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Abstract

The following discrete boundary - value problem for non-linear system
T = @k(wk—hyk)a Yr—1 = 1/’k(xk—17yk)7 k= 17 N7 N < 0, Top =a, Yn = b7

is considered. Here the functions ¢g(z,v), ¥r(x,y) > 0 are monotone with respect
to arguments z,y > 0, satisfing the condition of dissipativity or conservativity:
or(x,y) + Yz, y) < x+y+ g, as well as two simple additional conditions. A relation
of this problem with multistep processes is demonstrated. Existence and uniqueness of
minimal solution of problem is proved. A semi-group approach to solving of problem
is developed. The approach is adjoined with V. Ambartsumian Principle of Invariance
and R.Bellman method of Invariant Imbedding.
Key words: Discrete boundary-value problem, solvability, Invariant Imbedding.

0. Introduction

Let g be the set of ordered pairs (p,1) of non-negative functions ¢(z,y) and ¥(x,y) on
R% = [0,00) x [0,00). The element (¢,1) € Q may be considered as a Black Box (BB)
IT = TI(p, v) having two entries and two exits (conditionally left and right). If  and y are
the entire impulses from the left and the right, then ¢ (z,y) and ¢(z,y) are the exit impulses
from left and right respectively (see Fig.1).
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Fig.1

Consider the following system of non-linear equations with respect to (xj)Y_,, (yk)ivz_ol»

Tr,Yp > 0, N < o0:
T = Pr(Te-1, Yk)
Yk—1 = Ur(Tr—1,Ys) (0.1)
k=1,2,---,N.



with boundary conditions:

where x,y >0, (¢k, Vx) € Qo.

By its structure, the system (0.1) corresponds to multistep processes with mutual connection
(see for example [1]). The pair @y, ¥, determines the k-th step ITj, = T (g, ¥r) of process. It
is easy to see from Fig. 2, that considering multistep process is described by boundary-value
problem (0.1)-(0.3).
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The problem (0.1)-(0.3) may be served as a mathematical model for non-linear radiative
transfer processes.

The problem (0.1)-(0.3) will be supplemented with the condition of minimality of solution.
Existence and uniqueness of minimal solution of problem (0.1)-(0.3) will be proved. A semi-
group approach to the solution of problem is developed. This approach is adjoined with
V.Ambartsumian Principle of Invariance and R.Bellman method of Invariant Imbedding
(see [2]-[7]).

The following functions ¢(x,y) and 1 (z,y), defined by

:(r,y) =N, Y (T,y) — Yo (0.4)

are of special interest. These functions determine an element II(p, 1) € Q.
We shall show, that the set (1.1)-(1.4) of basic properties of functions ¢y, ¢ not only ensure
solvability of problem (0.1)-(0.3), but also go over to the functions (0.4). The Semi-group
structure in the set {II;} C Qg of BB, possessing properties (1.1)-(1.4) , will be introduced.

1. Statement of problem.

1.1. The Main problem and Exit problem. Under minimal solution (MS) of boundary-
value problem (0.1)-(0.3) we shall assume a (positive) solution {Zy, 7}, satisfying the condi-
tion &y, < zx, Ur < Yk, where {xy, yp}-is an arbitrary solution of this problem. If MS exists,
then it is unique.
The Main problem of this paper is to construct the Minimal solution of problem (0.1)-
(0.3).
The Exit problem (the reflection-transmission problem) is to determine y, and zy by
given xp, yy in condition of the solvability of the Main problem.

The Exit problem is of well known interest in Radiative Transfer and etc. In this paper
it will be shown, that, analogous to linear case, the Exit problem can be solved separately,
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without solution of the Main problem. The solution of the Exit problem will be used for the
solution of the Main problem, using one recurrent procedure.

1.2. On condition of minimality of solution. The minimal solution of equations of
the form f = Af with positive operator A is of interest in the theory of non-linear operator
equations, in the theory of Stochastic processes, in Radiative Transfer and etc. (see [7]-[9]).
In some problems the condition of minimality corresponds to the equilibrium (stationary)
distributions, which are the limit of time-dependent processes when ¢t — oo.

