)
k=1

The next theorem describes the behavior of RN7q7p(f,:L‘) in the case where the parameter sequence
0 = {0y} is specified by (3.3) (see [16]).

k=1,...,p. (3.3)
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342 POGHOSYAN
Theorem 3.1. Let fl4tP+) ¢ AC[-1,1] for some q > 0and p > 1. Let
T
9k29_k21—]\k;, kZl,...,p.
Then the following estimate holds for |x| < 1

(—)N+P  sinT(2(2N —p+1) —q) z”:(_l)k(

Ryqp(f,2) = Aq(f) 2p+1ra+l Np+atlyl cosPt1 m

p— k4 q)(r)
k=0

+o(N~4P1) | N - o)

Note that Theorem 3.1 remains valid also in the case where the parameters 7 in (3.3) are undefined.
This enables an extra freedom in rational approximations to achieve some additional goals.

In this paper we apply an approach where the parameters 73, are the roots of the Laguerre polynomials
Li(z) (see[4]). The next section contains a theoretical background of such RTP-approximations.

4. RTP-APPROXIMATIONS BY THE ROOTS OF LAGUERRE POLYNOMIALS

Let 75, be the roots of the Laguerre polynomial L}(z):
Li(m) =0, k=1,..,p.
[t is well-known that 7, are distinct and positive, and the Laguerre polynomials have the following
representation:
p

q(p) = _1\k (p+Q)! :L‘k
L) ;;)( U — g+ o™

For our purposes the equation L} (7s) = 0 can be written in the form:

P 1\* p!
Z(%) K- B (gtp— k) "

k=0
A comparison of the last equality with (3.4) shows that
p\ (¢+p)!
= . 4.1
o <k> (a+p— k) -

Now we are going to estimate the pointwise convergence of such RTP-approximations in the regions
away from the endpoints. The next result is an immediate consequence of Theorem 3.1.

Theorem 4.1. Let flatr+)) ¢ AC[—1,1] for some ¢ > 0 and p > 1, and let
Tk
Op=0_=1-—
k k NJ
where i, k =1, ...,p are the roots of the Laguerre polynomial. Then the following estimate holds
for|xz| <1

Rygp(fiz) =0 (NP1, N - . (4.2)

Proof. In view of (4.1) we have

P

S (=D p —k+@)lw(r) =0.

k=0
Hence the estimate (4.2) follows from Theorem 3.1.

Imposing extra smoothness on the underlying functions we can derive more precise estimates. To
this end, we first prove some properties of the generalized finite differences.
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Lemma 4.1. Let flatptr+l) ¢ AC[-1,1] for some q,r > 0 and p > 1, and let 6y, be as in Theorem
3.1. Then the Jollowing estimate holds as N — oo and |n| > N + 1

w n+1 - ke Ve(T) = 1
AR(AL(O, F)) = 2(imn)a+! Z (sgn(n))"~ Nk Z nt+p—k (4.3)
t=w

X Z:(sgn(n))S <t Tp -k q> Az;;;t%f)ak,s+p—k(w) + (;L(ﬁ;fg),

= p—Fk-+s
where
w—+p—k
(w+p—k s
) = 30 7 (TP r )
§=0

Proof. [t is easy to verify that
P

Nk n— sgn(n) (F)’
k=0

where the classical finite differences can be calculated as follows

k
. E\ -
Az(F) = Z < > Fn—sgn(n)j-

=0\

Taking into account that

AR(ATTE(E)) = APTPE(E),
we get
p w+p—k
w . T w+p—=Fk\ -
azn6.) = 0D () B e (44)
k=0 =0 J
In view of (2.1) we have
1 atp—ktrl
~ (_1)n+k+]+1 q As(f) ks
F, —sgn(n i — . . q—pt+k—r
n—sgn(n)(k+7) 5 2 (in(n— (£(k+ 1)) + o(n ), n— o0

