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2 ARNAK POGHOSYAN

1. INTRODUCTION

We continue investigations started in [4]], [22], [23], and [25] where the accuracy of the
Krylov-Lanczos (KL) and the Eckhoff approximations and interpolations were explored. The
KL approximation or interpolation (see also [1], [S], [6], [12]-[16], and references therein) is a
sum of a correction polynomial, representing the discontinuities in the function and some of its
first derivatives (jumps), and truncated Fourier series

Yoo 1 [ .
Sv(f)i= Y e fyim g [ g
n=—N -1

or trigonometric interpolation

- Fimnx f 1 = —imTnTy 2k
[N(f) = Z fne afn:: ON + 1 Z f(xk)e y T 1= ON + 1
n=—N k=—N

of the corrected function. The KL approximation deals with the Fourier coefficients of the
approximated function while the KL interpolation treats the discrete Fourier coefficients. It
is supposed that the exact values of the jumps are known in the KL methods. Eckhoff et al.
[8]-[11]] developed a new approach for calculating the polynomial terms in the representation
suggested by Krylov and Lanczos, deriving a system of linear equations for calculation of the
jumps. The corresponding modifications of the KL approximation and interpolation are known
as the Eckhoff approximation and interpolation, respectively. For further developments of these
methods see also [2], [3], [L7]-[21], [24] and references therein.

In [4] the Eckhoff approximation was explored. In particular, the accuracy of the jumps
approximation was studied and L, error of the approximation was computed. Based on these
estimates, in [25] the asymptotic behavior of the Eckhoff approximation was examined on the
subintervals where the approximated function was smooth. It was found that the Eckhoff ap-
proximation was more precise (by the rate of convergence) compared with the KL approx-
imation. This convergence acceleration phenomenon, which was quite contrary to the slow
convergence that might be expected due to approximate calculation of the jumps, was called the
autocorrection phenomenon of the Eckhoff approximation.

In [22] the asymptotic behavior of the KL interpolation was investigated on the subintervals
where the interpolated function was smooth. Exact asymptotic constants of the errors were ob-
tained. In [23]] the problem of the jumps approximation by the discrete Fourier coefficients was
treated. Exact asymptotic errors of the jumps approximation and the corresponding interpola-
tion were derived. Based on these results, in this paper we investigate the Eckhoff interpolation
on the subintervals where the interpolated function is smooth. Comparison with the results in
[22] reveals the autocorrection phenomenon of the Eckhoff interpolation. We show that the
convergence rate of the interpolation even excesses the corresponding convergence rate of the
approximation.

The paper is organized as follows:

Section [2] presents the KL and the Eckhoff approximations, describes the Eckhoff method
of the jumps approximation and represents the theory of the autocorrection phenomenon. In
particular, Subsection considers the KL approximation Sy ,(f) and investigates the error
on the intervals |z| < 1. Parameter ¢ indicates the number of derivatives that are involved in
the process of approximation. Subsection | [2.2] treats the problem of the jumps approximation
and explores the Eckhoff approximation Sy ,(f) on the intervals |z| < 1. Theorems n and
[2.4] consider even values of ¢ (¢ = 2m, m = 1,2,---). Theorem [2.2] shows that the rate
of convergence of Sy om(f) is O(N~2""1) as N — co. Theorem states that the rate of
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convergence of Sy 2,,,(f) is O(N~3"1). We see the improvement in convergence rate by the
factor O(N™). This convergence acceleration phenomenon is known as the autocorrection
phenomenon of the Eckhoff approximation. Theorems [2.3] and [2.5] reveal this phenomenon
for odd values of ¢ (¢ = 2m + 1, m = 0,1,---). In this case the rate of convergence of
Snamst(f) is O(N"2m2) and the rate of convergence of Sy am1(f) is O(N—5"~2). We have
an improvement in convergence rate by the factor O(N™).

Section [3|considers the KL interpolation I ,(f) and the Eckhoft interpolation I, Nq(f). The-
orems andreveal the asymptotic behavior of the KL interpolation on the interval |z| < 1
for even and odd values of ¢, respectively. For even values of ¢ we have O(N~2™"1) and for
odd values - O(N—2™73). Subsection considers the problem of the jumps approximation
via discrete Fourier coefficients and introduce the Eckhoff interpolation.

Section [ investigates the autocorrection phenomenon of the Eckhoff interpolation. Subsec-
tion| M.T| considers even values of parameter g. Theorem 4.3 shows that the rate of convergence
of Iy, (f) on the interval |x| < 1is O(N~*"~1). In comparison with the convergence rate
O(N—2m=1) of Inam(f) we have an improvement in convergence rate by the factor O(N?™).
We see that for interpolation the autocorrection phenomenon is much larger than for the non-
interpolating approximations - improvement by the factor O(N 2m) instead of O(N™). Note also
that interpolation Iy 5, (f) is even more precise than approximation Sy o, (f) when |z| < 1.
Subsection 4.2] explores odd values of parameter . Theorem [4.7] shows that the rate of conver-
gence of Iy ,m41(f) on the interval |z| < 1is O(N~4"73) while for Iy 9., 11(f) is O(N~2m73).
Hence, we have an improvement in convergence rate by the factor O(N?™).

Some auxiliary lemmas and useful information are presented in Appendixes.

2. THE KRYLOV-LANCZOS AND THE ECKHOFF APPROXIMATIONS. THE
AUTOCORRECTION PHENOMENON

In this section we describe the Krylov-Lanczos and the Eckhoff approximations and present
estimates of the asymptotic errors. Comparison of these results reveals the essence of the auto-
correction phenomenon. Main results are coming from [4]] and [25].

2.1. The Krylov-Lanczos approximation. Throughout the paper we limit our discussion to a
smooth function f on [—1, 1]. Suppose f € C[—1, 1] and denote by A(f) the exact value of
the jump in the k-th derivative of f

The following lemma is crucial for the Krylov-Lanczos approach.

Lemma 2.1. Let f € C97'[—1,1] and 9V is absolutely continuous on [—1,1] for some
q > 1. Then the following expansion is valid

-1
(=1t A 1 /1 w o
Jn = 2 ; (imn) k+1 Q(iﬂn)q B [P (z)e dx, n #0.

Proof. The proof is trivial due to integration by parts. §

Lemma 2.1 implies the representation

2.1) ZAk (z;k) + F(z),
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where B(x; k) are 2-periodic extensions of the Bernoulli polynomials (see Appendix B)) and F’
is a 2-periodic and relatively smooth function on the real line (F' € C9!(R)) with the Fourier
coefficients

q—1
k=0

Approximation of F' by the truncated Fourier series leads to the Krylov-Lanczos (KL) approxi-

mation
N

Salf) = 3 (fn _ ZAk<f>Bn<k>) 6™ 4 S A () Bl k)

n=—N
with the error
Ry g(f) = f(z) = Sng(f)-

In the next two theorems we present estimates for the accuracy of the KL approximation on
the subintervals where the approximated function is smooth.

Theorem 2.2. [25]] Let g be an even number, ¢ = 2m, m = 1,2, ---. Suppose f € C*"T1[—1,1]
and f*™*V is absolutely continuous on [—1,1]. Then the following estimate holds for |z| < 1

(=D)N*+m sinm (N + 1)«
2(m N)2m+1 cos TF

Ry om(f) = Ao (f) +o(N*" 1 N — co.

Theorem 2.3. [25] Let q be an odd number, ¢ = 2m + 1, m = 0,1,---. Suppose f €
C?+2[—1,1] and f®™*+? is absolutely continuous on [—1,1]. Then the following estimate
holds for |z| < 1

(—1)N*+m+l cos 7 (N + %) x

2(m N)2m+2 cos

RN,2m+1 (f) = A2m+l(f) + O(N_2m_2)7 N — oo.
2.2. Computation of the jumps. The Eckhoff approximation. The autocorrection phe-
nomenon. In [8]-[11] Eckhoff suggested to compute approximate jump values A¢(f, N) for
Ai(f) directly from the Fourier coefficients f,,. As the Fourier coefficients F,, asymptotically
(n — oo) decay faster than the coefficients f,, therefore they can be discarded for large [n|.
Hence, from ([2.2)) we derive the following system of linear equations for determining the ap-
proximate jumps

qg—1
(2.3) fa=Y_AL(f.N)Bu(k), n=nyny... n,

k=0
Thus, for any given N we assume to have chosen ¢ different integer indices

ny =ny(N),ny =ny(N),...,ng =ny(N)

for evaluating system (2.3)).