1.3. The classes Q and Q of black boxes. Denote by QC Qo the set of elements
IT =TII(p, 1) € Q, satisfying the following two conditions (1.1)-(1.2):
i) Monotonicity: the functions ¢, v increase on [0, 00) x [0, 00) by each of arguments:

o(z,y), v(z,y) T by z,y. (1.1)

ii) Continuity from below:

if 2 7 a, y™ 1y, then ¢ (2™, y™) — o(z,y), ¥ (=™, y™) = ¢(z,y). (1.2)

Denote by €2 C Q the class of elements IT = (e, ) € ?2, satisfying the following two
additional conditions (1.3)-(1.4).

iii) If y — oo, then ¢(z,y) — oco. (1.3)
iv) Condition of conservativity or dissipativity:

o(r,y) + (2, y) <z +y+7, (1.4)

where v > 0 is constant, which we shall call the power of internal sources of BB.
The element I1(y, 1) we shall call conservative, with source of power 7, if the following
equality takes place in (1.4):

o(r,y) +(r,y) =z +y+7, (1.5)

The element I1(p, 1)) we shall call uniformly dissipative, if the following more strong
inequality instead of (1.4) takes place:

plr,y) +o(r,y) <glr+y)+7, 0<g¢<L (1.6)
Denote, that the condition (1.3) may be changed by condition

o(z,y) = oo if x— occ. (1.7)



2. Some general properties of the solution of
the problem (0.1)-(0.3).

2.1. The mail solution of the problem (0.1)-(0.3). Consider the problem (0.1)-
(0.3) under assumption, that each of pairs ¢y, satisfies the conditions (1.1)-(1.2), i.e.
(T (@k, Yi) }ry C Q. Consider the following simple iterations for (0.1)-(0.3):

CE'](:—FI) = Pk (x](gn_)py](gn)) )
yot =, (:v;(i)pyff)) ,n=0,1,2---, (2.1)
x(()n) =7z,
W =v.
.ZU](CO) :O’ k:17 2’ cee N7 y](CO) :07 k;:o,17 2, e, (N_l) (22)

Applying the induction by n one can show, that the iteration sequences {x,(fn),y,(ﬂn)}

increase (component by component) with n:
l’(n) T (n) ith
v Ty T, with n. (2.3)

Let the sequences a:,(cn) and y,(cn) converge (k is fixed):

o = &y = G
In accordance with (1.2), one can take the limit in each of equalities (2.1), hence
{Zk, Ui} satisfies the problem (0.1)-(0.3). We shall call this solution the Basic solution (BS)

of the problem. The following lemma takes place.

Lemma 2.1. Let {II,}Y | ¢ Q and the sequences 2" and y\", determined by (2.1),(2.2)
are bounded. Then there exist the BS of the problem (0.1)-(0.3).

Lemma 2.2.

i) Let {Hk}]kvzl € Q. Assume that the solution of the problem (0.1)-(0.3) eists for any
xr =a, y=>u, where a,b > 0. Then the Basic solution of this problem exists for arbitrary
boundary conditions v < a, y < b.

ii) The BS is the minimal solution of the problem.

iii) The BS depends on boundary values x,y monotonically (component by component).

Proof. Let {zy, yx } be some (positive) solution of the problem (0.1)-(0.3) when z = a, y = b.
Consider the iterations (2.1) for some z,y, * < a, y < b. Using the induction by n one can
check that: x,(:) < xp, y,(cn) < yg. From here and from (2.3) follows the monotonic convergence
of these sequences:

o 1 @ < wy y 1 Gk < e (2.4)

In accordance with Lemma 2.1, (2}, yx) is a solution of the problem. It follows from
(2.4), that (zy, yx) is the Minimal solution of the problem (2.1),(2.2) when x = a, y = b. As an
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a,b one can take arbitrary boundary conditions so, that the problem (0.1)-(0.3) is solvable.
Hence for arbitrary = < a,y < b the corresponding set (zy, ;) represents the Minimal
solution of the problem. It also follows from (2.4), that (Zj,yx) monotonically depends on
boundary values z,y. The lemma is proved.