Next, using (4.4) and denoting h = ¢+ p — k + r + 1, we can write

1)t & wtp—k ' _
AV (AP (9, 7)) Z”fv(z 3 (1) (w“.’ k>
k=0 7=0 J
h
As(f) 1 (N7P)
X z:: (imn)s+1 (1 - :t(k+j))s+1 T a2
n+1

S (r) NS (e Ry g Ad(f)
¥ 2 e ()R

(k+j)°  o(NP)
X Z +1)' ( > ni—s + nd+r+2
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1)1 h q t B
(T 1 s(t+aq\ Avrg—s(f) o(N~P)
B 2(imn)at Z N Z nt &1 < 5 > (im)t=s k() + natr+2 (4.5)
t=0 s=0
Taking into account that ak,s(w) Ofors < w + p — k, due to the well-known identity (see [18])
P

Z(—l)’“@)kﬂ' =0, j=0,...,p—1, (4.6)

k=0

we take in the right-hand side of (4.5), s > w + p — k and consequently ¢ > w + p — k, and aiter some
algebra we get the desired estimate.

Lemma 4.2. Let flatptr+l) ¢ AC[-1,1] for some q,r > 0 and p > 1, and let 6y, be as in Theorem
4.1. Then the following estimate holds as N — oo

A (C1)¥e Z P
w p — § q—p—r
:I:N(An(97F)) 2(:|:i7TN)Q+1Np ~ Nt AH‘Q 8 :|:27T)t s O(N )7 (47)
t="1"

where w < p and p have the same parity, and

v . CIREEI £)Pal;s.0) g
iN(A%(G, F)) = 2(j:Z7TN)q+1Np Z t Z At+q S p:i’l’ﬂ')t s O(N P )7 (48)
t:p+w+1

2

when w < p+ 1 and p have opposite parity, where

t+p—Fk+gq
Bp.q(w, s,t) Z’yk < p— ks >Oék,s+p—k(w)7
and oy, s are defined in Lemma 4.1.
Proof. Takingn = £ N in (4.3) we get

r+1

w - N+1 At—‘r S —qg—p—7r—
In(AL0, F)) = imN . NPZ e Z i;;t ) Byl 5.0) 40N (49)

As it was mentioned above, when 7, are the roots of the Laguerre polynomial Li(x), then the coefficients
vk (7) have an explicit form (see (4.1)), and hence 3, ,(w, s,t) can be written in the following form

Bpalw,s,t) = LT Z<> (t+p—k+aq) (4.10)

(t+q—s)! (g+p—FK)l(p—Fk+s)!
w—+p—k
3 (T e gy
j=0

Below we show that
-1
ﬁp,Q(w’Svt):()? tS w+§ )

which proves (4.7) and (4.8).
First observe that, applying Newton’s binomial formula, the equality (4.10) we can write in the form

s+p—k
p+q (t+q+p—k)! stp—k\ .
Bpalw,s,t) = t+q—s'z<> (@+p—k)!p—Fk+s)! Z ( u >k

u=0

w—+p—k

' —k

ST (B
Jj=0
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Taking into account that the last sum vanishes fors + p — k — u < w + p — k we get

+q)! p
— (_1)wtp p s—a—w
Bpa(w,s,t) = (=1) t—i—q—s'z (s —w —a'z )"k <k>

(t+qg+p—Fk)! (w+p—k)!
(g+p—Fk)! (w+p—Fk+a)!

where S(n, k) are the Stirling numbers of the second kind (see [18]). Using the following property of
Stirling numbers (see [18])

Sp—k+a+wp—k+w),

S(k‘+a,k‘):§:<k‘:+a>cj(a), a >0, (4.11)
=0

]+«

where ¢; (o) are the associated Stirling numbers of the second kind, we can write

~(p—k
S(p—k+a—|—w,p—k—|—w)zz<p ji:+a>cj(a)'

So, for 3, 4(w, s,t) we obtain

w + — 1 =~ ¢jla . s—a—w
Frali ) = (1) (t(i q E)s)' 2 (smw—a) 2 <j]+( 03)! 2_ (-1 @

k=0
(t+q+p—Fk)! (w+p—k)!
(+p=Fk)! (w+p—Fk—j

This, in view of identity (4.6), proves that 3, ;(w, s,t) = 0 fort < % (w+p—1). Lemma 4.2 is proved.
The next theorem describes the behavior of Ry 4, for even p.