We denote by Sy ,(f) the Eckhoff approximation which differs from the KL approximation
that uses the approximate jumps A¢(f, NV) instead of the exact ones

Snalf) =D (fn - Z_:Ai(ﬂ N)Bn(k)> e + Z_:Ai(f, N)B(x; k).

We put B N
Ryg(f) = fz) = Snglf)-
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Asymptotic behavior of R ~,q(f) together with the accuracy of the jumps approximation for
different choices of the indices n, were investigated in [4].
In this article we are interested in the following choices of the indices n in system (2.3)

ng=N-—-s+1, s=1,---.m,

2.4
24 ng=—(N—-s+m+1), s=m+1,---,2m
for even values of ¢, ¢ = 2m, m =1,2,---, and
ng=N-—-s+1 s=1,--- , m+1,
(2.5)

ngs=—(N—-s+m+2), s=m+2,---,2m+1

for odd valuesof ¢, ¢ =2m+1,m=0,1,---
The next two theorems address the accuracy of the Eckhoff approximation for these choices
of the indices ns on the subinterval |z| < 1 where the approximated function is smooth.

Theorem 2.4. [25] Let q be an even number, ¢ = 2m, m = 1,2, - - - and the indices ng = ns(N)
be chosen as in [2.4). Suppose that f € C*"+1[—1,1] and f®™*+) is absolutely continuous on
[—1,1]. Then the following estimate holds for |x| < 1 and N — oo

- (—1)N+m sin BF (2N —m + 1)
RN,Qm(f) = AQm(-f) om~+1 N 3m+12m+1 (COS —)m+l

x Xm; (7 )m(;T)%) +o(NFm Y,

Theorem 2.5. [25] Let q be an odd number, ¢ = 2m + 1, m = 0,1,--- and the indices
ns = ny(N) be chosen as in (2.5). Suppose that f € C*>"*'[—1,1] and f®™*V is absolutely
continuous on [—1, 1. Then the following estimate holds for |x| < 1 and N — oo

(_1)N+m+1 e im(N+1)z

RN,Qm-‘rl(f) = AQm-i—l(f) 2N3m+27'('2m+2 (1 + efl'ﬂ-x)m+1

m m + 20)1(4k + m + 2) _
X ; (% ) 2k 1 1) o).

Theoremstates that for even values of ¢ (¢ = 2m, m = 1,2, - - - ) approximation Sy 2, (f)
has the rate of convergence O(N~?™~1) while Theorem H shows that Sy 2,,,(f) has the rate
O(N—3m=1), As a result we have an improvement in convergence rate by the factor O(N™).
This convergence acceleration phenomenon is known as the autocorrection phenomenon of the
Eckhoff approximation (see [25]). Comparison of Theorems and reveals this phenom-
enon for odd values of ¢ (¢ = 2m + 1, m = 0,1,---). In this case the rate of convergence
is O(N=3m=2) for Sy am1(f) and O(N=2=2) for Sy am+1(f). We have an improvement in
convergence rate by the factor O(N™). We see that for m = 0 (¢ = 1) this phenomenon is
absent.

3. THE KRYLOV-LANCZOS INTERPOLATION. COMPUTATION OF THE JUMPS. THE
ECKHOFF INTERPOLATION.

In this section we describe the Krylov-Lanczos interpolation, treat the problem of the jumps
approximation by the discrete Fourier coefficients, and define the Eckhoff interpolation. Main
results are coming from papers [22] and [23]].
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3.1. The Krylov-Lanczos interpolation. Representation (2.1]) allows calculation of the dis-
crete Fourier coefficients of /' as well

q—1
3.1) Fy= fo—=>_ Au(f)Bu(k).
k=0
Approximation of F' in by In(f) leads to the Krylov-Lanczos (KL) interpolation
N qg—1 qg—1
Ing(f) =) (fn = ZAk<f)Bn(k)> €™ 4+ Ar(f)Blx; k)
n=—N k=0 k=0

with the error
rng(f) = f(x) = Ing(f)

For explicit calculation of the discrete Fourier coefficients 3, (k) see Appendix

The next two theorems reveal the asymptotic behavior of the KL interpolation on the interval
|z| < 1. Note that in Theorem [3.2| the required smoothness is higher than in Theorem but
the convergence rate is correspondingly higher.

Theorem 3.1. [22]] Let ¢ > 1 be an even number q = 2m, m = 1,2,---. If f € C*™1[-1,1]
and Y is absolutely continuous on [—1,1] then the following estimate holds as N — oo
and |z| < 1

(=1)N+m sin ZL(2N + 1) i (—1)*
2(mN)?m+1 cos 7 < (25 + 1)t

rN2m(f) = Aam(f) +o(N72mh),

Theorem 3.2. [22] Let ¢ > 1 be an odd number q = 2m+1, m = 0,1,---. If f € C*™F3[—1,1]
and f®™+3) is absolutely continuous on [—1,1] then the following estimate holds as N — oo
and |z| < 1
(=1)N+m+L sin ZE(2N + 1)
TN2m1(f) = 9 r2m+2 \2m+3 cos 2

X <A2m+1(f)(2m+2)tg% Z %

S§=—00

Agmia(f) (=1)° 2
N—2m=3y,
3.2. Approximation of the jumps. The Eckhoff interpolation. In this subsection we inves-
tigate the problem of the jumps approximation via the discrete Fourier coefficients.

Taking into account that in (3.1} the discrete Fourier coefficients F;, can be discarded com-

pared with f, as n — oo we get the following system of linear equations with unknowns
AL (f,N)

qg—1
(3.2) fo = A, N)Bu(k), n=ny,na, - ng.
k=0

Approximation by Iy ,(f) where the exact values of the jumps are replaced by the approx-
imated ones, calculated from system (3.2) we call the Eckhoff interpolation and denote by

IN,q(f)
Fealf) = 3 (fn S A N)Bnaf)) oo S AL ) Blask)

n=—N k=0 k=0
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with the error
Pva(f) = f(@) = Ing(f)-

As was shown in [23]] the numbers A% (f, N') approximated the exact values Ay (f) as N — oo
andcN < ng < N,0 < ¢ < 1. Now, following [23]] we will show that system (3.2) is equivalent
to a system with upper triangular matrix that will simplify the process of the solution.

According to relation we rewrite system (3.2)) as follows

()" DR (0 N
2 — (im(2N + 1))k \sinma /- >

1
(33)  fasininr, =

where 7, := 537, In view of Lemma [A.3| we copy out (3.3) in the form
L2 (—1)RAL(f, V) S y | )
2N + 1 k1)) B]7k(q)€_2lﬂ']7—s — (2@)‘1(_1)ns+16—27r(q—1)7—s fns sind T

Taking into account that {e~*™ 7=} are the elements of Vandermonde matrix we get

Ck HFAL(f,N) (=1t f, emim @D gind o7
2N 1)k Bial) = (20)7) T
k=0 s=1 H (6—2i7r7'5 _ 6—2i7r’r7n)
(3.4) e
q . .
% Z ,yte—QZWTs(t—]—l)7

t=j+1

where the numbers y, are the coefficients of the polynomial

q
—2imx —2i7T —2i7rsz
[] (e =) sz -

In view of Lemmas [A.5|and [A.6] we copy out (3.4) in the equivalent form

—1 -1)7
Z kAZ (f N 22 ng Z —1 n9+1f sin? TTg€ im(g=1)7s
2N+1k+1k' a . .
k=0 s=1 H (6 2inTs _ o 2’LTI’TT)
(3.5 oy
% Z /Yt —2inTs (t—k— 1)
t=k+1

Note that matrix u;; in (3.5)) is an upper triangular matrix, and hence unknowns A% (f, N)
can be calculated by backward substitution with O(g?) operations.