2.2. Addition in Q. Let {1} C (). Assume that the Minimal solution of the problem
(0.1)-(0.3) exists for arbitrary x,y > 0. Then the ordered set {Il;} determines the exit
functions ¢,1 in accordance with (0.4). The element II(p, 1)) € €y will be called the
minimal sum (or sum) of elements Iy, --- Iy :

M=a{, - Iy} (2.5)
Let us show, that II(p, ) € Q.

Lemma 2.3. Let {II;}_, € Q and the problem (0.1)-(0.3) has the minimal solution ¥z > 0,
y > 0. Then the functions ¢, defined by (0.4) possess the properties (1.1) and (1.2), i.e.

Proof. Monotonic dependence of ¢(z,y) and 1(z,y) on x and y follows from assertion iii)
of Lemma 2.2. Let {x4,y.} be the minimal solution of the problem (0.1)-(0.3), (™ 1 z,

y™ 1 y. Denote by xén), y,(cn) the minimal solution of the corresponding problem, with x =

™y = 4™ We have q;,(f) T 7 < g, y,g") T Ur < yg. Taking the limit in equations for
xl({n), y,(gn), we make sure that {zy,y} satisfies the problem (0.1)-(0.3). It follows from (0.4)

and from minimality of {xy, yx}, that {zy, yr} = {xk, yx}. The Lemma is proved.

3. The existence of the solution of the Main problem.

3.1. The case of fulfilment of the condition (1.3). Consider the procedure of addition
in Q under the assumption that the summands I in (2.5) satisfied the condition (1.3). Then
the Lemma 2.1 may be strengthen.

We shall use the following simple fact: if the function v satisfies the conditions (1.1),
(1.3), the sequence (™ increases and y™ 1 oo, then

Y (x(”), y(”)) T oc. (3.1)

Lemma 3.1. Let the elements I, € Q, k = 1, --- , N satisfy the condition (1.3). Let the

sequence y(()n), defined by (2.1),(2.2) for some x = a, y = b, a,b > 0, is bounded. Then for
x < a,y <ball of the sequences x,ﬁ”% y,(gn) are bounded and the iterations (2.1),(2.2) converge

to the minimal solution of the problem (0.1)-(0.3).

Proof. In accordance with Lemma 2.2, it is sufficient to consider only the case where x = a,
y = b. The rule of contraries will be used. Let £ > 1 be the minimal number such, that

only if one of sequences xén), y,(cn) are non-bounded. Let y,(cn) T 0o. Then from the equalities

gt = gy (x,(cn_)l, y,g")) (see (2.1) and (3.1) we shall have y", T oo, which is in contradiction



with the definition of number k. Consider now the sequence l‘](gn) In accordance with (2.1)

we have a:,(cnﬂ) = Vg (x,i")l,yli )) From here and from boundedness of xk l,yk ) follows

+1)

boundedness of a:,(f . The lemma is proved.

3.2. Existence of the solution. Consider the problem (0.1)-(0.3) assuming that the
elements 1 (g, ¥r) € Q, i.e. they satisfy the conditions (1.1)-(1.4).
In accordance with (1.4) we have:
op(,y) + r(z,y) <z +y -+ 7 > 0. (32)
Lemma 3.2. Let I (pg,¢x) € Q, k= 1,--- | N, the and the iterative sequences xlgn),y,(gn)
are defined by (2.1),(2.2). Then the following estimate holds:

v +

Sz+y+(m+rt-w). (3.3)
where the constants vy -+ ,yn are determined by (3.2).
Proof.Adding all of the relations (2.1) and using (3.2) we get:
N N N
D [ i = 3 [ (i) o (i) | < S0 [k 4]
k=1 k=1 k=1

From here, taking into account (2.2), we obtain

N-1 N-1 N
[ 4y ]+ aG Y D <3 [ ] ey D
k=1 k=1 k=1

Using monotonicity of sequences xé,"), y,(cn) by n we come to (3.3). The lemma is proved.