(4.12)

Theorem 4.2. Let fl4tP+2+D) ¢ AC[—1,1] for some q > 0 and p > 1 (pis even), and let Oy, be as in
Theorem 4.1. Then

—1)N Sln _
Rugp(fs2) = Ay(f) (=1) T(@(2N —p+1) —q)

p
o+l g+l Natpt5+ cosP+L ¥ Fra ( "2’ 2)
Lo(N-PEY) N Do,
where (3, 4 are defined in Lemma 4.2.

Proof. An application of the Abel transformation to R}, 4pUfo @) (see (3.2)) implies

N (o) = — eim(N+1)z A(iN(A;Z(Q’F))
N,q,p\)> i:l(l + Qike:l:iﬂ:c) 1+ etimz

s+l

O S~ Af(AR0, )
i:l(l + Qike:l:iﬂ:c) — (1 + e:tiww)w-‘,—l
L b2 I
+ . A2 Ap 9 F imnT. (413)
[T (1 + ige®m™) (1 4 e:l:wr:c - EN:H ))e

According to Lemma 4.1 we have

o(N7P)

P49 ~
AR =0 .

N — o0, |n|> N +1,

JOURNAL OF CONTEMPORARY MATHEMATICAL ANALYSIS Vol.48 No.6 2013



346 POGHOSYAN
and hence the last term on the right-hand side of (4.13) is o(N_q_p_g_l) as N — oo. The estimates
(4.7) and (4.8) show that the second term in (4.13)is O(N~9"P~22) as N — oc. Therefore,

L e:l:i7r(N+1)m 0 , N Cap?1

qup(f,ﬂj‘) = _(1+eiiﬂx)p+1AiN(An(9’F)) +0(N 2 )7 N — oo. (414)

Next, the estimate (4.7) implies

P+l
0 ) — (_1)N+1 < Bp q(0,5,) —q—p—5—-2
Aﬂ:N(AZ(QaF)) - 2(iiﬂN)q+1Np Z Nt ZAH-Q S :f:ZT(')t s O(N 2 )
(4.15)
R Y (5)Pra O3 8) | o(y-av-1-2)
2(dim N)a+HLNPHE 27 2T (i)

In view of identity (4.6), the equation (4.12) shows that 8, 4 (0,s,5) = 0fors =0,...,5 — 1, and hence,
in the right-hand side of (4.15), only the term corresponding to s = ¥ is nonzero, which leads to the
following estimate

ALz, i) = An U g (0.5.5) +o(N-17r757), N — o
+N n\Y» q 2(:|:2'7TN)‘1+1NP+§ p,q 7979 5 .
Substituting this into (4.14) we get
e:l:i7r(N+1):E (_1)N
g—p—5-1
qu(f) )_ (f)(1+e:tiﬂm)p+1 2(:|:’L'7T)q+1Np+q+g+1ﬁpq( % 2)+0(N 2 )

yielding the final expansion of the error:

_1\N
(-1 p7§>Re

ei7r(N+1):c
Bp,g O
qa+l yprati+17Pd ( )

—q—p—5—1
(1 + eima)p+1a+1 +o(N 27

Bgp(f,2) = Ag(f)

This completes the proof.
Similarly the next theorem can be proved.

Theorem 4.3. Let fla+r+"3'+1) ¢ AC[-1,1] for some ¢ > 0 and p > 1 (p is odd), and let 0y, be as
in Theorem 4.1. Then the following estimate holds for |z| < 1and N — oo

p+1

Rugplfoa) = £0a) ooreito),
where
PNap(®) = Aq(f) (quziv e (2P(flj\iospﬁjé) o P ( ’ —; 1 ' p; 1)
— A (f) (—qlJZ;V cos g(;fl]\gogpi;? —q) B <07 p; L p;r 1>
) e e V(1)

and (3, q are defined in Lemma 4.2.
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