4. THE AUTOCORRECTION PHENOMENON OF THE ECKHOFF INTERPOLATION

In this section we investigate the accuracy of the Eckhoff interpolation on the intervals |z| < 1
and reveal the theoretical background of the autocorrection phenomenon.

In the sequel subsections we explore the autocorrection phenomenon for even and odd val-
ues of parameter ¢, separately. Hereafter we will suppose that the indices ng are chosen in

accordance with (2.4) or (2.5).
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4.1. Even values of ¢. In this subsection we explore the accuracy of the jumps approximation
and the corresponding Eckhoff interpolation for even values of ¢ when the indices n are chosen
as in (2.4). We will suppose in this subsection that ¢ = 2m, m = 1,2, - --

Taking into account the obvious relations

4.1) B_,(2k) = —B,(2k), B_,(2k + 1) = B,(2k + 1)

we split system (3.2) into two independent subsystems for determining the jumps A, (f, N)
and Ay, (f, N), separately

,_.

~ ~ m—

fn - f—n

42 Tt = > AL(f N)Bu(2k), n=N,N—1,--- N =m+1,
k=0
]En+f_n m—1 i 5
(43) ot = Ay (F,N)B,(2k+1), n=N,N—1,--- ,N —m+1.

k=0

In the next theorem we present the accuracy of the jumps approximation by (3.2)) or equiva-
lently by (4.2)-(.3).

Theorem 4.1. Suppose that q is an even number, ¢ = 2m, m = 1,2, - - - and the indices ng are
chosen as in 24). If f € C*[—1,1] such that f*™ is absolutely continuous on [—1, 1] then
the following estimates hold as N — oo

. |
@) A3y () = Aak() + Aun () i + o(N 220,
(4.5) Aékﬂ(f: N) = Aor1(f) + Aomia(f) (k£ 1)! V%H + o( N 72m 2Ry,

(2N)2m 2k

/ .
where the numbers vy, and v, | are the solutions of systems

m—1 m—1
! !
g Ugs 2kV2k = Hog), E U2s,2k+1Voky1 = Hogy S = 0,--,m—1
k=s k=s
with
2m—1 2m—1
! !
=) 0uY =y 4,
j=0 7=0
and (see Lemma
2m 2m
1 2m
T] = 9 ), 2m,s k Wom,s+k—j—13
5=0 k=j+1
2m—+1 2m
’ 1 2m
TJ = (2m+1)| 2 :a2m+175 § : Wom+1,s+k j—1»
k=j+1
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Proof. Lemma[2.1]leads to the following expansion

Z Ap(f)B(z; k) + F(z),
where F' € C*™(R) and consequently Fn = o(n™*™~1), n — oo. From here we conclude that
= Ae(f)Bu(k) + o(n™*™"), n = oo, [n| < N.

Using this in (3.2), we derive

S (ALFN) — Al ) B (K)
(4.6) k=0 .
= 3 A B (k) +o(NT), =1 2m,

Proceeding as for the proof of (3.4) we derive

2m—1 am 2m

o -1 ns+1 Sin?m WTang r e—i7r(2m—1)75
3 aelem) = @i 3 4,0y (7)
k=0 r=2m s=1 H <€—2i7r’rs _ 6—2Z'7TTZ)
7
4.7 2m om
) ) N—4m—1
< 3 emye i ¢ 3 OV
=j+1 s=1 |2m ) .
H (6—2271'7'3 _ 6—2z7r7'g>
=1
L+#s
where
(=" i
Ak = (AL(f, N) = A(f))-

(2N + 1)kt
For the last term in we write

2m
H (e72mTs — = 2mTe) H 2isin(ry — 74)| = O(N ™1 N — co.
ﬁ;i Z;ts
Hence the last term is o( N ‘2m_2) as N — oo. Taking into account (B.4)), we obtain from (4.7)
2m—1
(48) Z Jk 2m Z A 2N+ 7’+1 Zarﬁ Z TWrltt—j-1
k=0 r=2m t=j+1

+o(N2"23) j=0,--- ,2m—1,N—>oo,

where
2m o= 2imiTs
Wrj -= Z 2m
s=1 (1 _ 672i7r7'5)r72m+1 H (6721‘71’7'5 _ 6721‘71'1'@)

=1
L#s

In view of the relations

AJMAA, Vol. 9, No. 1, Art. 18, pp. 1-31, 2012 AJMAA
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and
we get from (4.8)
2m—1 ’
Ao ()Y Aomi1(f)Y; —om—
M3 (2 — m J J N—2m—2)
]; Bi@m) =GN i ~ @ e T )
According to Lemma[A.6] we derive
2m—1 ’
AQm(f):us A2m+1(f)ﬂs —2m—2
Z Us oAk = (2N + 1)2n+L (2N + 1)2m+2 +o(N )-
k=s

From here we conclude that

o A?m(f)yk A2m+1(f)y;€ —2m—2
Ay = @N 1 1) 2N + 1) +o(N ).

Finally, we get

, —1)FK!
AN = Al + A1)
*9) (—1)*kI,

- A2m+1(f) + 0(N72m+k71)7 N — oo,

(2N + 1>2m—k+1

where the numbers v, and v/, are the solutions of systems

2m—1 2m—1
(410) Z Us kVE = Mg, Z us,k’l/;g = ,U;,
k=s k=s
For even values of % in (4.9) we have
i (Qk)' Vol
A2I<:(f7 N) = A2k(f) + A2m(f) (2N + 1)2m—2k‘
(2k)! 1//%

4.11) — Aga(f) + o( N2 21 N s 0.

(QN + 1)2m72k+1

From (4.2) we see that A%, (f, N) — Ag(f) doesn’t depend on Ay, .1 (f). Therefore v/, = 0
and (.11) coincides with (@.4).

For odd values of k in (4.9) we have as N — oo

. 2k +1)!
A%MﬂM=Amﬂﬁ—&MﬁéN:&f§¥

(Qk + 1)!V/2k+1
(2N + 1)2m—2k

From (4.3) we observe that A, | (f, N) — Asg+1(f) doesn’t depend on Ay, (f), hence o1 =
0. Now (4.12)) coincides with (4.5)). u

4.12)

+ Agmia(f) + o( N72m2ky

Denote

(4.13) Gni=fo— > AL(f,N)Bu(k),

AJMAA, Vol. 9, No. 1, Art. 18, pp. 1-31, 2012 AJMAA
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and
q—1
k=0

For the proof of the main theorem of this subsection we need the following lemma, where the
asymptotic behaviors of A™(G,,), A™(G,, —G,,) and AT (G,,) are explored (see for
definition of A2 (f,,)).

Lemma 4.2. Suppose that q is an even number, ¢ = 2m, m = 1,2, --- and the indices ng are
chosen as in . If f € C**[~1,1] such that f“"+Y) is absolutely continuous on [—1,1]
then the following estimates hold as N — oo

O( N—Qm)

n2m+2 ?

ATHG,) = In| > N,

AP Gy = Gu) = o(NT™72), n| < N,

and
o B (=N TN 2% g, (2K + 2m)!
APN(Gr) = iAQm(f)22m+lN4m+1 e (i7r)2k+1
)? —4m—1
X Z (2s + 1) 2m+2k+1 +o(N )
where vy, = —1/(2m)!.

Proof. Lemma2.T|implies the representation
4m+1

(4.15) Z Ap(f)B(x; k) + F(2),
where F' € C*™*1(R). From here we conclude that
4m—+1

(4.16) Z Au(f )+ F,, F, = o(n""2%), n = .