The boundedness of sequence ?/0 ) follows from the estimate (3.3). In accordance with Lemma

3.1, the problem (0.1)-(0.3) possesses the Minimal solution. Using the Lemma 2.3 we come

to the existence of minimal sum II(p,¢) = &Iy, --- Iy € €, defined by (2.5). Let us show,
N

that IT € Q. The fulfilment of property (1.4), with v = > v, follows from the estimate (3.3).
k=1

Let us check the property (1.3). Let yx,) 1 0o at n — oo. Let now {x,(gn), yl(C } be the minimal

solution of the problem (0.1)-(0.3), in which y = yN) Let us show, that v, ()
0,1,--+,(N —1). We shall use the rule of contraries. Denote by m the largest value of k,

— 00, k =

for which the sequence yi(n) remains bounded. Because of y](\?) T oo we have m < N. We
have y,(ff) = Va1 (a:,(n), yfﬁ}rl) It follows from the property (1.3) for 1,41 and (3.1), that

y,(ff ) T 00, which is in contradiction with the definition of m.
The following theorem of existence and uniqueness have been proved.



Theoram 3.1. Let I1(ox, ¥x) € Q, k=1,---,N. Then the boundary-value problem (0.1)-
(0.3) possesses unique Minimal solution, which is the limit of simple iterations, defined by
(2.1),(2.2). The following inequality takes place:

sn+yo <z+y+(m+r+-+w). (3.4)

The sum Il(p, 1) = @Iy, --- Iy € Q possesses properties (1.1)-(1.4), i.e. Il € Q.

4. The semi-group approach to the solution of the Exit
problem and the Main problem.

4.1. The semi-group (). The present section is devoted to the dissemination of
V.Ambartsumian method of addition of layers (see [2],[3],[6],[7]) to non-linear boundary-
value problems. Our approach has certain likeness with R. Bellman method of Invariant
Imbedding.

It follows from the theorem 3.1, that by equality

I & II, = & {I1;, [I,}

a binary operation (of addition) @ in € is determined.
It is easy to check in simple examples, that the operation & is non-commutative.
Consider the functions

SOO(ZE’ y) =T, ¢0($77J) =Y.
These functions determine the element 6 = I1y(pg, ¥g) € €2 so, that
He0=0pIl=1II, VII €. (4.1)

Let us show, that the class €2 represents a semi-group relatively the operation @. For
this we must show, that this operation is associative.

Let II; € ©Q, ¢ = 1,2,3. In accordance with the theorem 3.1 there exist the elements
H1 D (HQ D H3), (Hl D Hg) D Hg, @Hl, HQ, Hg € Q. Let us ShOW, that

I & (I, @ I13) = (I; @ 11p) @ 3 = @Iy, Iy, I1;. (4.2)

The sum II; & (Il & II3) give a solution of the problem (0.1)-(0.3) (where N = 3)
by the following way. We have II; & (Il & I15) = II; @ II, where I1(, 1) = I, & II; € €.
Consider the system

71 = p1(x, 41), (4.3)

g1 =¥(21,y), (4.4)
where x and y are the numbers, participating in the boundary conditions (0.2),(0.3). Because
of existence of the sum II; @ II, this system has the minimal solution z7, 7. Let 73, 93 be the
minimal solution of the system
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The following equality takes place:

Y1 = 2(Z1, y2). (4.6)

Introduce yg, r3 by following equalities:

The relations (4.2),(4.4)-(4.6) coincide with (0.1)-(0.3). Hence zy,yx is a solution of the
problem (0.1)-(0.3). Let us show, that the constructed solution zj,y, coincides with the
minimal solution zy, yy of the problem. Consider the following iterations for (4.3):

‘ﬁ(nJrl) = ¥1 (x7?71(n)> ) ial(n+1) = 77’5 ('ﬁ(n)7y> ) ﬁ(O) = gl(O) = 07 n = 07 17 e

Denote by 75, 5™ the minimal solution of the system (4.4), in which Z; is changed by z; ™
and y3 is changed by g]?,("). Taking into account monotonic dependence of the minimal solution

from the boundary conditions and using the induction by n it is easy to show that &M < Tg,

Ur (n)

the minimal solution of the problem (0.1)-(0.3). The equality IT; & (IIy ®113) = &{I1;, 11y, 113}
is proved. The equality (IT; @ IIy) @ I3 = &{II;, Iy, I3} may be proved by an analogous
manner. Hence the equalities (4.1) take place.