In view of (4.14), we write

2m—1 4dm—+1
Gn=Y_ (A(f) = AL(f.N)) + Y A(f + o(n~tm=2),
k=0 k=2m
Hence
2m—1
ATHGR) = ) (Alf) = AL(f, N)) ATTH(By ()
+ Z Ak Am+1 (k))+0(n_4m_2).
k=2m

This proves the first estimate in view of Theorem {.T]and Lemma
For the proof of the second estimate note that representation (4.15)) yields

Im+1

(4.17) fo=Y_ Af)B

AJMAA, Vol. 9, No. 1, Art. 18, pp. 1-31, 2012 AJMAA


http://ajmaa.org

12 ARNAK POGHOSYAN

Condition F' € C*"*1(R) implies

(4.18) Fy—Fu=  Foysonin = o(N7"7), |n| <N, N = oc.
s#£0
From (.13), @.14), (4.16), (4.17), and (4.18) we derive
2m—1
APHHGL = Go) = D (A(f) = AL, N)AT (B (k) — Ba(k))
k=0
4m—+1
+ > AHAPT (B, (k) — Bu(k))
k=2m

+ o(N™*" %) N = oo, |n| < N.

This concludes the proof of the second estimate by Theorem {.1]and Lemma [B.1]

From (#.13)) and (4.17) we get

ATN(Gr) = ST (AnlF) — ALy, N) ALy (Ba(20))
£ S A (f) — Ay (2 N) AT (B (2K + 1))
b3 A(NATY (B2 + 3 A ()AL (Ba(2k + 1)
+ 0(_N’4m’2). )

This finishes the proof of the third estimate. 1

In the next theorem we explore the asymptotic behavior of 7x 5,,(f) on the interval |z| < 1.
Comparison with Theorem [3.1] will clarify the essence of the autocorrection phenomenon for
the Eckhoff interpolation when parameter ¢ is even.

Theorem 4.3. Suppose that the conditions of Lemmad.2|are valid. Then the following estimate
holds for |x| < 1

(—1)N+m+l gin 2 (2N 4 1)
(2N)4m+1 (COS )Qm—l—l

1)k22k 0, (2k + 2m)! (—1)®

X Z r2k+1 Z (28+1)2m+2k‘+1

k=0

+ o(N* 1, N = oo,

rnem(f) = Aw(f)

where vy, = —1/(2m)!.
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Proof. It is easy to verify the following transformation

N —N-1
?N,Qm(f) — Z (G G ) ’L7TTZ$+ Z G ezwnm_'_ Z G em.nx
n=—N n=N+1 n——00
e—iﬂ'Nm _ i7T(N+1)£U 5 eiﬁNm o e—iTr(N—'—l)a;
(1 + emx)( 77,7Tm) N (1 4 ewr:p)(l i e*lﬂ‘x) N
1 .
- Al imnx
+ (1 + €Z7TCE (1 + e~ 7,71':E Z )
+ i 1 Z Al 'LTrn:r
L+ em)(I+eme) 2o
—N-1

1 )
+ . _ AL(G)e ™.
(1 + ezwx)(l + e—zﬂ'z) n;()o ( )
Reiteration of this transformation leads to the subsequent expansion of the error

m+1 k=17
~ . | ARG
— (p—iNz _ _im(N+1)z N n
7”N72m(f) (e e ) ’;:1: (1 + eiﬂ'x)k(l + efimc)k

m+1 k=1~
+ (eiﬂ'Nx . e—iﬂ(N—i—l):c) Z A_N (Gn)
- (1 + eiﬂx)k(l + efiﬂx)k

m+1 iTne
(419) + (1 _|_6i7rx)m+1 1+e—i7rz)m+1 Z A G G )

1
( e
1
(

+

A Aerl G )eiTm:v
(1 _|_ez7rx)m+1 1+e zwz)m+l n;&

—N-1

m~+1 1TnT
+ (1_‘_ei7rx)m+1(1+€fi7m:)m+1 Z An (Gn)e .

n=—oo

According to Lemma the last three terms in (4.19)) are o( N ~4"~1). Taking into account that

G =3 (%) G

k=0
we conclude that A%\ (G,,) = 0as s =0,--- ,m — 1 in view of the relations
2m—1
Gns = Jns — Z Ai?(f? N>B (k) 0
k=0

when the indices n are chosen as in (2.4). Substituting all these into (4.19) we derive

e~ Nz _ eiﬂ'(NJrl)x

(]_ + eiTra:)m—}—l(]_ + e—iﬂx)m-‘,—l
eimNz _ efiﬂ'(NJrl)x

+ (1 + eiTra:)m—l—l(]_ + e—iwx)m+1 ATN(Gn) + O(N*4m71)7 N — oo.

" 2m(f) AR (Gn)

This concludes the proof in view of the third estimate of Lemma[4.2] g
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Denote by || - ||- the standard norm in the space Ly(—¢, ¢)

1f1l. = ( | rf<:c>|2d:c) "

The next follows immediately from here.

Theorem 4.4. Suppose that the conditions of Theorem are valid. Then the following esti-
mate holds for 0 < ¢ < 1

m ko2k o0 )e
4m—+1 . | Ao (f)] (—1)"2% vo(2k + 2m)!
o N FFxvam ()l = odm+3 Z R Z 25+ 2m+2k+1
k=0 z
" /E dx 1/2
_. costm+2 e ’
where vy, = —1/(2m)!.

Theorems 4.3]and 4.4] investigate the KL and the Eckhoff interpolations for even values
of the parameter ¢ (¢ = 2m, m = 1,2,---) and reveal the asymptotic behavior of the corre-

sponding interpolations on the interval |z| < 1. Theorem 3.1|shows that the rate of convergence
of Inom(f)is O(N~2""1)as N — oo. Theorems an state that the rate of convergence
of I, Nam(f)is O(N~*™=1) as N — oo. Therefore we have an improvement in convergence rate
by the factor O(N?™). This convergence acceleration phenomenon we will call the autocor-
rection phenomenon of the Eckhoff interpolation similarly to the autocorrection phenomenon
of the Eckhoff approximation described in [25]. We see that the autocorrection phenomenon is
much larger for the interpolation rather than for the approximation - we have an improvement
by the factor O N 2m 1nstead of O(N™) as in the Eckhoff approximation. Note also (com-
pare Theorems 2 that interpolation Iy om(f) is even more precise than approximation
S N72m( f) when |:z:| < 1 we have an improvement by the factor O(N™).

The numerical results described below will accomplish the theoretical investigations.

Consider the following simple function

(4.20) f(z) =sin(z — 1).

In Table “ 1) we present the Lo-errors of the approximations S o, ( f ) and §N om(f) on the
interval [—0.7,0.7]. The approximation of the jumps are derived from (4.2

N=16 N=32 N=64 N=128
[Bya2(Fllor | 3610 | 48-107 [ 6.1-10° | 7.7-10°°
IRna2(f)llor | 35-1077 | 2.3-1078 | 1.5-1079 | 9.3- 10~
[Rya(fllo7 | 13-107° [46-10 L[ 15-10 2 [47-10 ™
IRna(f)llo7 | 3410711 {2.6-10713|2.0-107% | 1.5- 10717
[Rys(Fllor [49-10 3 [44-10 [ 36-10 7 [2.9-10
IRno(f)llor | 6.2-107% | 5410718 | 4.6-1072! | 4.3- 1072

Table 4.1:

Lo-errors while approximating the function by Snaom(f) and §N72m( f) on the interval
[—0.7,0.7] when the indices are considered.

Here one can see that according to the autocorrection phenomenon the approximation by
Sn2m(f) is more precise than the approximation by Sx 2, (f).
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ON AN AUTOCORRECTION PHENOMENON OF THE ECKHOFF INTERPOLATION 15

From Table .1 we get
| Ri6,2(f)lo.7 | Raz2,2(f)llo.7 | Rea2(f)o.7
St Ll = 7 e i 786, L = 7.9,
| R32,2(f)|lo.7 | Rea2(f)lo.7 | Ri2s2(f)llo.7

These results coincide with the statement of Theorem where ||Ry2llo7 = O(N7?) as
N — oo which implies asymptotically

1Ro=2(F)llor o
[Razso(f)llo

In view of Theorem [2.4| we have that ||§N,2 lo.r = O(N~) as N — oo, which implies asymp-
totically

| Ro=2(f)lo.x

| Ro=+12(f)]o.7
This theoretical estimate coincides with the results in Table [4.1]

|Risa(F)llor 15.9 | Rsoo(F)llor 153 | Roao(Fllor

[ Rs2,2(f)lo7 N Reaz(f)llor | Razs2(f)llo
Consequently, the theoretical and the numerical estimates coincide — the magnitude of the au-
tocorrection phenomenon of the Eckhoff approximation for ¢ = 2 is 1 power of N. Similarly,
we can calculate from Table {.1] that for ¢ = 4 and ¢ = 6 the magnitude of the autocorrection
phenomenon is 2 and 3 power of NV, respectively.
In Table 4.2] we show the corresponding results for the interpolations. From here we get

[I716,2(f)llor _ 1752,2(f)llo.7 Iroaz(Hllor _ ¢
1732,2(f)[lo.7 I76a,2(f)llo.7 [ri2s2()llor

These results coincide with the statement of Theorem 3.1 where |7y 2|7 = O(N73) as N —
oo, which implies asymptotically

7.52, = 7.75,

|72 2(f)lo.7

= 8.
[[ro=+12(f)lo.7
Similarly
IPo2(Pllor 28.57, IPs22(lloz _ 31.11, Poa2(Nlor _ 4 5¢
||7”32,2(f)||0.7 |’7"64,2(f)|’0.7 |’7“128,2(f)||0.7

These estimates coincide with the statement of Theorem[d.3|or[4.4] where |7y 2[lo.7 = O(N°)
as NV — oo, which implies asymptotically

M — 39
[72=+1.2(f) 0.7

We see that the theoretical and the numerical estimates coincide — the magnitude of the au-
tocorrection phenomenon of the Eckhoff interpolation for ¢ = 2 is 2 power of N. Similarly
we can calculate from Table {.2] that for ¢ = 4 and ¢ = 6 the magnitude of the autocorrection
phenomenon is 4 and 6 power of IV, respectively. Comparison of Tables {.T]and 4.2] shows that
the magnitude of the autocorrection phenomenon of interpolation is bigger than of the approxi-
mation which corresponds to the estimates of Theorems and Moreover, we see that the
interpolation is more precise than the approximation when |z| < 1.

In Figures [[|and [2] we visually show the autocorrection phenomenon of the Eckhoff approx-
imation and interpolation, respectively, while approximating the function (#.20) on the interval
[—0.7,0.7] when ¢ = 4 and N = 32. Comparison of these figures shows also that the Eckhoff
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N=16 N=32 N=64 N=128
Trva(flor | 7.0-10° [ 93-107 | 1.2-10 7 | 1.5-10°°
||’7ZN72 ||0.7 1.6-1077 | 5.6-107° [1.8-10710 | 5.7.10"12

lo7 [1.1-1071 |3.1-1071 | 6.4-1077 | 1.4-107%%
o7 [94-10 B [87-10 5 |72-10 7 |58-10 7
lo7 [2.0-10715 | 4.6-1071 | 6.5-10"23 [ 9.2. 10~

17N4
HZN,6
||7“N,6

(f)
(f)
[rna(F)llor | 26-1077 [9.1-10° 72910 2 [9.4-10° 1
(f)
(f)
(f)

Table 4.2: Loy-errors while approximating the function by Iy om/(f) and TN}Qm (f) on the interval [—0.7,0.7]
when the indices ([2.4) are considered.

KL approximation Eckhoff approximation

—13 |
8.x 1071 8.x10

Figure 1: Graphics of |Rn q(f)| (left) and \ﬁ ~.q(f)| (right) while approximating the function on the interval
[—0.7,0.7] for ¢ = 4, N = 32 when the indices are considered.

KL interpolation Eckhoff interpolation

15%x 10710+ 1.2x1078 -

-0.7 0.7 -0.7 0.7

Figure 2: Graphics of |[rn.q(f)| (left) and |Fn 4(f)| (right) while approximating the function on the interval
[—0.7,0.7] for ¢ = 4, N = 32 when the indices are considered.

interpolation is more precise than the Eckhoff approximation, while the KL interpolation is less
accurate compared with the KL approximation.

4.2. Odd values of ¢. In this subsection we explore the accuracy of the jumps approximation
and the corresponding Eckhoff interpolation for odd values of ¢ when the indices n, are chosen

as in (2.5). Suppose that ¢ =2m +1,m =0,1,---.
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Relations @) 1mp1y the followmg modification of (3.2)

(4.21) ZA B,(2k), n=N,N—1,--- ,N —m+1,
(4.22) f"+f‘ ZA%H B,(2k+1), n=N,N—1,--- N—m+1,
2m .

(4.23) fyom =Y A(f, N) By (k).
k=0

The next is the analog of Theorem .| for odd values of g.

Theorem 4.5. Suppose that q is an odd number, ¢ = 2m + 1, m = 0,1,--- and the indices
ng are chosen as in . If f € C*™%2[—1,1] such that f““"*+2) is absolutely continuous on
[—1, 1] then the following estimates hold as N — oo

"

(4.24) Ay (f,N) = A (f) + (2k)!AQmH({)Qi\Qf’;QZﬁz’:;Q(f)V% | o N"2mH2k-2)

(2k + 1) Dopi
(2N)2m72k

(4.25) A (f,N) = Agn (f) — Ao (f) L O(N-2mH2k-1y

Y

’ 1 .
where the numbers Vo1, Vo, and vy, are the solutions of systems
m—1

g Ugs 2kt1V2k4+1 = flog, S =0, ,m — 1,
k=s

! !
E Us pV), = [bg, S = ,2m, E Ugs 2]<:V2k = Jlg, s =0, ,m

with

and

3
Il

1 2m—+1 2m—+1 (2m+1

Jj- _m Z:(:) Qom+41,s Z

k=j+1

. 2m-+1 2m
/ Z7T(2m + 1) 2m + 1 !
T w2 e 2 [( b )“”"

s=0 k=j+1

2m\ .,
- L Wom+1,s+k—j—1 |

1 2 T fom 41
T] L= m Sz; 042m+275 Z ( k )w2m+2,s+k—j—1’

k=j+1

2m . .
. (1)t [ r—s—1
wr’j—z or—s s r—2m-—1/"

s=0

3
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o _2mz+1 (=1)7*= (4 r—s
Y T r=stl \s)\r—2m—-1)"

s=0

Proof. Starting as in the proof of Theorem [4.1| we obtain

2m 4m—+-2 r 2m—+1
—1)" -
Z )\]fﬁLk(Qm + 1) = Z A w Z Qg Z ’}/t(Qm + 1)(,07»7(4,_,5_]'_1
k=0 r=2m-+1 t=j+1
(4.26) + o(NT*m 3),j:O,---,2m—1,N—>oo,
where
2m+1 —2imjTs

~ e
w'f‘,j = Z *
s=1 (]_ _ 6—2i7r7's)r—2m2rﬁ1 (6—2i7r7's _ 6—2i7r7'4)
=1
L#£s

Taking into account that

2m+1Y\ . 2m+1 (2 -
v,(2m+1) = ( ms >+ZW22+1 ( :1) +O(N7?), N — o0
and
) . amm+1) -
Wrj = Wr T TN g Wi T O(N7%), N — oo
we get
2m Tj T./Y
S TNBi2m 1) = A2m+1(f)m T Aenn () Gy
k=0
b Agia(f) o+ o(N ) N
B O( ), — OQ.

(2N + 1)2m+3

According to the LU-factorization of matrix (3, ;) we derive

m i, s
Z Us kAl = A2m+1(f)m + Agmt1(f) (2N + 1)2m+3

+ AQMH(f)(?NfW +o(N72" 3 N — co.
This implies
. Dp(—1)FE! 7y (—1)Fk!
Ak(fa N) = Ak(f) + A2m+1<f) (2Nk—|(— 1)2m+1—k + A2m+1 (f) <2Nk—|(- 1)2m+2—k
(4.27) ,,( )¢k

+ Aosm2(f) +o(N722E) N = o,

(2N+1)2m+2 k

~ ~! 1 .
where the numbers 7, 7;, and v, are the solutions of systems

2m

j : ~ ~ ! ! 7 N
us,kyk‘ = /*’L57 § U’S,k‘yk = [’[’57 uS,kyk' = /"Ls‘
= k=s
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Equation (.27) coincides with (4.25) for odd values of k. For even values we rewrite as

D (2F)! Vo (2k)!