We come to the following theorem:

< yp, k =1,2,3. From these inequalities follows the convergence of {fk("), y}(")} to

Theoram 4.1. The class Q2 is a non-commutative semi-group (monoid) with the addition ©
and zero element 0 (see (4.1)).

Corollary (The principle of minimality). Let IIy,--- [ IIy € Q and 1 < m < N. Then
S{Il, - Oy} =1L @ - Slly={IlL & - 1L} © {11 @ --- DIy} (4.8)

(The minimal sum is equal to the minimal sum of the minimal subsumes).

4.2.The solution of the Main problem. The theorem 4.1 gives a method to the solution
of the Exit problem, based on the successive construction of sums

GG tp) =L @+ @I, k=2,---, N.

For the construction of the solution of the Main problem we shall use the resolution functions
u and v, which will be introduced below.

Let 1 € Q, kK = 1,2 and x1, 22, Yo, y1 is the minimal solution of the corresponding
problem (0.1)-(0.3). The resolution functions v and v are determined by mappings

u:(z,y) — 1, v:(T,y) — Y1 (4.9)

Let us describe the procedure of solving of the problem (0.1)-(0.3) using the resolution
functions. Proposed scheme, analogous with Gauss method in linear algebra and the method
of Invariant Imbedding, consists of direct and inverse runs.
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The direct run: a successive construction of sums Gk(@,%) Each step k of this
procedure assumes the construction of the functions @’% and the resolution functions
Ug_1,Vk—1 for the sum Gy @ Il in accordance with (.), where Gy plays the role of I1;, and
1y plays the role of II,.

The inverse run. The numbers x_1,yn_1 are determined by formulae

rn-1 = Un-1(2,Y)(= Un-1(20, yn)) Yn-1 = vn-1(7,Y)(= Vo1 (T0, Yn))-

Continue this process, changing N on N — 1. On k-th step of inverse run, xy_x, yn_x are
determined by formulae:

TN—k = UN—k($7yN—k+1)7 YN—k = UN—k(xvyN—k—H)a k=1,2,--- a(N - 1)- (4'10)

The numbers xy, yo are determined by: xy = on(x,y), Yo = @/b\]:;(:p, Y).

Obviously, the numbers xy,y, satisfy all of the relations (0.1)-(0.3). Conditions
(0.2),(0.3). Using the principe of the minimality (see Corollary to the theorem 4.1) one
can show, that these numbers zy, yx give the minimal solution of the problem (0.1)-(0.3).
The following theorem has been proved:

Theoram 4.2. Let I (pr, ) € Q, k = 1,--- N . Then the Minimal solution of the
problem (0.1)-(0.3) may be constructed by the recurrent formulas (4.9).

4.3. Some subsemigroups of ). Let us briefly consider some subsemigroups of 2. All
of them have simple physical meaning.
i) The semi-group, consisting of conservative elements (see (1.5)).
ii) The semi-group, consisting of uniformly dissipative elements (see (1.6)).
iii) The semi-group, consisting of elements without sources.
iv) The semi -group, consisting of sums of identical elements (homogeneous semi-group).
Each element II € ) generates a semi-group, consisting of I, IIG I, I IGIIL,---
v) Linear semi-groups with sources and without sources. Then the functions ¢, have the
form:

o(x,y) =qrz+riy+97,

d(ay) =rz+qy+a, @10

where
gt >0, ¢t 41T <1, 4T >0 (4.12)

The condition of the conservativity means that ¢© + ¥ = 1. The absence of sources
means, that & = 0.
vi) The semi-group with bounded non-linearity. Then the functions ¢, 1) have the form:

oz, y) =gtz +rty+y7(z,y), (4.13)
Yz, y)=rz+qy+7 (z,y).

Here the constants ¢*, r* satisfying the conditions (4.12), v*(z, y) are bounded non-negative
functions, monotonic by z, y and satisfying the condition of continuity from below (see (1.2)).
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