19

AR (f.N) = Aylf) + Az (f) (2N  1)2m2hi1 + Aomi1(f)

Dy, (2k)!

(2fv_+,1>mn—2k+2

—2m42k—2
+ A2m+2<f) (QN + 1)2m—2k+2 + O(N )7 N — oo.
For finishing the proof we need to show that 7o, = 0, k = 0,--- ,m — 1. The system of linear
equations
2m
Z us,k‘yk Mg
k=s

This we copy out in the form

m m—1
E 5m714,2kV2k + E 5,m7176,2k+11/2k+1 =T 1-60=0,---,m—1,
k=0 k=0
m m—1
§ B€+m+1,2ky2k + § /8€+m+1,2k:+1y2k’+1 - T€+m+1a l= 0,---,m—1,
k=0 k=0

m m—1
E B okVar + E Bmokt1Vok+1 = T
k=0 k=0

Application of Lemma [A.4] leads to the following system of linear equations for determining

the numbers vy,

m 3 1 - 5
> e = 5 (Tmoame+ Tormar), £=0, m =1,
k=0

m
E ﬁm,2k52k =T
k=0

It remains to show that Tm = ( and Tm_l_g = —Tg+m+1. We have (see Lemma

2m+1
1

Tm=- (2m + 1)122m+1 D Comiirdr.
r=0

In view of Lemmas[A.9and [A.2] we get

m 2m—+1
i 1 1
Tm = — Qom+1 7"57” - Z X2m-+1 Tér
P — E , 192m+1 ’
(2m 4+ 1)!12 p— (2m + 1)!2 r=m+1
1 m
= 3@ 2 et — Qi gemin) =

£=0

AJMAA, Vol. 9, No. 1, Art. 18, pp. 1-31,2012

AJMAA


http://ajmaa.org

20 ARNAK POGHOSYAN

Now we return to the identity Tm_l_g = _Tf—i-m-&-l' We will prove that Tj = —TQm_j,
j=0,---,m— 1. Application of Lemma[A.2]implies

2m—+1
it Tomey = (=17 ) (=1 01,

r=0

(zil (2m+1) ZQk (£+2mk—r—j)

(=j+1
., i <2m€—|— 1> (_1)gzz:”:2k(_1)k (r—l—i—ﬁ))‘

According to Lemma[A_§| we get

3 . j2m+1 ) J om + 1 .
T]’ +T2mfj = (_1) Z <_1) anJrl,TZ / (_1)

r=0 £=0

(En("2 ) e 1)

This ends the proof in view of Lemmal[A.7] 1

X

X

In the next lemma we explore the asymptotic behaviors of A7+*(G,,), ATH2(G, — G,
AT and ATy (i)

Lemma 4.6. Suppose that q is an odd number, ¢ = 2m + 1, m = 0,1, --- and indices n4 are
chosen as in . If f € C*3[—1,1] such that f“"+3) is absolutely continuous on [—1,1]
then the asymptotic expansions are valid as N — oo

0<N72m>
n2m+4 )

ATH(Gr) = [n| > N,
ANF(Gy = Gy) = o( N7 ), [n| < N,

ATHGr) = o( N,

and
ATV(G (=)~ S 2k A2m+1V2k + Agm2loy
in(Gy) = Eos s Z 272k + 2m)! (im)2 it
N (—1>S (=)

% Z (25 + 1)2m+2k+1 + Az (f) 92m+2 [\ 4m+3
CL 22 1 (2K + 2m + 2)) (—1)%s i3

X (Z'ﬂ->2k+2 Z (25 + 1)2m—|—2k+3 + O(N )’
k=0 §=—00

where Va1 = 1/(2m + 1), iy, .0 = 0 and Uy, , = —1/(2m + 2)L.
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Proof. For the first estimate we write

2m

ATE(G) = ) (Aklf) = AL(f N)) AT (By(k))

+ Y AHATT(B(K)) + o(n M)

k=2m+1

and apply Lemma [B.T| with Theorem [4.5]
For the second estimate we write

2m

AT(Ga = Ga) = Y (Aulf) = ALfN)) AT2(Bu(k) — Ba(k))

+ 3 AHAT(B, (k) — Bu(k)) + o(N )

k=2m+1

and apply Lemma [B.T| with Theorem {.5]
Similarly for the third estimate we have

ATFHG) = 7 (Ak(f) = A(f, N)) AT (Ba(k))
k=0
+ Z AHATG (Bu(k)) + o(N 7474,

Application of Lemma [B.T| with Theorem 4.5| will end the proof of the third estimate.
Finally, for the fourth estimate we write

A:tnN(én) = Z A2k Aék(vaD A$N<Bn(2k))

+ Z (Ask1 (f) = A1 (f, N)) ALy (B (2k + 1))
k=0
2m+1

+ Y Anl(f o (2K)) + Z A1 (f)ATN (B, (2k + 1))
k=m+1

+ o(N~* %) N — 0.

This concludes the proof in view of Lemma [B.1] with Theorem§.5] 1

The next theorem explores the behavior of the Eckhoff interpolation for the odd values of ¢
for |z| < 1.
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Theorem 4.7. Suppose that the conditions of Lemma{.6|are valid. Then the following estimate

holds for |x| < 1

B (=D)N*m e sin(N + )ma
7"N,2m+1<f) = 94m+3 N 4m+3 cog2m+2 %

o0

" 172 1 k m ! —1)%s
) (A””ﬂ(f)Z?Q’““ e Y Ty

prd 25 + 1)2m+2k+3

m+1 ! " 0o
- Az (f)Vor, + Aomsa ()P (=1)°
2k—1 2m+1(J )Vop + 2k
_ ; 2°"7(2k + 2m)! (i) 2kt SZZOO (25 + 1)2mT2k+l

+ o(NT* 3 N — oo,
where Va1 = 1/(2m + 1), Dy, .0 = 0 and Uy, , = —1/(2m + 2)L.

Proof. Similar to (4.19) we get the following transformation

m+2 k—1/ 4

~ i i A (Gn>

Tname1 (f) = (e7™N® — eim(NHe) ch —
S
m+2 k—1/7

+ (emrN:c 6—z7r(N+1)1‘) Z A—N (Gn) ‘
p (1 + emx)k(l + efurz)k
(4.28) - N
i Am+2 Gn Gn iTnT
(]_ + €ZTF1?)TVL+2 1 + 6—17ra;)m+2 n:ZN n ( )6

— Z A:Ln+2<Gn)ei7m:p'

[n|=N+1

_|_

According to Lemma [4.6| the last three terms are o( N~4"73) as N — oo. Taking into account

that
> /25
(4.29) Afl:N(Gn) = Z ( k ) GiNysk
k=0
we conclude that A% \(G,) =0ass=0,---,m — 1 and AR(G,) = 0. Substituting all these
into (@.28) we derive
_ eimNz _ efiTr(NJrl)m A G
TN’2m+1(f> (1 + eiTr:c)m-‘rl(]_ + 6—i7rx)m+1 *N( n)
eimNz _ efiTr(NJrl)m il
(1 + eiTr:c)m-‘rQ(]_ + 6—i7rw)m+2 AN (Gn)
inNz _ —in(N+1)z .
e ATHG)

(1 + eiTrac)m-‘rl(]_ + e—iﬂ'x)m-‘,—l
+ o(NT* 3 N — oo,

This concludes the proof in view of Lemma[4.6| 1

The next is immediate consequence of the previous one.
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Theorem 4.8. Suppose that the conditions of Theorem are valid. Then the following esti-
mate holds for every 0 < ¢ < 1

1

i N anis (Ol = <= ([ e )

ok 1 Vo1 (2K +2m 4+ 2)1 & (=1)°s
X |Agmar(f 22 (im) 22 Z (25 + 1)2mT2k+3
m+1 ~! ~1 0
Apms1 (f) Vo, + Aomr2(f)V (—1)°
2k—1 1 2mA1 2k 2m+2 2k
; 2772k + 2m)! (im)2h 1 Z 25 1 1)zm+2h+l ||

where Va1 = 1/(2m + 1), Dy, .0 = 0 and Uy, , = —1/(2m + 2)L.

Theorem [3.2| shows that the rate of convergence of Iy o, 41(f) is O(N"2™73) as N — oo.
Theorem [4.7| states that the rate of convergence of Iy on41(f) is O(N™4m73) as N — co. We
have an improvement in convergence rate by the factor O(N?™). We see that for odd values of
the parameter ¢ the autocorrection phenomenon is much larger for the interpolations rather than
for the approximations - we have an improvement by the factor O(N 2m) instead of O(N™) asin
the Eckhoff approximation. Compared with S ~N2m+1(f) when |z| < 1 interpolation I, Nom+1(f)
is more precise - we have an improvement by the factor O(N™).

In Table we present the Lo-errors of the approximations Sy 2,,,+1(f) and §N72m+1( f) on
the interval [—0.7,0.7]. The approximation of the jumps are derived from (#.21)-(.23).

We see that for ¢ = 1 the autocorrection phenomenon for the Eckhoff approximation is
absent. Calculations show that for ¢ = 3 we have
R R R
[Riss(f)llor 15.97. [ Ra28(f)llor 15.32, 1Bsas(llor _ 1 o
[ R32,3(f)llo.7 [ Rea,3(f)llo.7 [ Ri2s,3(f)llo.7

These results coincide with the statement of Theorem where ||Rysllo7 = O(N™?) as

N — oco. In view of Theorem [2.5 we have that ||Rysllor = O(N75) as N — oo, which
implies asymptotically N
[ R 5(f)llo.7

| Roz+13(f) 0.7
This theoretical estimate coincides with the results in Table [4.3]

’|R16,3(f)”0-7 — 3077 H‘§32,3(f)|‘0-7 — 325 ||§6473(f)||0~7 — 3137

[ Ra2,3(f) 0.7 (| Reas(f)llo7 | Rizss(H)llo
Consequently, the theoretical and the numerical estimates coincide — the magnitude of the auto-
correction phenomenon for ¢ = 3 is 1 power of N. Similarly, we can calculate from Table
that for ¢ = 4 and ¢ = 6 the magnitude of the autocorrection phenomenon is 2 and 3 power of
N, respectively.
In Table 4.4 we show the corresponding results for the interpolations. Again, for ¢ = 1 the
autocorrection phenomenon is absent. For ¢ = 3 we get

I716,3(f)llo.7 _ o8, Irs23(f)llor _ o1 o I7ess(Pllor _ g 09
I732,5(f)ll0.7 I764,3(f)llo.7 [7128.3(f)ll0.7
These results coincide with the statement of Theorem 3.2} where ||rx 3|07 = O(N~°) which
implies asymptotically
[72:3(f)lo.7

= 32.
72241 5(f) o7
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N=16 N=32 N=64 N=128
IRx1(f)]lo7]3.0-107* [ 8.0-107° [ 2.0-107 [ 4.9-107°
|Rn1(f)llor | 4.0-107* | 1.0-107* | 3.0-107® | 6.9-1076

(f)
(f)
Rys(fllor | 11-107 | 7.2-107° [47-10 1 [3.0-10 1
IBns(f)llor| 1.6-1078 | 5210720 | 1.6-1071 | 5.1-10713
(f)
(f)
(f)
(f)

[Rns(Hllor |39-10 T [68-10 B[ 1.1-10 *[18-10 ™®
IRy s(f)llor | 1.6-10712 | 6.0- 107 | 2.3-10727 | 8.5 - 1020
[Ryn7(Nllor | 14-10[65-107 7 [28-10 ¥ [1.1-10
IBy7(f)llos|3.0-10716[1.2-10712 | 5.3-10723 | 2.4 1026

Table 4.3: Lo-errors while approximating the function (@) by Sn.am+1(f) and §N,2m+1(f) on the interval
[—0.7,0.7] when the indices are considered.

Similarly

7165 )llor _ 150 [7s2s(h)llor _ o o WFesalPllor _ yp6 67
1752,3(f)0.7 1764,3(f) 0.7 17128,3(f)]0.7

These estimates coincide with the statements of Theorems and where ||rxsllor =
O(N~") as N — oo, which implies asymptotically

M_f)”m — 1928.
[72=+1 3(f)lo.7

Similar calculations we can carry out also for ¢ = 5 and g = 7. Therefore, Theorems 4.7/ and
4.8 show that the magnitude of the autocorrection phenomenon of the interpolation for ¢ = 3 is
2 power of IV, for ¢ = 5 is 4 power of N and for ¢ = 7 is 6 power of N.

N=16 N=32 N=64 N=128
[rya(Allos | 40-107° [ 53-107° [ 6.6-10 7 | 84-10°°
171 ()]l | 5.0-1075 | 6.9-1076 | 8.7-10"7 | 1.1-10°7
Irns(Hllor | 2.8-107° [ 1.0-1079 [32-10" T [ 1.1-10° ™
I7n3(f)llor| 1.8-1072 | 1.8-107 | 1.4-10713 | 1.2- 10715
[rns(Dllor | 1.5-107 7 [1.4-107 3 [1.2-107 [9.7-10° 8
17ns(Fllor | 2.2-107 [ 1.7-107%6 1 9.1-107%° | 5.0 - 1072
[rn7(Dllor | 6.9-10° 7 [1.8-10° 7 [3.8-10 X [7.9-10 2
17n7(Hllor | 5.1-10717 [ 3.5-1072 | 1.3-107% | 4.8 - 107

Table 4.4: Lo-errors while approximating the function by Inom+1(f) and fN72m+1(f) on the interval
[—0.7,0.7] when the indices are considered.

In Figures [3| and 4| we visually show the autocorrection phenomenon of the Eckhoff approx-

imation and interpolation, respectively, while approximating the function (4.20) on the interval
[—0.7,0.7] when ¢ = 5 and N = 32. We see that for the odd values of ¢ the KL interpo-

lation and approximation are more precise than the Eckhoff interpolation and approximation,

respectively.
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KL approximation Eckhoff approximation
12x107%2 th 104
-0.7 0.7 -07 NN aaaS 0.7

Figure 3: Graphics of |Rn q(f)| (left) and \ﬁ N,q(f)| (right) while approximating the function on the interval
[—0.7,0.7] for ¢ = 5, N = 32 when the indices are considered.

KL interpolation Eckhoff interpolation

4.x1078 - 7.x107% -

-0.7 0.7 -0.7 0.7

Figure 4: Graphics of |rn.q(f)| (left) and |7 4(f)| (right) while approximating the function on the interval
[—0.7,0.7] for ¢ = 5, N = 32 when the indices are considered.

A. AUXILIARY IDENTITIES AND LEMMAS
The next lemma gives the explicit form of (Sinlm) ™) We need this result for calculation of
the discrete Fourier coefficients of the Bernoulli polynomials explicitly (see Appendix |B|and,
in particular, (B.4)). Below the numbers S(k,n) are the Stirling numbers of the second kind

([270).
Lemma A.1. [23] The following identity holds

1Y A -
A.l P T R—2]7)T k >
( : (Sin 7T$) Qk(sjn 7T$)k+1 ;am@ k>0,
where

J k
k—mn n-+1

A2 =3 (=1)ES nl(=1)"S(k .
(A.2) Ok, j ;( ) nzzon( )"S( ,n)< . )(2]’—26)

The next lemma addresses the properties of the numbers o ;.
Lemma A.2. The following relations are valid
Qogs—0—1 = Q25 04+s5+1, = 07 T, S8 — 17 s> 17

Qos41,s— = Q2541 0+s+1, (= 07 8,82 0.
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Proof. The proof immediately follows from the definition of « ; as the left hand side of (A.T)
takes only the real values so the same is true for the right hand side. &

Lemma A.3. [23] The following identity is valid for k = 0,--- ,q — 1

1 (k) (
(A.3) sin? T ( : ) — EhE pim(a—1)z ZB e 2imie

sin mx 22 ¢1°¢

where

J

(A4) =2 (-1 qi”' >(q_72_1) (2?3@)

=

The next lemma addresses the properties of the numbers 3, ;.

Lemma A.4. The following relations are valid for { =0,--- ,m — 1
5mf€fl,25(2m) = _5Z+m,25(2m)7 §= Ov e, M= 17
5m_e—1,2s+1(2m) = 5m+e,2s+1(2m)a s=0,---,m—1,
and

Bm—f—l,2s(2m + 1) = 65+m+1,2s(2m + 1)7 s = 07 s, M,
Bin—t10s1(2m+1) = =B 051(2m+1), s =0, ,m —1,
ﬁm728+1(2m+1) = O;SIO,“‘,m—l_

Proof. The proof follows from definition of /3 ; as the left hand side of (A.3) takes only the real
values so the same is true for the right hand side. 1

We define matrix V' as V' = (3, ) and in the next lemma present the LU-factorization of it.
Lemma A.5. [23]] Matrix V has the following LU-factorization
V = LU,

where

-1 ¢g—1
(qg—k—1 . in{ n+1 n—4{
b= 0 (20T ) = S e () (97 ) wsten

Another interesting property of matrix L.
Lemma A.6. [23] L is an involutive matrix
(A.5) L'=1L.
Now we will prove some combinatorial identities.

Lemma A.7. The following identity is valid

(A.6) iQk (N; ") (~1)F = (VY 2 (Z) (1), n € Z.
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Proof. We carry out the proof by the help of mathematical induction. For N = 0 the identity is

obvious. Supposing that it is true for NV, we write for N + 1
N+1 N+1 N+1
N-—-n+1 N —n N —n
ok )k = ok ) ok
SN = (Yo e e (V)
k=0 k=0 k=1
N N
N —n N —n N —n
— 2k _1k 2N+1 _1N+1_2 2k
2 < . >( S <N+1)( ) kX_; ’

_ _g;Qk <N; n) (—1)F 4+ 2V+1 <J]\\;:L7;) (—1)NH
— 1)N+122k (Z) (—1)F 4 2N+ (%4_711) (—1)N+1
— 1>N+11§2k (Z) (—1)k

k=0

We used the fact that for 0 < n < N we have
N—n B n _ 0
N+1) \N+1) 7
N—n n
2N+1 _1 N+1 — 2N+1
(]\H— 1) (=1) N+1

N —n
_1)N+1gN+1 n — oN+1 _
(=1) (N+ 1 N+1

Forn > N and n < 0 we applied also the identity

()= ()

forn > N

and forn < 0

These end the proof. 1
Lemma A.8. Suppose

2m—+1 2m—|—1 2m n_g
(A7) nn:Z(—l)‘( , )Zz’f( L )(—1)k,0§n§3m+1.

=0 k=0
Then
Np = 0.
Proof. According to the well-known identity (see [26])

(A3) 2}—1)’“ (nﬂ_lk> (1) = (:—_fz) ’

) v

(-1)"

where the summation is executed by the all possible values of £ we get for 2m+1 <n < 3m+1

2m i g f(n—2m—1
mo=d 20 (") =0
k=0
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as

(n_2m_1) —0,k=0,---,2m.
n—k

For 0 < n < 2m we have from Lemmal[A.7]

_— %*:1(_1)2 <2m€+ 1) :ZZ;Qk (2m —kn+€) 1)t

£=0
2m 2m—+1
2m + 1 dm+1—n—4¢
= =) 2F(—1)* —14( )( )

Again by the identity (A.8)) we derive

k=0
as
2m —n
= k= 2
(4m+1—n—k) 0, n, 0,-,2m
This ends the proof. 1
Lemma A.9. Let
m 2m
2m +1 {+r
A9 5, = (—=1)" —1) oF —1)*.
(A9) e () e () e

Then
5. — 22m 0<r<m,
Tl =22 m+1<r<2m+1.

Proof. We write for 0 < r <m

s = s (2 ) SE (V)

+1
m 2m—1
2m + 1 t+m
_ ymet Y ok+1 _1)k+1
Om+1 Om + (—1) Z( 1) (ﬁ—l—m—l-l)Z ( k >( )
=0 k=0
" om+1 L (2m
_ 2 2 2 -1
Om + ;(€+m+1)+ 2 (k>( )
= -4, =—22"

We derive for m + 1 < r < 2m similarly

81 =0, — 22m+1<_1)7‘+1 Z(_l)g ( 2m+1 ) (7‘ —i—f) 5= _92m

— {4+m-+1 2m
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We used the fact that (see (A.8))

- 2 1
Z(—l)Z <g+mm+_|_ 1) (gjf) =0, m+1<r<2m.
=0

B. BERNOULLI POLYNOMIALS

The 2-periodic extensions of the Bernoulli polynomials are defined recurrently ([8]])
L

=3
where the constant of integration is defined by the relation

/_l B(z; k)dz = 0.

1

(B.1) B(z;0) B(x; k) = /B(:c;k — 1)dz, z € [-1,1],

It is easy to verify that the Fourier coefficients have the form
0,n=0
(B.2) B, (k) :=
% n=+1,42, ...
Relations allow the calculation of B, (k) explicitly. Here are three of them
0= 35w J(r 11))si; o

n # 07 BO(O) = Oa

N1
§ (—1)" cos 734 § 1
B,(1) = s S 0, Bo(l) = —————,
W =368+ 1)?sin? 22" 70, Bol) = ~ 5581y
. —1)"*+1 (3 + cos S2zn Ny
B,(2) = i — 2N+1), n# 0, By(2) = 0.
8(2N +1)?sin” 5375
It is possible to get the closed form of 3, (k). Note that for n # 0
. o o (_1)n+r+1
B,(k) = By k) = .
(k) rz_:oo +ren+1) (k) Tz_:oo 2(im(n + r(2N + 1)))k+!
_ (= i (="
T 9(s k+1 n k+1°
2N P 22 (e 1)
Hence
_ -1 n+k+1,n_ 1 (k)
(B.3) Balh) =
2k!(im(2N + 1))k \sinwz ) _ »
2N+1
In view of Lemma[A.T|Equation (B.3)) yields
k
. (_1)”+k+1 n(k—27)
(B.4) B, (k) = — . Y e NI n#£0, k> 0.
(2i(2N + 1))k+1k! (sin 217\;11) =0

For n = 0 and k£ > 0 we have

3 o0 1 (_1)r+1
(B.5) By(k) = Z Bront1)(k) = 2(im(2N + 1))F+L Z TS
r#£0

r=—00
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Denote

2p 9
(B6) Ag(fn) = Z ( p) fnerfka D > 07 vn.

k

k=0

We will frequently use the following result.

Lemma B.1. [22] The following estimates hold for p > 0 and k > 0

[10]

(—1)" P (K + 2p)!
2(imn)k+in2rk!

AL(Bn(k)) = +0(n™* 7, n = oo,

. _1\ntpt+l ! —1)8
AP (B, (k) — B,(k)) = ( Qgi)ﬂN)kﬁ]\;f/g)' ; (2s _,_< %1))k+2p+1

+ O(N_k_2p_2), In| < N, N — oo,

o

ALn(

(=DM + 2p)! (=17
n(2k)) = & 2(im N )21 NP (2k) ZOO (25 + 1)2p 2kl

!
s=—

+ O(N72F72072) N — oo,

(=D)N*P(2k + 2p + 2)! (—=1)*s
W(2k + 1 =
CR+D) = SGrnEE Nk T 1) SZZOO (25 + 1) 243

o

ALn(
+ O(N7#=2=4 N — .
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